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Research article

Generalized Models of the Seir Epidemiological Model
and Their Discrete Analogues

Eshmamatova D.B.∗ Tadzhieva M.A. and Zavgorodneva S.Yu.

Abstract
The paper considers a discrete analogue of the 𝑆𝐸𝐼𝑅 model, which, unlike SIR, includes a group
of infected individuals in the incubation (latent) period. This model is based on Lotka-Volterra
mappings operating in a three-dimensional simplex with degenerate skew-symmetric matrices,
which correspond to mixed graphs. The models considered in this paper are intended to study
the course of viral diseases transmitted by the air-capillary route without a repeated effect.

Keywords: The SEIR model; Lotka-Volterra mapping; simplex; graph; trajectory; skew-symmetric matrix; viral diseases.

AMS Subject Classification (2020): Primary: 37B25 ; Secondary: 37C25; 37C27.

1. Introduction
The history of widespread diseases that have engulfed peoples for many centuries is not only the history

of innumerable disasters and severe social upheavals, accompanied by a huge number of victims carried away
by these diseases, but it is also the history of the hard work of human thought, striving to know the essence of
the phenomena occurring at the same time and to find measures to combat them. The scientific study of any
phenomenon presupposes at least its description and explanation. The first descriptions of epidemics are given
in historical writings. Among them, descriptions of the first historically proven plague (the Justinian plague,
527-565), epidemics of the plague of the XIV century (the "black death") and later times have been preserved.
In the VI century A.D., an epidemic of plague and, probably, other contagious diseases, which began in the
reign of Justinian, raged for 62 years. This was facilitated by strong earthquakes and volcanic eruptions and
the famine and other disasters that accompanied them. According to historians, the plague epidemic shook the
withering Byzantine Empire more than anything else. During the plague pandemic in the XIV century . In
Europe, about 25 million people died from the plague, that is, a quarter of the entire population.

At the end of the XVII - beginning of the XVIII century. In Europe, more than 10 million people were
sick with smallpox every year and about 1.5 million died from this disease alone. There are numerous
historical descriptions of epidemics of syphilis, smallpox (rash diseases), typhoid fevers, cholera. It should
be recognized that only smallpox, leprosy and plague have a history that almost coincides with the history of
human culture, and the history of other infectious diseases is the history of three or four centuries at best, and
for most a little more than 100 years. Naturally, epidemics of various contagious diseases, which often covered
ancient cities and countries and often assumed the dimensions of widespread disasters, provided extensive
material for observations on the conditions of their spread. This already in ancient times allowed us to draw
many reasonable empirical conclusions [1]. In the writings of Hippocrates (460-377 BC), there are already
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* Corresponding author
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generalizations regarding the signs of epidemics ("Seven Books on Epidemics"). The largest physician of
ancient antiquity after Hippocrates, Claudius Galen (about 138-201) wrote that the most dangerous diseases
are called pestilence. As we can see, despite the fact that the science of the epidemic originated a very long
time ago, mathematical analysis about the study of diseases and their spread is about 350 years old. Modeling
of infectious diseases is a tool that has been used to study the mechanisms of disease spread, predict the future
development of the outbreak and evaluate strategies to combat the epidemic [2]. The first statistical studies of
infectious diseases were made by John Graunt. In 1662, J. Graunt published the book "Natural and Political
Observations on the Lists of the Dead" (Natural and Political Observations Made upon the Bills of Mortal),
which is devoted mainly to statistics on social hygiene and statistics of diseases. The accounts he studied were
lists of numbers and causes of death published weekly. Graunt’s analysis of the causes of death is considered
the beginning of the "theory of competing risks", which, according to Daly and Ghani [2] is "a theory that is
now firmly entrenched among modern epidemiologists."

A hundred years later, in 1760, Daniel Bernoulli used mathematical methods to analyze smallpox mortality
[3]. Bernoulli argued that inoculation with a live virus would reduce the mortality rate and, consequently,
increase the population, regardless of the fact that the inoculation itself could be fatal. D. Bernoulli created
a mathematical model to protect the practice of inoculation against smallpox [3]. Calculations based on this
model have shown that universal vaccination against smallpox will increase life expectancy from 26 years 7
months to 29 years 9 months [3]. At the beginning of the 20th century, William Hamer [4] and Ronald Ross
[5] applied the law of mass actions to explain epidemic behavior. In the 20s of the last century, Kermak-
McKendrick (1927), as well as Reed-Frost (1928), considered epidemiological models that describe the
relationship between susceptible, infected and recovered people in the population. The Kermak-McKendrick
epidemic model successfully predicted the behavior of outbreaks very similar to those observed in many
recorded epidemics [10].

2. Main Part
Consider a discrete analogue of the SEIR model, which, unlike the SIR model, includes a group of infected

individuals in the incubation (latent) period, this group is denoted by E.
Let the quadratic stochastic Lotka-Volterra operator have the form:

𝑥
(𝑛+1)
𝑘

= 𝑥
(𝑛)
𝑘

(
1 +

𝑚∑︁
𝑖=1

𝑎𝑘𝑖𝑥
(𝑛)
𝑖

)
, 𝑘 = 1, 𝑚, (2.1)

moreover, the coefficients of this system satisfy the following conditions:

𝑎𝑘𝑖 = −𝑎𝑖𝑘 , |𝑎𝑘𝑖 | ≤ 1. (2.2)

This mapping displays the (𝑚 − 1)-dimensional simplex

𝑆𝑚−1 =

{
𝑥 = (𝑥1, ..., 𝑥𝑚) : 𝑥𝑖 ≥ 0;

𝑚∑︁
𝑖=1

𝑥𝑖 = 1

}
(2.3)

into itself. Note that from (2.1) equality, that there is a one-to-one correspondence between the Lotka-Volterra
operators and skew-symmetric matrices with coefficients satisfying the conditions (2.2).

Often, in the problems of population genetics and epidemiological models, there is an interest in degenerate
cases that more accurately correspond to the real situation.

Therefore, we will give the necessary definitions for the further presentation of our work.
Definition 2.1 A skew-symmetric matrix is called degenerate if some coefficients of the matrix are equal to

zero, i.e. 𝑎𝑘𝑖 = 0.
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In cases where the skew-symmetric matrix is non-degenerate, we can introduce the concept of a tournament
([6],[7],[11],[12]) but since we are considering Lotka-Volterra maps with a degenerate skew-symmetric matrix,
we will introduce the concept of a mixed graph. To do this, we give classical definitions from graph theory [9]:

Definition 2.2. A directed graph or digraph is a finite nonempty set of vertices and of the given set of ordered
pairs of different vertices.

The definition implies that every orientation of a graph generates a directed graph.
From the name, one can understand that a mixed graph is a graph that contains both oriented and undirected

edges.
Definition 2.3. An undirected graph is a graph that does not have oriented edges, and, generally speaking, it

can be considered as a mixed graph. The digraph can be considered as a mixed graph, in which each symmetric
pair of oriented edges is replaced by an undirected edge.

Choose an arbitrary interior point from the simplex: 𝑥0 ∈ 𝑆𝑚−1. If 𝑥0 ∈ 𝑆𝑚−1, then the sequence {𝑥 (𝑛) } ⊂
𝑆𝑚−1, defined by the recurrent formula 𝑥 (𝑛+1) = 𝑉𝑥 (𝑛) , 𝑛 = 0, 1, ..., is called a trajectory starting from the
point 𝑥0.

Let 𝜔(𝑥0) = {𝑥0, 𝑥 (1) , ...}′ the set of limit points of a given trajectory. Obviously, 𝜔(𝑥0) is a nonempty closed
and invariant subset of 𝑆𝑚−1, i.e. 𝑉 (𝜔(𝑥0)) ⊂ 𝜔(𝑥0).

We know from [8] that the Lotka-Volterra mapping 𝑉 is always a homeomorphism of the simplex 𝑆𝑚−1.

Since𝑉 is a homeomorphism for |𝑎𝑘𝑖 | ≤ 1, for any internal point of the simplex 𝑥0 ∈ 𝑆𝑚−1, there is a negative
trajectory

𝑥 (−𝑛−1) = 𝑉−1(𝑥 (−𝑛) ), 𝑛 = 0, 1, ....

We donate by 𝛼(𝑥0) = {𝑥0, 𝑥−1, ..., 𝑥−𝑛, ..., }′ the set of limit points of the negative trajectories.
An arbitrary point of the simplex determines the state of the individual in which it is located, and its positive

trajectory determines the course of the disease. The meaning of the negative trajectory is to describe the
individual’s medical history.

To determine the location of the set of negative trajectory 𝛼(𝑥0) and the set of positive trajectory 𝜔(𝑥0), we
give a theorem from [8]:

Theorem 2.4. If 𝐴 is a skew-symmetric matrix, then the sets of solutions of linear inequality systems

𝑃 = {𝑥 ∈ 𝑆𝑚−1 : 𝐴𝑥 ≥ 0} and 𝑄 = {𝑥 ∈ 𝑆𝑚−1 : 𝐴𝑥 ≤ 0}

are convex nonempty polyhedra.
The set 𝑃 corresponds to 𝛼(𝑥0) − negative trajectory, and the set𝑄 corresponds to𝜔(𝑥0) − positive trajectory.

The epidemiological meaning of these sets lies in the set of 𝑃 the epidemic of viral diseases begins, i.e. the
epidemic flares up in the set of 𝑄, the disease is on the decline.

Let the Lotka-Volterra mapping acting in a three-dimensional simplex have the form:

𝑉 :



𝑥
′

1 = 𝑥1(1 − 𝑎12𝑥2 + 𝑎13𝑥3 + 𝑎14𝑥4),

𝑥
′

2 = 𝑥2(1 + 𝑎21𝑥1 + 𝑎23𝑥3 + 𝑎24𝑥4),

𝑥
′

3 = 𝑥3(1 + 𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎34𝑥4),

𝑥
′

4 = 𝑥4(1 + 𝑎41𝑥1 + 𝑎42𝑥2 + 𝑎43𝑥3).

where the coefficients 𝑎𝑘𝑖 satisfy the conditions (2.2).
If the skew-symmetric matrix is in the general position, then as we indicated above we will get the non-

degenerate case. For such cases, the concept of a tournament corresponds. But we are interested in degenerate
cases of mappings, since they correspond to the course of viral diseases. For degenerate cases, we have
introduced the concept of a mixed graph.
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The total number of mixed graphs corresponding to Lotka-Volterra mappings operating in the three-
dimensional simplex 𝑆3 is 42 cases. Among them, those that describe the course of viral diseases that do
not have a repeat effect are four cases. Viral diseases that do not have a repeated effect are measles, chickenpox,
rubella, scarlet fever, mumps, whooping cough and others.

Let us move on to the description of these four models (See Figure 1).

Figure 1. Discrete SEIR models.

Let us turn to the consideration of the first case. Here, as shown in Figure 1, there is only one transition from
groups to groups, i.e.

𝑉1 :



𝑆
′
= 𝑆(1 − 𝑎𝐸),

𝐸
′
= 𝐸 (1 + 𝑎𝑆 − 𝑑𝐼),

𝐼
′
= 𝐼 (1 + 𝑑𝐸 − 𝑓 𝑅),

𝑅
′
= 𝑅(1 + 𝑓 𝐼).

(2.4)

Theorem 2.5. If the course of the disease is described by model 1, then the set P and Q correspond to the
following

𝑃 =

{
𝑑

𝑎 + 𝑑
≤ 𝑆 ≤ 1

}
or 𝑃 =

{
0 ≤ 𝐼 ≤ 𝑎

𝑎 + 𝑑

}
𝑄 =

{
0 ≤ 𝐸 ≤ 𝑓

𝑓 + 𝑑

}
or 𝑄 =

{
𝑑

𝑓 + 𝑑
≤ 𝑅 ≤ 1

}
.

The meaning of the theorem in epidemiology lies in the fact that an individual passes all stages over time,
that is, from a susceptible class to a latent one, from a latent to an open form of the disease, and only then
recovers.This path is typical for diseases such as chicken pox, the incubation period of which is 3-5 days, at
this stage it is not possible to identify the disease, with scarlet fever it ranges from 1 to 12 days, more often
2-7 days. The incubation period for measles (the period when a person is contagious to others, but does not
have symptoms of the disease) averages 9-11 days, the maximum incubation period is 21 days, the signs of the
disease appear gradually, not immediately. There is a very long incubation period for mumps, the time from
infection to the onset of the first symptoms, which usually takes 12 to 19 days.

Now let us move on to the case describing diseases that pass from the susceptible to the latent and then
recover. One of the features of infectious diseases is the presence of an incubation period, that is, the period
from the time of infection to the appearance of the first signs. The duration of this period depends on the
method of infection and the type of pathogen and can last from several hours to several years (the latter is
rare). This model also includes a generalized complete transition of individuals from each category. As an
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example of such viral diseases, we can cite COVID-19. Despite all the epidemic danger, most patients suffer
from coronavirus infection in a mild form, that is, they recover from a latent period when the disease does
not manifest itself clearly. At the moment, it is recorded that the mild form (there is no viral pneumonia or
pneumonia passes in mild form) is 81 percent of cases.

𝑉2 :



𝑆
′
= 𝑆(1 − 𝑎𝐸),

𝐸
′
= 𝐸 (1 + 𝑎𝑆 − 𝑑𝐼 − 𝑒𝑅),

𝐼
′
= 𝐼 (1 + 𝑑𝐸 − 𝑓 𝑅),

𝑅
′
= 𝑅(1 + 𝑒𝐸 + 𝑓 𝐼).

(2.5)

Theorem 2.6. If the epidemiological model describes diseases in which there are two transitions

𝑆 → 𝐸 → 𝑅

𝑆 → 𝐸 → 𝐼 → 𝑅

then the following conditions are met for each of them:
1) 𝑆 → 𝐸 → 𝑅 This transition corresponds to those individuals for whom the disease does not show itself

clearly, i.e., the individual is in the latent period (the disease passes in a mild form), the situation occurs on the
edge Γ𝑆𝐸𝑅 of the graph. Then there is a neutral point 𝑁1( 𝑒

𝑎+𝑒 , 0,
𝑎

𝑎+𝑒 ) on the edge of Γ𝑆𝑅 . Then we get

𝑃 =

{ 𝑒

𝑎 + 𝑒
≤ 𝑆 ≤ 1

}
or 𝑃 =

{
0 ≤ 𝑅 ≤ 𝑎

𝑎 + 𝑒

}
𝑄 =

{
0 ≤ 𝑆 ≤ 𝑒

𝑎 + 𝑒

}
or 𝑄 =

{ 𝑎

𝑎 + 𝑒
≤ 𝑅 ≤ 1

}
.

If the starting point lies to the left of the curve connecting the vertex 𝐸 and the neutral point 𝑁1, then the
disease progresses, but up to a certain time, and as soon as the trajectory crosses this curve, then the epidemic
is on the decline in the set 𝑄.

2) 𝑆 → 𝐸 → 𝐼 → 𝑅. This situation occurs for those individuals who completely go through all stages of the
disease. Here the picture corresponds to the entire graph, the onset of the disease on the edge Γ𝑆𝐼

𝑃 =

{
𝑑

𝑎 + 𝑑
≤ 𝑆 ≤ 1

}
or 𝑃 =

{
0 ≤ 𝐼 ≤ 𝑎

𝑎 + 𝑑

}
the end of the disease on the edge

𝑄 =

{
0 ≤ 𝑆 ≤ 𝑒

𝑎 + 𝑒

}
or 𝑄 =

{ 𝑎

𝑎 + 𝑒
≤ 𝑅 ≤ 1

}
.

Let us move on to the third model, it describes diseases that either immediately show themselves clearly,
ignoring the latent period, or go from latent to open form and only then go to recovery. As the situation
around the world has shown since November 2019, this is an infection called COVID-19. In most cases, as the
COVID-19 clinic shows, individuals who have chronic diseases, the disease progresses immediately, affecting
the vulnerable organs of the patient.

𝑉3 :



𝑆
′
= 𝑆(1 − 𝑎𝐸 − 𝑏𝐼),

𝐸
′
= 𝐸 (1 + 𝑎𝑆 − 𝑑𝐼),

𝐼
′
= 𝐼 (1 + 𝑏𝑆 + 𝑑𝐸 − 𝑓 𝑅),

𝑅
′
= 𝑅(1 + 𝑓 𝐼).

(2.6)
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Theorem 2.7. If the epidemiological model describes diseases in which there are the following transitions

𝑆 → 𝐼 → 𝑅,

𝑆 → 𝐸 → 𝐼 → 𝑅,

then the following conditions are met for each of them:
1) 𝑆 → 𝐼 → 𝑅

In this transition, the disease progresses immediately, the situation occurs on the edge Γ𝑆𝐼𝑅 of the graph.
Then there is a neutral point 𝑁2( 𝑓

𝑏+ 𝑓
, 0, 𝑏

𝑏+ 𝑓
) on the edge of Γ𝑆𝑅 . Then we get

𝑃 =

{
𝑓

𝑏 + 𝑓
≤ 𝑆 ≤ 1

}
or 𝑃 =

{
0 ≤ 𝑅 ≤ 𝑏

𝑏 + 𝑓

}
𝑄 =

{
0 ≤ 𝑆 ≤ 𝑏

𝑏 + 𝑓

}
or 𝑄 =

{
𝑓

𝑏 + 𝑓
≤ 𝑅 ≤ 1

}
.

If the starting point lies to the left of the curve connecting the vertex 𝐼 and the neutral point 𝑁2, then the disease
progresses, but up to a certain time, and as soon as the trajectory crosses this curve, then the epidemic is on
the decline in the set 𝑄.

2) 𝑆 → 𝐸 → 𝐼 → 𝑅. This situation occurs for those individuals who completely go through all stages of the
disease. Here the picture corresponds to the entire graph, the onset of the disease on the edge Γ𝑆𝑅 .

𝑃 =

{
𝑓

𝑏 + 𝑓
≤ 𝑆 ≤ 1

}
or 𝑃 =

{
0 ≤ 𝑅 ≤ 𝑏

𝑏 + 𝑓

}
the end of the disease on the edge Γ𝑅𝐸 .

𝑄 =

{
0 ≤ 𝐸 ≤ 𝑓

𝑓 + 𝑑

}
or 𝑄 =

{
𝑑

𝑑 + 𝑓
≤ 𝑅 ≤ 1

}
.

Finally, let us move on to the last model, which includes all three possible transitions, and for this model we
obtain the following theorem:

In the model, there are three transitions from a state to a state of individuals in the population:

𝑉4 :



𝑆
′
= 𝑆(1 − 𝑎𝐸 − 𝑏𝐼),

𝐸
′
= 𝐸 (1 + 𝑎𝑆 − 𝑑𝐼 − 𝑒𝑅),

𝐼
′
= 𝐼 (1 + 𝑏𝑆 + 𝑑𝐸 − 𝑓 𝑅),

𝑅
′
= 𝑅(1 + 𝑒𝐸 + 𝑓 𝐼).

(2.7)

1) 𝑆 → 𝐸 → 𝑅; 2) 𝑆 → 𝐼 → 𝑅; 3) 𝑆 → 𝐸 → 𝐼 → 𝑅.

Theorem 2.8. If there are three transitions in the epidemiological situation

1)𝑆 → 𝐸 → 𝑅, 2)𝑆 → 𝐼 → 𝑅, 3)𝑆 → 𝐸 → 𝐼 → 𝑅.

then the following conditions are satisfied for each of them:
1) 𝑆 → 𝐼 → 𝑅;
This corresponds to the situation on the verge Γ𝑆𝐼𝑅 . Here there is a neutral point 𝑁1( 𝑓

𝑓 +𝑏 , 0,
𝑏
𝑓 +𝑏 ) on the

edge Γ𝑆𝑅, then we get

𝑃 =

{
𝑓

𝑓 + 𝑏
≤ 𝑆 ≤ 1

}
and 𝑄 =

{
0 ≤ 𝑆 ≤ 𝑓

𝑓 + 𝑏

}
,

ujmcs.tstu.uz 6

http://ujmcs.tstu.uz


Eshmamatova D.B, Tadzhieva M.A. & Zavgorodneva S.Yu.

or
𝑃 =

{
0 ≤ 𝑅 ≤ 𝑏

𝑓 + 𝑏

}
and 𝑄 =

{
𝑏

𝑓 + 𝑏
≤ 𝑅 ≤ 1

}
,

If the starting point lies to the left of the curve connecting the vertex 𝐼 and the neutral point 𝑁1, then the
disease progresses, but up to a certain time, and as soon as the trajectory crosses this curve, then the epidemic
is on the decline in the set 𝑄.

2) 𝑆 → 𝐸 → 𝑅;
This transition corresponds to those individuals, for which the disease does not manifest itself explicitly, i.e.,

this situation is on the face Γ𝑆𝐸𝑅 . Then on the same edge Γ𝑆𝑅, there is a neutral point 𝑁2
(

𝑒
𝑎+𝑒 ; 0; 𝑎

𝑎+𝑒
)
. At the

same time, either
𝑃 =

{ 𝑒

𝑎 + 𝑒
≤ 𝑆 ≤ 1

}
and 𝑄 =

{
0 ≤ 𝑆 ≤ 𝑒

𝑎 + 𝑒

}
,

or
𝑃 =

{
0 ≤ 𝑅 ≤ 𝑎

𝑎 + 𝑒

}
and 𝑄 =

{ 𝑎

𝑎 + 𝑒
≤ 𝑅 ≤ 1

}
,

If the starting point lies to the left of the curve (straight line) connecting the vertex 𝐸 and neutral point 𝑁2,

then the disease progresses, but up to a certain time, and as soon as the trajectory crosses this curve, then the
epidemic is on the decline in the set 𝑄.

3) 𝑆 → 𝐸 → 𝐼 → 𝑅. This situation occurs for those individuals who completely go through all stages of the
disease.

If 𝑒𝑏 < 𝑎 𝑓 , then

𝑃 =

{
𝑓

𝑓 + 𝑏
≤ 𝑆 ≤ 1

}
and 𝑄 =

{
0 ≤ 𝑆 ≤ 𝑒

𝑎 + 𝑒

}
,

or
𝑃 =

{
0 ≤ 𝑅 ≤ 𝑏

𝑓 + 𝑏

}
and 𝑄 =

{ 𝑎

𝑎 + 𝑒
≤ 𝑅 ≤ 1

}
.

If 𝑒𝑏 > 𝑎 𝑓 , then

𝑃 =

{ 𝑒

𝑎 + 𝑒
≤ 𝑆 ≤ 1

}
and 𝑄 =

{
0 ≤ 𝑆 ≤ 𝑓

𝑓 + 𝑏

}
,

or
𝑃 =

{
0 ≤ 𝑅 ≤ 𝑎

𝑎 + 𝑒

}
and 𝑄 =

{
𝑏

𝑓 + 𝑏
≤ 𝑅 ≤ 1

}
.

Corollary 1. If the epidemiological situation is described by a discrete dynamic system (3), then for any
transition from a group to a group (i.e., for any course of the disease), the disease begins and ends at the edge
Γ𝑆𝑅 . The boundaries of the beginning and end of the disease depend on the coefficients of transition 𝑎, 𝑏, 𝑒, 𝑓

from groups to groups. The boundaries of the beginning and end of the disease depend on the coefficients of
transition from groups to groups 𝑆, 𝐸, 𝐼, 𝑅.

Theorem 2.9 The set of limit points of the positive trajectory 𝜔+(𝑥0) ⊂ 𝑄 and the set of limit points of the
negative trajectory 𝜔− (𝑥0) ⊂ 𝑃. That is, the medical history begins in the set 𝑃, and ends in the set 𝑄.

In other words, any trajectory in this case converges for an arbitrary initial point but converges to a point
belonging to the set 𝑄, and the whole situation depends on the initial point.

Theorems 2.5 - 2.9 are proved using Theorem 2.4.

3. Numerical analysis
In order to verify the compliance of the mathematical description of the above-analyzed models, for diseases

transmitted by the air-capillary route, we have compiled a package of application programs in the Python
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programming language 10. For each model, in accordance with the numerical analysis of the data, a phase
portrait of the course of the disease was obtained.

For the first model described by mapping𝑉1 (see Figure 1, Example 1), as well as, according to the Theorem
2.5, the location of individuals and the phase portrait looks as follows:

The trajectory of the inner points of the first model is shown in Table 1.

Let us move on to the second model described by the mapping 𝑉2 (see Figure 1, Example 2), and also,
according to Theorem 2.6, the location of individuals and the phase portrait describes Figure 3.
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The values of the complete transition of individuals from groups to groups 𝑆 → 𝐸 → 𝐼 → 𝑅 are given in
Table 2 (mapping 𝑉2).

In Table 3, we present the trajectory of the inner points on the 𝑆𝐸𝑅 face, that is, the transition 𝑆 → 𝐸 → 𝑅.

As we pointed out above, the third model describes diseases that either immediately manifest themselves
vividly, ignoring the latent period, or move from a hidden form to an open one and only then proceed to
recovery. For such a course of the disease, the phase portrait is shown in Figure 3, the numerical analysis of
the transition 𝑆 → 𝐼 → 𝑅 in Table 4, and the complete transition 𝑆 → 𝐸 → 𝐼 → 𝑅 in Table 5.
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Let us move on to the numerical analysis of the latest model, which includes all transitions simultaneously.
This model describes those viral diseases, the course of which may be different for each individual. A separate
numerical analysis is made for each transition and a phase portrait of the trajectory of internal points is shown.
This model corresponds to the 𝑉4 mapping.
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For the transition 𝑆 → 𝐸 → 𝑅 :

Phase portrait on this face:

The values of the transition 𝑆 → 𝐼 → 𝑅 are shown in Table 7, and the phase portrait on the SIR edge is
shown in the Figure 6.

The values of the transition from groups to groups 𝑆 → 𝐸 → 𝐼 → 𝑅 are given in the Table 8.
The phase portrait of the trajectories of the interior points in the entire simplex of the 𝑉4 mapping is shown

in the Figure 7.
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4. Conclusion
The paper identifies a class of mixed graphs described by Lotka-Volterra mappings with degenerate skew-

symmetric matrices, presented as discrete analogues of the 𝑆𝐸𝐼𝑅 model of viral diseases transmitted by the
air capillary route. If we compare the results of the previously studied continuous models and the discrete
models proposed by us, then in the continuous case when an individual becomes ill, either absolutely recovers
or dies [4], since the solution of differential equations is either unique or tends to infinity. Finding the set 𝑃 and
𝑄 gives us the opportunity to determine the history of the epidemiological situation and its decline. In other
words, the set 𝑃 corresponds to the history of the disease, i.e. it consists of a set of limit points of the negative
trajectory, the set 𝑄 corresponds to the end of the epidemiological situation, i.e. the set of limit points of the
positive trajectory. In the work, a specific focus of the disease is shown in each model, a numerical analysis is
made and a phase portrait is constructed. That is, the initial state of the population is shown, and specifically
the end of the epidemiological situation. All these models are designed to study viral diseases that do not have
a repeat effect, i.e. an individual who has recovered receives temporary or permanent immunity.

Acknowledgements

We, the authors of the paper Generalized models of the 𝑆𝐸𝐼𝑅 epidemiological model and their discrete
analogues would like to thank the Tashkent State Transport University for the opportunity to publish our work.

References

[1] https://www.hmong.press/wiki/ Mathematical modelling in epidemiology.
[2] Daly, D.J., Ghani, J.: Epidemic modeling: an introduction. New York: Cambridge University Press.(2005).
[3] Murray, J.D.: Mathematical biology. Third Edition. Springer.p.776. (2009).
[4] Hammer, W.: Epidemiology is old and new . London: Kegan Paul. (1928)
[5] Ross, R.: The prevention of malaria. New York: Dutton. (2010)
[6] Ganikhodzhaev, R.N.: Quadratic stochastic operators, Lyapunov function and tournaments, Acad. Sci. Sb. Math., 76(2), pp.489-506, (1993)
[7] Ganikhodzhaev, R.N., Tadzieva, M.A., Eshmamatova, D.B.: Dynamical Proporties of Quadratic Homeomorphisms of a Finite-Dimensional

Simplex. Journal of Mathematical Sciences — 245 — (3). — P. — 398-402, (2024)
[8] Ganikhodzhaev, R.N., Eshmamatova, D.B.: Quadratic automorphisms of a simplex and the asymptotic behavior of their trajectories. Vladikavkaz.

Mat. Zh., Volume 8, Number 2, 12-28, (2006)
[9] Harary, F., Palmer, E.M.: Graphical enumeration. Academic Press New York and London. (1973)

[10] Kermack, W.O. and McKendrick, A.G.: A contribution to the mathematical theory of epidemics, Proc. R. Soc. Lond, 115, 700-721. (1927)
[11] Eshmamatova, D.B., Ganikhodzhaev, R.N.: Tournaments of Volterra type transversal operators acting in the simplex 𝑆𝑚−1. AIP Conference

Proceedings 2365, 060009, https:doi.org/10.1063/5.0057303. (2021)
[12] Ganikhodzhaev, R.N., Tadzhieva, M.A.: Stability of fixed points of discrete dynamic systems of Volterra type. AIP Conference Proceedings, V.

2365. P. 060005-1 − 060005-7. https://doi.org/10.1063/5.0057979. (Scopus. IF=0.7). (2021)
[13] Ganikhodzhaev, R.N.: A chart of fixed points and Lyapunov functions for a class of discrete dynamical systems, Math. Notes, 56 (5-6), pp.1125-1131,

(1994)
[14] Kuznetsov, Y.A.: Elements of applied bifurcation theory. Second edition. NewYork 10027, p 592, (1998)
[15] Murray, Y. D.: On a necessary condition for the ergodicity of quadratic operators defined on a two-dimensional simplex, Russ. Marh. Surv 59.

¹3. p.571-573, (2004)
[16] Ulam, S.: A collection of mathematical problems.Interscience. New-York, 150 p.Graph Theory. Addison-Wesley.1969. p.274. (1960)
[17] Volterra, V.: Theorie mathematique de la lutte pour la vie. Paris, p.290, (1931)

Affiliations

First Author
Address: Eshmamatova, D.B.: Doctor of physical and mathematical sciences, head of the department of higher
mathematics, Tashkent State Transport University, Institute of Mathematics named after V.I. Romanovsky

13 ujmcs.tstu.uz

http://ujmcs.tstu.uz


Generalized Models of the Seir Epidemiological Model and Their Discrete Analogues

Academy of Sciences of the Republic of Uzbekistan, Senior Researcher. Tashkent, Uzbekistan.
e-mail: 24dil@mail.ru
ORCID ID: 0000-0002-1096-2751

Second Author
Address: Tadzhieva, M.A.: Doctor of physical and mathematical sciences, head of the department of higher
mathematics, Tashkent State Transport University, Institute of Mathematics named after V.I. Romanovsky
Academy of Sciences of the Republic of Uzbekistan, Senior Researcher. Tashkent, Uzbekistan.
e-mail: mohbonut@mail.ru
ORCID ID: 0000-0001-9232-3365

Third Author
Address: Zavgorodneva, S.Yu.: Assistant of the department of higher mathematics, Tashkent State Transport
University, Tashkent, Uzbekistan.
e-mail: zavgorodnevasveta22@gmail.com
ORCID ID: 0009-0002-7852-7403

ujmcs.tstu.uz 14

http://ujmcs.tstu.uz


Uzbekistan Journal of Mathematics and Computer Science
Volume 1 No. 1 Page 15–19 (2025)
DOI: https://doi.org/10.56143/ujmcs.v1i1.4/
Research article
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Abstract
The most complex part of a railway track plan is its transition curve. The transition curve is
the section of the track plan that connects the circular arc portion of the railway layout to the
straight section of the track. It serves to provide a smooth transition from the straight section
to the circular arc of a given radius. The radius of the circular section is determined based on
the angle between the connecting straight segments of the railway. A mathematical model of
the railway, depending on the angle and radius of curvature, is provided in [1]. In this article,
we determine the optimal method for defining the length of the transition curve. This length is
computed under the assumption that the transition section is a clothoid.

Keywords: Mathematical model, curvature, osculating circle, tangent line, monotonic function, coordinate system, clothoid, arc length.

AMS Subject Classification (2020): Primary: 53A17; 53A04; Secondary: 90B20; 93C15; 65D17; 68U07.

1. Introduction

A railway track plan is a diagram that represents the movement of the center of the railway track. The railway
plan consists mainly of straight sections and a curved line that connects two straight segments intersecting at
a certain angle. The curved section is often chosen as an arc of a circle.

However, for technical reasons, and to ensure the safety and comfort of train movement during the transition
from the straight section to the circular arc, a connecting curve is known as the transition curve is introduced.

1.1. Problem Statement

It is known [1] that a railway consists of straight sections and a curved section that connects two differently
directed straight segments. The need for curved sections on the railway is associated with the need to provide
an accessible route between two points connected by the railway [2] [3]. Evidently, in straight sections of the
railway, the path can be considered as two parallel lines, the distance between which is a constant value equal
to the width of the track gauge [4],[5].

The complexity of designing and constructing a railway is primarily associated with the curved section
of the track. Even in the simplest case, where both straight sections lie in the same plane and form an angle
at the intersection of the directions defined by these tracks, they are connected by a single curve. This curve
consists of three parts: the transition section, the arc of a circle with a given radius, and the entry section.
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In general terms, the entry section connects the straight part of the track to the curved section. Clearly, this
section is also itself a curve.

In the previous work [6], we proposed considering the railway as two curves. Specifically, the inner
part of the curved section of the track is treated as a planar curve, while the outer part of the track is regarded
as a spatial curve [7],[8].

However, it should be noted that even when considering the railway as two parallel curves, both have a
transition section. When defining the transition section of the railway plan, two fundamentally important
problems arise. First, an analytical function must be chosen that satisfies the geometric requirements of the
transition section. Second, the appropriate length of the transition section must be determined.

In this article, we address these two problems in a general formulation. By "general formulation," we mean
the following: we consider a circle of a given radius, where its arc forms the main curved section of the railway,
while the equation of the transition section is treated as an unknown function with a natural parameter.

Within this framework, we determine the conditions that the analytical formula of the transition curve must
satisfy and compute the optimal length of the transition section.

2. Mathematical Description of the Transition Section

Following the principles outlined above, we consider the road as two parallel curves. In the curved section
of the road, the inner path is considered a flat curve.

Let there be two straight lines 𝑙1 and 𝑙2 the straight parts of the road describe two lines that touch a point
𝐷. From point 𝐷, we will set aside the segments 𝐴𝐵 = 𝐵𝐷 along the rays 𝑙1, 𝑙2. We consider the curve under
study to be part of the junction points on the road 𝐴 and 𝐵.

For the mathematical description of the curve’s graph, we introduce the Cartesian coordinate system on the
plane in the following way: Through points 𝐴 and 𝐵, we draw a straight line, which we will take as the x-axis.
The midpoint of the AB segment is chosen as the origin 𝑂 (0, 0) of the coordinates. We choose the direction
of the 𝑥-axis and the 𝑦-axis so that the rays reflecting the straight section of the road lie in the half-plane 𝑦 > 0
(Figure 1).

With this choice for a circle of the coordinate system, with its center at point 𝑂 (0, 0) and radius 𝑅 = 𝑂′𝐴,
𝑙1 va 𝑙2 the points will lie on the tangent.

Fig.1: Moving from straight line to curvature section.

However, the curved section of the road cannot consist of a single arc of a circle. This is because, at point 𝐴,
the road is a straight line on the left side, while on the right side, it is an arc of a circle. However, the circular
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arc has a curvature equal to the reciprocal of its radius, that is, 𝑘 = 1
𝑅

.
A sharp change in curvature from zero to 1

𝑅
, at point A, a sharp change in curvature from zero will result in the

appearance of a sudden centrifugal force, which may lead to unexpected technical problems and, consequently,
we will lose the comfort of the movement of train [9],[10].

Therefore, at point A, the transition section of the curve begins, ensuring a smooth transition of the train
from the straight section to the curvature section.

Let us assume that the transition section of the track extends up to point 𝐶 on the arc 𝐴𝐵. To describe
the analytical form of the transition section, we introduce a new Cartesian coordinate system as follows.

Let us assume point 𝐴 as the origin of the coordinates, with the𝑂𝑋-axis directed along the straight line, and
the ordinate axis 𝑂𝑌 directed along segment 𝐴𝑂′.
Then, the equation of the circle with its center at point 𝑂 and radius 𝑅 is expressed as:

𝑋2 + (𝑌 − 𝑅)2 = 𝑅2

or in parametric form, when the parameter is the arc length of the circle, it is given by the equation.{
𝑋 = 𝑅 cos 𝑠

𝑅

𝑌 = 𝑅(1 + sin 𝑠
𝑅
)

(2.1)

Let us assume that in this coordinate system, the equation of the transition section is given in parametric
form. {

𝑋 = 𝑋 (𝑠)
𝑌 = 𝑌 (𝑠)

(2.2)

Furthermore 𝑋 (0) = 𝑌 (0) = 0, and the curvature of the curve for small values 𝑠was less than 1
𝑅

, continuously
and monotonically increasing, proportional to the arc length 𝑠. Moreover, at the point𝑂, the curve 𝛾 intersects
the circle at the point 𝑂.
It can be proved that for the curve 𝛾 to intersect the circle, its curvature at the point of intersection must be
greater than the curvature of the circle, that is, greater than 1

𝑅
.

Since the curvature of the curve 𝛾 changes continuously and monotonically in [0, 𝑋0], there exists at least
one point 𝑋1 ∈ [0, 𝑋0] - where the curvature of the curve 𝛾 takes the value 𝑅(𝑠1) = 1

𝑅
.

Fig.2: Parallel tangents between circle and a curve

Therefore, at point {𝑋 (𝑠1), 𝑌 (𝑠1)}, the curvature of the curve 𝛾 is equal to the curvature of the circle, the
tangent circle of the curve 𝛾 is equal to the circle (1). However, the centers of these circles do not coincide.
Consider the normal 𝑙 to the curve 𝛾 at point {𝑋 (𝑠1), 𝑌 (𝑠1)}, and draw the radius𝑂′𝐾 of the circle (1), parallel
to 𝑙.

Let’s parallelly move the arc of the circle 𝐴𝐵 to in the direction of the radius 𝐴𝐾 until it touches point
{𝑋 (𝑠1), 𝑌 (𝑠1)}. Then, from this point, we replace the curve 𝛾 with the arc of the translated circle.
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Thus, we obtain a line consisting of a part of the straight line 𝑙1 up to point 𝐴, after point 𝐴 the arc of the
curve 𝛾, and after point {𝑋 (𝑠1), 𝑌 (𝑠1)} – the arc of the circle with radius 𝑅, but with the center moved in the
direction of the radius 𝐴𝐾 .

Thus, the constructed curve meets all the technical requirements for the transition section of the railway. We
have presented the theoretical part of the construction of the curve section for the railway track plan, for the
inner rail, when the entire track belongs to one horizontal plane.
Also, the conditions imposed on the equation of the transitional part were determined. Next, we move on to
the numerical computation of this task, when a specific type of transition section is chosen.

Method for calculating the length of the transition section
In this part of the work, we will present the method for calculating the length of the transition section for a
specifically given curve
There are various methods for constructing the transition section [ 11]. However, among them, a widely used
method is the curve called the clothoid [12 ],[13].

A clothoid is a mathematical function widely used in the design of curvature sections of railways and
highways. This equation ensures a linear change in curvature (from zero curvature to the maximum).

The equation of the clothoid in parametric form is expressed as follows:

𝑥 =
𝑠∫

0
cos 𝑚𝑡2

2 𝑑𝑡, 𝑦 =
𝑠∫

0
sin 𝑚𝑡2

2 𝑑𝑡

Where: 𝑠 is the arclength (distance along the clothoid);
𝑚 is the curvature parameter, i.e., 1

𝑅 (𝑠) , where 𝑅(𝑠) is the radius of curvature of the clothoid;
𝑡 is the integration variable.
Since its curvature is inversely proportional to the arc length.

𝑘 =
𝑚

𝑠
, 𝑠 =

𝑚

𝑅

Where: 𝑚 is the proportionality coefficient. But for the point {𝑋 (𝑠1), 𝑌 (𝑠1)}, the curvature must be equal to
the curvature of the circle, that is, 1

𝑅
.

From the fact that the curvature of the clothoid is proportional to the arc length, it follows that.

𝑚𝑠1 =
1
𝑅

Thus, the length of the clothoid can be determined using the formula,

𝑠1 =
1
𝑚𝑅

The arc length is inversely proportional to the radius of the curve and the coefficient of the clotoid. There
is a technical requirement that the length of the passing section should not be less than the length of the two
carriages. Therefore, 𝑚𝑅 = 1

50𝑚 , since the length of two carriages can be considered as 50 meters[14],[15].
To determine the distance at which the arc of the circle is parallelly moved, we construct the equation of the

tangent at the point {𝑋 (𝑠1), 𝑌 (𝑠1)}, which has the form:

𝑌 − 𝑌 (𝑠1) = tan
1

2𝑚𝑅2 (𝑋 − 𝑋 (𝑠1))

Let’s find the distance from the point 𝑂′(𝑂, 𝑅) to the tangent to the clothoid.

𝑑 = |𝑌 (𝑠1) − tan
1

2𝑚𝑅2 𝑋 (𝑠1) − 𝑅 | cos
1

2𝑚𝑅2
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Subtracting the radius from this distance, we get 𝛿, which must be parallel to the section of the circle’s arc.

𝛿 = 𝑑 − 𝑅

Since the transition section must symmetrically rise when transitioning to the arc of the circle, it must
descend to the point (Fig. 1). It is symmetric with respect to the bisector of the angle formed by the straight
sections of the considered road.
After obtaining the equation of the curve for the inner rail, the equation for the outer rail is determined relative
to the inner one. At the same time, the spatial nature of the curve representing the outer section is taken into
account. The transition curve of the outer section will be analogous to the transition curve of the inner section.
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On a (𝜔, 𝑐)−periodic solution for an impulsive system of
second-order differential equation with product of two

nonlinear functions and mixed maxima
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Abstract
Existence and uniqueness of (𝜔, 𝑐)−periodic solution of boundary value problem for an
impulsive system of ordinary differential equations with a nonlinear function under the sign
of the second-order differential, product of two nonlinear functions and mixed maxima are
investigated. This problem is reduced to the investigation of (𝜔, 𝑐)−periodic solvability of
the system of nonlinear functional-integral equations. The method of contracted mapping is
used in the proof of unique solvability of nonlinear functional-integral equations in the space
𝐵𝐷 ( [0, 𝜔],R𝑛).

Keywords: impulsive system of differential equations; a nonlinear function under the sign of the second-order differential; product of two nonlinear

functions; (𝜔, 𝑐)−periodic solution, mixed maxima; contracted mapping, existence and uniqueness.
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1. Problem statement. Problem Statement

Differential equations, the solution of which is functions with first kind discontinuities at times, are called
differential equations with impulsive effects. One can see a lot of publications of studying on differential
equations with impulsive effects, describing many natural and practical processes (for examples, [1]–[7]).
Some problems with impulsive effects appear in biophysics at micro- and nano-scales [8]–[11]. The interest
in the study of nonlocal problems for the impulsive differential equations is only increasing [12]–[34]. In
the works [35]–[37], the periodic solutions of impulsive differential equations are studied. (𝜔, 𝑐)−periodic
solutions of the differential equations are studied in the works [38]–[43].

Definition 1.1. A continuous function 𝑓 (𝑡) : R → X is (𝜔, 𝑐)−periodic, if there exists a real number
𝑐 ∈ (0, 1) ∪ (1,∞), that 𝑓 (𝑡 + 𝜔) = 𝑐 · 𝑓 (𝑡) for all 𝑡 ∈ R, where 0 < 𝜔 < ∞, X ∈ R𝑛 is closed set.

On the interval Ω ≡ [0, 𝜔] \
{
𝑡𝑖
}

for 𝑖 = 1, 2, ..., 𝑝 we consider the questions of existence of the
(𝜔, 𝑐)−periodic solutions of the nonlinear impulsive system of second-order differential equations with mixed
maxima

𝑑2

𝑑𝑡2
[𝑥(𝑡) + 𝐻 (𝑥(𝑡))] =
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= 𝑔

(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]})
𝑓

(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]})
, (1.1)

where
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]
= [min {𝛿1(𝑡); 𝛿2(𝑡)} , max {𝛿1(𝑡); 𝛿2(𝑡)}] , 𝛿𝜅 (𝑡) ∈ 𝐶 [𝛿0, ℎ], 0 < 𝛿0 = min

0≤𝑡≤𝜔
𝛿𝜅 (𝑡),

𝛿0 < ℎ = max
0≤𝑡≤𝜔

𝛿𝜅 (𝑡) < 𝜔, 𝜅 = 1, 2, 𝐻 (𝑥) ∈ 𝐶1 (R𝑛,R𝑛) , 𝑔(𝑡, 𝑥, 𝑦) ∈ 𝐶 ( [0, 𝜔] × X × X,R𝑛), 𝑓 (𝑡, 𝑥, 𝑦) ∈
𝐶
(
[0, 𝜔] × X × X,R𝑛

)
.

The differential equation (1.1) we study with following (𝜔, 𝑐)−periodic conditions

𝑥(𝜔) = 𝑐 · 𝑥(0), 𝐻 (𝑥(0)) = 𝑐 · 𝐻 (𝑥(𝜔)), 𝑐 ∈ (0, 1) ∪ (1,∞), (1.2)

𝑥′(𝜔) = 𝑐 · 𝑥′(0), 𝐻′(𝑥(0)) = 𝑐 · 𝐻′(𝑥(𝜔)), 𝑐 ∈ (0, 1) ∪ (1,∞), (1.3)

We assume that on the interval

𝐼1 = [0, 𝑡1] ∪ [𝑡2, 𝑡3] ∪ . . . ∪ [𝑡𝑝−3, 𝑡𝑝−2] ∪ [𝑡𝑝−1, 𝑡𝑝]

there holds inequality 𝛿1(𝑡) < 𝛿2(𝑡) and the equation (1.1) is accepting the form

𝑑2

𝑑𝑡2
[𝑥(𝑡) + 𝐻 (𝑥(𝑡))] =

= 𝑔
(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈ [𝛿1(𝑡), 𝛿2(𝑡)]
})

𝑓
(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈ [𝛿1(𝑡), 𝛿2(𝑡)]
})

.

On another interval
𝐼2 = [𝑡1, 𝑡2] ∪ [𝑡3, 𝑡4] ∪ . . . ∪ [𝑡𝑝−2, 𝑡𝑝−1] ∪ [𝑡𝑝, 𝑡𝑝+1]

there holds inequality 𝛿1(𝑡) > 𝛿2(𝑡) and the equation (1.1) takes the form

𝑑2

𝑑𝑡2
[𝑥(𝑡) + 𝐻 (𝑥(𝑡))] =

= 𝑔
(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈ [𝛿2(𝑡), 𝛿1(𝑡)]
})

𝑓
(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈ [𝛿2(𝑡), 𝛿1(𝑡)]
})

.

If we put 𝛿1(𝑡𝑖) = 𝛿2(𝑡𝑖), 𝑖 = 1, 2, . . . , 𝑝, then there is no impulsive effect for the equation (1.1). So, we
suppose that 𝛿1

(
𝑡+
𝑖

)
≠ 𝛿2

(
𝑡−
𝑖

)
, 𝛿2

(
𝑡+
𝑖

)
≠ 𝛿1

(
𝑡−
𝑖

)
, 𝑖 = 1, 2, . . . , 𝑝. Consequently, the problem (1.1)–(1.3) we

study with conditions of nonlinear impulsive effects

𝑥
(
𝑡+𝑖
)
− 𝑥

(
𝑡−𝑖
)
= 𝐹1,𝑖 (𝑥 (𝑡𝑖)) , 𝑖 = 1, 2, ..., 𝑝, (1.4)

𝐻
(
𝑥
(
𝑡+𝑖
) )
− 𝐻

(
𝑥
(
𝑡−𝑖
) )

= 𝐹2,𝑖 (𝑥 (𝑡𝑖)) , 𝑖 = 1, 2, ..., 𝑝, (1.5)

𝑥′
(
𝑡+𝑖
)
− 𝑥′

(
𝑡−𝑖
)
= 𝐺1,𝑖 (𝑥 (𝑡𝑖)) , 𝑖 = 1, 2, ..., 𝑝, (1.6)

𝐻′ (𝑥 (𝑡+𝑖 ) ) − 𝐻′ (𝑥 (𝑡−𝑖 ) ) = 𝐺2,𝑖 (𝑥 (𝑡𝑖)) , 𝑖 = 1, 2, ..., 𝑝, (1.7)

where 0 = 𝑡0 < 𝑡1 < ... < 𝑡𝑝 < 𝑡𝑝+1 = 𝜔, 𝑥
(
𝑡+
𝑖

)
and 𝑥

(
𝑡−
𝑖

)
right and left-hand side limits, 𝐹𝜅,𝑖 (𝑥) ∈ 𝐶

(
X,R𝑛

)
,

𝐺 𝜅,𝑖 (𝑥) ∈ 𝐶
(
X,R𝑛

)
, 𝐹𝜅,𝑖 = 𝐹𝜅,𝑖+𝑝, 𝐺 𝜅,𝑖 = 𝐺 𝜅,𝑖+𝑝, 𝜅 = 1, 2, 𝑡𝑖+𝑝 = 𝑡𝑖 + 𝜔.

In general, the solutions of differential equations with maxima have properties different from the solutions
of differential equations without maxima. If we consider the equation

𝑥′(𝑡) = 𝑓
(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈ [ℎ1(𝑡), ℎ2(𝑡)]
})

,

then the increasing solutions coincide with the increasing solutions of the equation

𝑥′(𝑡) = 𝑓 (𝑡, 𝑥(𝑡), 𝑥 [ℎ2(𝑡)]) .
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The decreasing solutions coincide with the decreasing solutions of the equation

𝑥′(𝑡) = 𝑓 (𝑡, 𝑥(𝑡), 𝑥 [ℎ1(𝑡)]) .

Periodic solutions of differential equations behave differently from periodic solutions of differential equations
without maxima. If we consider the function max

{
sin 𝜏

��𝜏 ∈ [𝑡 − ℎ(𝑡), 𝑡]
}
, the properties of this function differ

from the properties of the functions sin 𝑡 and sin(𝑡 − ℎ(𝑡)). For example, the function max
{
sin 𝜏

��𝜏 ∈ [𝑡 − 𝜋, 𝑡]
}

is not negative on the axis (−∞,∞). The function max
{
sin 𝜏

��𝜏 ∈ [𝑡 − 2𝜋, 𝑡]
}

is constant on the axis (−∞,∞)
and equal to 1.

If we consider (2𝜋, 𝑐)−periodic function 𝑒𝑡 sin 𝑡, this function has resonance on the interval (0,∞), where
𝑐 = 𝑒2𝜋 . The function max

{
𝑒𝜏 sin 𝜏

��𝜏 ∈ [𝑡 − 𝜋, 𝑡]
}
= 𝑒𝑡 max

{
sin 𝜏

��𝜏 ∈ [𝑡 − 𝜋, 𝑡]
}

has positive resonance on
the interval (0,∞).

Therefore, the study differential equations with maxima is relevant and differential equations with maxima
have specific singularities. In the case of differential equations with mixed maxima, the presence of impulse
effects is not fictitious. In addition, differential equations with product of two nonlinear functions appear in
solving nonlinear partial differential equations of parabolic and hyperbolic types (see, [44]). We note that this
paper is further development of the works [45]–[47].

We recall that by 𝐶 ( [0, 𝜔],R𝑛) is denoted the Banach space with continuous vector functions 𝑥(𝑡) on the
segment [0, 𝜔] and this space is equipped with the norm

∥ 𝑥(𝑡) ∥𝐶 [0,𝜔 ] =

√√√ 𝑛∑︁
𝑗=1

max
0≤𝑡≤𝜔

�� 𝑥 𝑗 (𝑡)
��.

By 𝑃𝐶 ( [0, 𝜔],R𝑛) is denoted the following linear vector space

𝑃𝐶 ( [0, 𝜔],R𝑛) = {𝑥 : [0, 𝜔] → R𝑛; 𝑥(𝑡) ∈ 𝐶 ((𝑡𝑖 , 𝑡𝑖+1] ,R𝑛) , 𝑖 = 1, ..., 𝑝} ,

where limits 𝑥
(
𝑡+
𝑖

)
and 𝑥

(
𝑡−
𝑖

)
(𝑖 = 0, 1, ..., 𝑝) exist and bounded; 𝑥

(
𝑡−
𝑖

)
= 𝑥

(
𝑡
𝑖

)
. Note, that the linear vector

space 𝑃𝐶 ( [0, 𝜔],R𝑛) is Banach space, if we equip it with the norm

∥ 𝑥(𝑡) ∥𝑃𝐶 [0,𝜔 ] = max
{
∥ 𝑥(𝑡) ∥𝐶 (𝑡𝑖 ,𝑡𝑖+1 ] , 𝑖 = 1, 2, ..., 𝑝

}
.

We use also the vector space 𝐵𝐷 ( [0, 𝜔],R𝑛), which is Banach space with the following norm

∥ 𝑥(𝑡) ∥𝐵𝐷 [0,𝜔 ] = ∥ 𝑥(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ · ∥ 𝑥′(𝑡) ∥𝑃𝐶 [0,𝜔 ] ,

where 0 < ℎ = const.

Problem 1. To find the (𝜔, 𝑐)−periodic function 𝑥(𝑡) ∈ 𝐵𝐷 ( [0, 𝜔],R𝑛), which for all 𝑡 ∈ Ω satisfies the system
of differential equations (1.1), (𝜔, 𝑐)−periodic condition (1.2), (1.3) and for 𝑡 = 𝑡𝑖 , 𝑖 = 1, 2, ..., 𝑝 satisfies the
nonlinear limit conditions (1.4)–(1.7).

2. Reduction to functional-integral equation

Let the function 𝑥(𝑡) ∈ 𝐵𝐷 ( [0, 𝜔],R𝑛) is a solution of the (𝜔, 𝑐)−periodic boundary value problem (1.1)–
(1.7). Then, after integration on the intervals (0, 𝑡1] , (𝑡1, 𝑡2] , . . . ,

(
𝑡𝑝, 𝑡𝑝+1

]
we have:

𝑡1∫
0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 =
𝑡1∫

0

𝑑2

𝑑𝑡2

[
𝑥(𝑠) + 𝐻 (𝑥(𝑠))

]
𝑑𝑠 =
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= 𝑥′
(
𝑡−1
)
− 𝑥′

(
0+
)
+ 𝐻′ (𝑥 (𝑡−1 ) ) − 𝐻′ (𝑥 (0+) ) , (2.1)

𝑡2∫
𝑡1

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 =
𝑡2∫

𝑡1

𝑑2

𝑑𝑡2

[
𝑥(𝑠) + 𝐻 (𝑥(𝑠))

]
𝑑𝑠 =

= 𝑥
(
𝑡−2
)
− 𝑥

(
𝑡+1
)
+ 𝐻′ (𝑥 (𝑡−2 ) ) − 𝐻′ (𝑥 (𝑡+1 ) ) , (2.2)

𝑡3∫
𝑡2

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 =
𝑡3∫

𝑡2

𝑑2

𝑑𝑡2

[
𝑥(𝑠) + 𝐻 (𝑥(𝑠))

]
𝑑𝑠 =

= 𝑥
(
𝑡−3
)
− 𝑥

(
𝑡+2
)
+ 𝐻′ (𝑥 (𝑡−3 ) ) − 𝐻′ (𝑥 (𝑡+2 ) ) , (2.3)

...

𝜔∫
𝑡𝑝

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 =
𝑡𝑝+1∫
𝑡𝑝

𝑑2

𝑑𝑡2

[
𝑥(𝑠) + 𝐻 (𝑥(𝑠))

]
𝑑𝑠 =

= 𝑥
(
𝑡−
𝑝+1

)
− 𝑥

(
𝑡+𝑝
)
+ 𝐻′ (𝑥 (𝑡−

𝑝+1
) )
− 𝐻′ (𝑥 (𝑡+𝑝 ) ) . (2.4)

From the formulas (2.1)–(2.4), by virtue of the following properties

𝑥′(0+) = 𝑥′(0), 𝑥′
(
𝑡−
𝑝+1

)
= 𝑥′(𝑡), 𝐻′ (𝑥 (0+) ) = 𝐻′(𝑥(0)), 𝐻′ (𝑥 (𝑡−

𝑝+1
) )

= 𝐻′(𝑥(𝑡)),

on the interval (0, 𝜔] we have
𝑡∫

0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 =

= −𝑥′(0) −
[
𝑥′

(
𝑡+1
)
− 𝑥′ (𝑡1)

]
−
[
𝑥′

(
𝑡+2
)
− 𝑥′ (𝑡2)

]
− . . . −

[
𝑥′

(
𝑡+𝑝

)
− 𝑥′

(
𝑡𝑝
) ]

+ 𝑥′(𝑡)−

−𝐻′(𝑥(0)) −
[
𝐻′ (𝑥 (𝑡+1 ) ) − 𝐻′ (𝑥 (𝑡1) ) ] − [

𝐻′ (𝑥 (𝑡+1 ) ) − 𝐻′ (𝑥 (𝑡1) ) ] − . . .−

−
[
𝐻′ (𝑥 (𝑡+𝑝 ) ) − 𝐻′ (𝑥 (𝑡𝑝 ) ) ] + 𝐻′(𝑥(𝑡)).

Hence, taking into account the impulsive conditions (1.6), (1.7) in the last equality, we obtain

𝑑

𝑑𝑡
[𝑥(𝑡) + 𝐻 (𝑥(𝑡))] = 𝑥′(0) + 𝐻′(𝑥(0)) +

∑︁
0<𝑡𝑖<𝑡

𝐺1,𝑖 (𝑥(𝑡𝑖))+

+
∑︁

0<𝑡𝑖<𝑡

𝐺2,𝑖 (𝑥(𝑡𝑖)) +
𝑡∫

0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠. (2.5)

From (2.5) for 𝑡 = 𝜔 we have

𝑥′(𝜔) + 𝐻′(𝑥(𝜔)) = 𝑥′(0) + 𝐻′(𝑥(0)) +
∑︁

0<𝑡𝑖<𝜔

𝐺1,𝑖 (𝑥(𝑡𝑖))+

+
∑︁

0<𝑡𝑖<𝜔

𝐺2,𝑖 (𝑥 (𝑡𝑖)) +
𝜔∫

0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠. (2.6)
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Let the function 𝑥(𝑡) ∈ 𝐵𝐷 ( [0, 𝜔],R𝑛) in (2.5), satisfies the boundary value conditions in (1.3). Then, applying
the conditions in (1.3) to (2.6), we have

𝑥′(0) + 𝐻′(𝑥(0)) = 1
𝑐 − 1

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+ 1
𝑐 − 1

𝜔∫
0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠. (2.7)

Substituting (2.7) into (2.5), we obtain that

𝑑

𝑑𝑡
[𝑥(𝑡) + 𝐻 (𝑥(𝑡))] = 1

𝑐 − 1

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

∑︁
0<𝑡𝑖<𝑡

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

+ 1
𝑐 − 1

𝜔∫
0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 +
𝑡∫

0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠. (2.8)

We denote the right-hand side of the equation (2.8) by 𝑎(𝑠, 𝑥) and after integration on the intervals
(0, 𝑡1] , (𝑡1, 𝑡2] , . . . ,

(
𝑡𝑝, 𝑡𝑝+1

]
, taking into account

𝑥(0+) = 𝑥(0), 𝑥(𝑡−
𝑝+1) = 𝑥(𝑡), 𝐻 (𝑥(0+)) = 𝐻 (𝑥(0)), 𝐻 (𝑥(𝑡−

𝑝+1)) = 𝐻 (𝑥(𝑡)),

we have
𝑡∫

0

𝑎(𝑠, 𝑥)𝑑𝑠 = −𝑥(0) −
[
𝑥
(
𝑡+1
)
− 𝑥 (𝑡1)

]
−
[
𝑥
(
𝑡+2
)
− 𝑥 (𝑡2)

]
− . . . −

[
𝑥

(
𝑡+𝑝

)
− 𝑥

(
𝑡𝑝
) ]

+ 𝑥(𝑡)−

−𝐻 (𝑥(0)) −
[
𝐻
(
𝑥
(
𝑡+1
) )
− 𝐻

(
𝑥(𝑡1)

) ]
−
[
𝐻
(
𝑥
(
𝑡+1
) )
− 𝐻

(
𝑥(𝑡1)

) ]
− . . .−

−
[
𝐻 (𝑥(𝑡+𝑝)) − 𝐻 (𝑥(𝑡𝑝))

]
+ 𝐻 (𝑥(𝑡)).

Hence, taking into account the impulsive conditions (1.4), (1.5) in the last equality, we obtain

𝑥(𝑡) + 𝐻 (𝑥(𝑡)) = 𝑥(0) + 𝐻 (𝑥(0)) +
∑︁

0<𝑡𝑖<𝑡

𝐹1,𝑖 (𝑥(𝑡𝑖)) +
∑︁

0<𝑡𝑖<𝑡

𝐹2,𝑖 (𝑥(𝑡𝑖)) +
𝑡∫

0

𝑎(𝑠, 𝑥)𝑑𝑠. (2.9)

From (2.9) for 𝑡 = 𝜔 we have

𝑥(𝜔) + 𝐻 (𝑥(𝜔)) = 𝑥(0) + 𝐻 (𝑥(0)) +
∑︁

0<𝑡𝑖<𝜔

𝐹1,𝑖 (𝑥(𝑡𝑖)) +
∑︁

0<𝑡𝑖<𝜔

𝐹2,𝑖 (𝑥 (𝑡𝑖)) +
𝜔∫

0

𝑎(𝑠, 𝑥)𝑑𝑠.

Hence, by virtue of conditions in (1.2), we obtain

𝑥(𝑡) + 𝐻 (𝑥(𝑡)) = 1
𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐹1,𝑖 (𝑥(𝑡𝑖)) + 𝐹2,𝑖 (𝑥(𝑡𝑖))

]
+

+
∑︁

0<𝑡𝑖<𝑡

[
𝐹1,𝑖 (𝑥(𝑡𝑖)) + 𝐹2,𝑖 (𝑥(𝑡𝑖))

]
+ 𝜔

𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

+1
𝜈

𝜔∫
0

∑︁
0<𝑡𝑖<𝑠

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
𝑑𝑠+
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+𝜔(1 + 𝜈)
𝜈2

𝜔∫
0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 − 1
𝜈

𝜔∫
0

𝑠 · 𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠+

+ 𝑡

𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

𝑡∫
0

∑︁
0<𝑡𝑖<𝑠

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
𝑑𝑠+

+ 𝑡

𝜈

𝜔∫
0

𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠 +
𝑡∫

0

(𝑡 − 𝑠)𝑔(𝑠, 𝑥, 𝑦) 𝑓 (𝑠, 𝑥, 𝑦)𝑑𝑠, (2.10)

where 𝜈 = 𝑐 − 1.
The equation (2.10) we rewrite in the complete form

𝑥(𝑡) = 𝐽 (𝑡; 𝑥) ≡ −𝐻 (𝑥(𝑡)) + 1
𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐹1,𝑖 (𝑥(𝑡𝑖)) + 𝐹2,𝑖 (𝑥(𝑡𝑖))

]
+

+
∑︁

0<𝑡𝑖<𝑡

[
𝐹1,𝑖 (𝑥(𝑡𝑖)) + 𝐹2,𝑖 (𝑥(𝑡𝑖))

]
+ 𝜔 + 𝑡

𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

+1
𝜈

𝜔∫
0

∑︁
0<𝑡𝑖<𝑠

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
𝑑𝑠+

+
𝜔∫

0

𝜔 + 𝜈(𝜔 − 𝑠)
𝜈2 𝑔

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
×

× 𝑓

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑑𝑠+

+ 𝑡

𝜈

𝜔∫
0

𝑔

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑓

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑑𝑠+

+
𝑡∫

0

(𝑡 − 𝑠)𝑔
(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑓

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑑𝑠+

+
𝑡∫

0

∑︁
0<𝑡𝑖<𝑠

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
𝑑𝑠. (2.11)

3. Main Results

Lemma 3.1. Assume that there exist some positive quantities, such that for all 𝑡 ∈ [0, 𝜔] are fulfilled the
following conditions:

∥ 𝑔(𝑡, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ≤ 𝑀𝑔 < ∞, ∥ 𝑓 (𝑡, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ≤ 𝑀 𝑓 < ∞, ∥ 𝐻 (𝑡, 𝑥) ∥𝐶 [0,𝜔 ] ≤ 𝑀𝐻 < ∞;

max
1≤𝑖≤𝑝



 𝐹𝜅,𝑖 (𝑥(𝑡𝑖))



𝐶 [0,𝜔 ] ≤ 𝑀𝐹𝜅,𝑖

< ∞, max
1≤𝑖≤𝑝



𝐺 𝜅,𝑖 (𝑥(𝑡𝑖))



𝐶 [0,𝜔 ] ≤ 𝑀𝐺𝜅,𝑖

< ∞, 𝜅 = 1, 2.
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Then for the equation (2.11) is true the following estimate

∥ 𝐽 (𝑡; 𝑥) ∥𝐶 [0,𝜔 ] ≤ 𝑀𝐻 + 𝑝
1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

[
𝑀𝐹1,𝑖 + 𝑀𝐹2,𝑖

]
+

+𝑝𝜔(3 + | 𝜈 |)
| 𝜈 | max

1≤𝑖≤𝑝

(
𝑀𝐺1,𝑖 + 𝑀𝐺2,𝑖

)
+ 𝜔2(2 + 3 | 𝜈 | + 𝜈2)

2𝜈2 𝑀𝑔𝑀 𝑓 . (3.1)

Proof. From the equation (2.11) we obtain

∥ 𝐽 (𝑡; 𝑥) ∥𝐶 [0,𝜔 ] ≤ ∥ 𝐻 (𝑥) ∥𝐶 [0,𝜔 ] +
1
| 𝜈 |

∑︁
0<𝑡𝑖<𝜔

[

 𝐹1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



 𝐹2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
+

+
∑︁

0<𝑡𝑖<𝑡

[

 𝐹1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



 𝐹2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
+ 𝜔 + 𝑡

| 𝜈 |
∑︁

0<𝑡𝑖<𝜔

[

𝐺1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



𝐺2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
+

+ 1
| 𝜈 |

𝜔∫
0

∑︁
0<𝑡𝑖<𝑠

[

𝐺1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



𝐺2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
𝑑𝑠+

+
𝜔∫

0

𝜔 + 𝜈(𝜔 − 𝑠)
𝜈2 ∥ 𝑔(𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ∥ 𝑓 (𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] 𝑑𝑠+

+ 𝑡

𝜈

𝜔∫
0

∥ 𝑔(𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ∥ 𝑓 (𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] 𝑑𝑠+

+
𝑡∫

0

(𝑡 − 𝑠) ∥ 𝑔(𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ∥ 𝑓 (𝑠, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] 𝑑𝑠+

+
𝑡∫

0

∑︁
0<𝑡𝑖<𝑠

[

𝐺1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



𝐺2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
𝑑𝑠 ≤

≤ ∥ 𝐻 (𝑥) ∥𝐶 [0,𝜔 ] + 𝑝
1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

[

 𝐹1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



 𝐹2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
+

+𝑝𝜔(3 + | 𝜈 |)
| 𝜈 | max

1≤𝑖≤𝑝

[

𝐺1,𝑖 (𝑥)



𝐶 [0,𝜔 ] +



𝐺2,𝑖 (𝑥)



𝐶 [0,𝜔 ]

]
+

+𝜔
2(2 + 3 | 𝜈 | + 𝜈2)

2𝜈2 ∥ 𝑔(𝑡, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] ∥ 𝑓 (𝑡, 𝑥, 𝑦) ∥𝐶 [0,𝜔 ] . (3.2)

From the estimate (3.2) follows (3.1). Lemma 3.1 is proved. □

Lemma 3.2. For the difference of two functions with maxima there holds the following estimate

max
{
𝑥(𝜏)

��𝜏 ∈
[
𝜆1(𝑠) |̂𝜆2(𝑠)

]}
− max

{
𝑦(𝜏)

��𝜏 ∈
[
𝜆1(𝑠) |̂𝜆2(𝑠)

]} 


𝑃𝐶 [0,𝜔 ] ≤

≤ ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ] = ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝐵𝐷 [0,𝜔 ] , (3.3)

where ℎ = max
0≤𝑡≤𝜔

| 𝜆2(𝑡) − 𝜆1(𝑡) | .
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Proof. For definiteness, we assume that 𝜆1(𝑡) < 𝜆2(𝑡). It is obvious that there the following relation

max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
= max

{
[𝑥(𝜏) − 𝑦(𝜏) + 𝑦(𝜏)]

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
≤

≤ max
{
[𝑥(𝜏) − 𝑦(𝜏)]

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
+ max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}

is true. Hence, we obtain that

max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
≤

≤ max
{
[𝑥(𝜏) − 𝑦(𝜏)]

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
. (3.4)

We fix the variable 𝑡 and denote by 𝑠1 and 𝑠2 the points of the segment [𝜆1(𝑡), 𝜆2(𝑡)], on which the maximums
of the functions 𝑥(𝑡) and 𝑦(𝑡) are reached:

max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
= 𝑥(𝑠1),max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
= 𝑦(𝑠1),

max
{
[𝑥(𝜏) − 𝑦(𝜏)]

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
= 𝑥(𝑠2) − 𝑦(𝑠2).

Then the inequality (3.4) we can rewrite in the form

max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
≤ 𝑥(𝑠2) − 𝑦(𝑠2). (3.5)

Subtracting 𝑥(𝑠1) − 𝑦(𝑠1) from both sides of the estimate (3.5), we obtain

max
{
𝑥(𝜏)

��𝜏 ∈
[
𝜆1(𝑡), 𝜆2(𝑡)

]}
− max

{
𝑦(𝜏)

��𝜏 ∈
[
𝜆1(𝑡), 𝜆2(𝑡)

]}
− 𝑥(𝑠1) + 𝑦(𝑠1) ≤

≤ 𝑥(𝑠2) − 𝑦(𝑠2) − 𝑥(𝑠1) + 𝑦(𝑠1), 𝑠1, 𝑠2 ∈
[
𝜆1(𝑡), 𝜆2(𝑡)

]
. (3.6)

We consider separately the right-hand side of (3.6) and apply the Lagrange’s Mean-value theorem:

𝑥(𝑠2) − 𝑦(𝑠2) − 𝑥(𝑠1) + 𝑦(𝑠1) = [𝑥(𝑠2) − 𝑥(𝑠1)] − [𝑦(𝑠2) − 𝑦(𝑠1)] =

= (𝑠2 − 𝑠1)𝑥′(𝑠) − (𝑠2 − 𝑠1)𝑦′( ¯̄𝑠) = (𝑠2 − 𝑠1) [𝑥′(𝑠) − 𝑦′( ¯̄𝑠)] ≤

≤ ℎ0 · | 𝑥′(𝑠) − 𝑦′( ¯̄𝑠) | , ℎ0 = | 𝑠2 − 𝑠1 | , 𝑠, ¯̄𝑠 ∈
(
𝑠1, 𝑠2

)
. (3.7)

From the inequalities (3.6) and (3.7) we have

max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− 𝑥(𝑠1) + 𝑦(𝑠1) ≤ ℎ0 · | 𝑥′(𝑠) − 𝑦′( ¯̄𝑠) |

or
max

{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
≤

≤ [𝑥(𝑠1) − 𝑦(𝑠1)] + ℎ0 · | 𝑥′(𝑠) − 𝑦′( ¯̄𝑠) | .

Hence, we obtain that��max
{
𝑥(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
}
− max

{
𝑦(𝜏)

��𝜏 ∈ [𝜆1(𝑡), 𝜆2(𝑡)]
} �� ≤

≤ | 𝑥(𝑠1) − 𝑦(𝑠1) | + ℎ0 · | 𝑥′(𝑠) − 𝑦′( ¯̄𝑠) | . (3.8)

Proceeding in (3.8) to the norm in the space of continuous functions 𝐶 [0, 𝑇], for

ℎ = max
0≤𝑡≤𝑇

| 𝜆2(𝑡) − 𝜆1(𝑡) | ≥ ℎ0

we arrive at (3.3). The case 𝜆1(𝑡) > 𝜆2(𝑡) is proved similarly. The Lemma 3.2 is proved. □
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Theorem 3.1. Assume that the conditions of the Lemma 3.1 are fulfilled and there exist some positive quantities,
such that for all 𝑡 ∈ Ω are fulfilled the following conditions:
1). ∥ 𝐻 (𝑥1) − 𝐻 (𝑥2) ∥ ≤ 𝐿0 ∥ 𝑥1 − 𝑥2 ∥ , ∥ 𝐻′(𝑥) ∥ ≤ 𝑀𝐻′ , ∥ 𝐻′(𝑥1) − 𝐻′(𝑥2) ∥ ≤ 𝐿̄0 ∥ 𝑥1 − 𝑥2 ∥;
2). ∥ 𝑔 (𝑡, 𝑥1, 𝑦1) − 𝑔 (𝑡, 𝑥2, 𝑦2) ∥ ≤ 𝐿1 [∥ 𝑥1 − 𝑥2 ∥ + ∥ 𝑦1 − 𝑦2 ∥];
3). ∥ 𝑓 (𝑡, 𝑥1, 𝑦1) − 𝑓 (𝑡, 𝑥2, 𝑦2) ∥ ≤ 𝐿2 [∥ 𝑥1 − 𝑥2 ∥ + ∥ 𝑦1 − 𝑦2 ∥];
4).



 𝐹𝜅,𝑖 (𝑡, 𝑥1) − 𝐹𝜅,𝑖 (𝑡, 𝑥2)


 ≤ 𝐿3,𝜅 ,𝑖 ∥ 𝑥1 − 𝑥2 ∥;

5).


𝐺 𝜅,𝑖 (𝑡, 𝑥1) − 𝐺 𝜅,𝑖 (𝑡, 𝑥2)



 ≤ 𝐿4,𝜅 ,𝑖 ∥ 𝑥1 − 𝑥2 ∥ ;
6). The radius of the inscribed ball in X is greater than

𝑀𝐻 + 𝑝
1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

[
𝑀𝐹1,𝑖 + 𝑀𝐹2,𝑖

]
+

+𝑝𝜔(3 + | 𝜈 |)
| 𝜈 | max

1≤𝑖≤𝑝

[
𝑀𝐺1,𝑖 + 𝑀𝐺2,𝑖

]
+ 𝜔2(2 + 3 | 𝜈 | + 𝜈2)

2𝜈2 𝑀𝑔𝑀 𝑓 ;

7). 𝜌 < 1, where 𝜌 = 𝛽1 + ℎ𝛽2 and 𝛽1, 𝛽2 are defined from (3.13), (3.16) below.
Then the problem (1.1)–(1.7) has a unique (𝜔, 𝑐)−periodic solution for all 𝑡 ∈ [0, 𝜔] .

Proof. The theorem we proof by the fixed-point method. According to the theorem condition, we have

𝑓 (𝑡 + 𝜔, 𝑥(𝑡 + 𝜔), 𝑦(𝑡 + 𝜔)) = 𝑓 (𝑡 + 𝜔, 𝑐 𝑥(𝑡), 𝑐 𝑦(𝑡)) = 𝑐 𝑓 (𝑡, 𝑥(𝑡), 𝑦(𝑡)).

We differentiate the equation (2.11):

𝑥′(𝑡) = 𝐽 (𝑡; 𝑥′) ≡ −𝐻′(𝑥(𝑡)) + 1
𝜈

∑︁
0<𝑡𝑖<𝜔

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
+

+1
𝜈

𝜔∫
0

𝑔

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑓

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑑𝑠+

+
𝑡∫

0

𝑔

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑓

(
𝑠, 𝑥(𝑠),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑠) |̂𝛿2(𝑠)

]})
𝑑𝑠+

+
∑︁

0<𝑡𝑖<𝑡

[
𝐺1,𝑖 (𝑥(𝑡𝑖)) + 𝐺2,𝑖 (𝑥(𝑡𝑖))

]
. (3.9)

For the difference of two operators in (2.11), to obtain estimate, we use the following approach:

∥ 𝑔(𝑥) 𝑓 (𝑥) − 𝑔(𝑦) 𝑓 (𝑦) ∥ ≤ ∥ 𝑔(𝑥) 𝑓 (𝑥) − 𝑔(𝑦) 𝑓 (𝑥) ∥ + ∥ 𝑔(𝑦) 𝑓 (𝑥) − 𝑔(𝑦) 𝑓 (𝑦) ∥ ≤

≤ ∥ 𝑓 (𝑥) ∥ ∥ 𝑔(𝑥) − 𝑔(𝑦) ∥ + ∥ 𝑔(𝑦) ∥ ∥ 𝑓 (𝑥) − 𝑓 (𝑦) ∥ .
Consequently, by virtue of conditions of theorem, from (2.11) we have

∥𝐽 (𝑡; 𝑥) − 𝐽 (𝑡; 𝑦)∥𝑃𝐶 [0,𝜔 ] ≤ 𝐿0 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +

+𝑝1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

[
𝐿3,1,𝑖 ∥ 𝑥 (𝑡𝑖) − 𝑦 (𝑡𝑖) ∥𝐶 [𝑡𝑖 ,𝑡𝑖+1 ] + 𝐿3,2,𝑖 ∥ 𝑥 (𝑡𝑖) − 𝑦 (𝑡𝑖) ∥𝐶 [𝑡𝑖 ,𝑡𝑖+1 ]

]
+

+𝑝𝜔(3 + | 𝜈 |)
| 𝜈 | max

1≤𝑖≤𝑝

[
𝐿4,1,𝑖 ∥ 𝑥 (𝑡𝑖) − 𝑦 (𝑡𝑖) ∥𝐶 [𝑡𝑖 ,𝑡𝑖+1 ] + 𝐿4,2,𝑖 ∥ 𝑥 (𝑡𝑖) − 𝑦 (𝑡𝑖) ∥𝐶 [𝑡𝑖 ,𝑡𝑖+1 ]

]
+

+𝜔
2(2 + 3 | 𝜈 | + 𝜈2)

2𝜈2

[
𝐿1




 𝑓

(
𝑡, 𝑥(𝑡),max

{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]}) 



𝐶 [0,𝜔 ]

×
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×
(
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +



max
{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]}
−

−max
{
𝑦(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]} 


𝑃𝐶 [0,𝜔 ] +

+𝐿2




 𝑔 (
𝑡, 𝑦(𝑡),max

{
𝑦(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]}) 



𝐶 [0,𝜔 ]

×

×
(
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +



max
{
𝑥(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]}
−

−max
{
𝑦(𝜏)

��𝜏 ∈
[
𝛿1(𝑡) |̂𝛿2(𝑡)

]} 


𝑃𝐶 [0,𝜔 ]

]
. (3.10)

Appling Lemma 3.2 (inequality (3.3)) to the inequality (3.10), we obtain that

∥𝐽 (𝑡; 𝑥) − 𝐽 (𝑡; 𝑦)∥𝑃𝐶 [0,𝜔 ] ≤ 𝐿0 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +

+𝑝1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

[
𝐿3,1,𝑖 + 𝐿3,2,𝑖

]
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +

+𝑝𝜔(3 + | 𝜈 |)
| 𝜈 | max

1≤𝑖≤𝑝

[
𝐿4,1,𝑖 + 𝐿4,2,𝑖

]
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] +

+𝜔
2(2 + 3 | 𝜈 | + 𝜈2)

2𝜈2

[
𝐿1𝑀 𝑓

(
2 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ]

)
+

+𝐿2𝑀𝑔

(
2 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ]

)]
. (3.11)

The estimate (3.11) we rewrite as

∥𝐽 (𝑡; 𝑥) − 𝐽 (𝑡; 𝑦)∥𝑃𝐶 [0,𝜔 ] ≤ 𝛽1 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + 𝛾1ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ] , (3.12)

where
𝛽1 = 𝐿0 + 𝑝 max

1≤𝑖≤𝑝

(
1 + | 𝜈 |
| 𝜈 |

[
𝐿3,1,𝑖 + 𝐿3,2,𝑖

]
+ 𝜔(3 + | 𝜈 |)

| 𝜈 |
[
𝐿4,1,𝑖 + 𝐿4,2,𝑖

] )
+

+2
𝜔2 (2 + 3 | 𝜈 | + 𝜈2)

2𝜈2

(
𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2

)
, (3.13)

𝛾1 =
𝜔2 (2 + 3 | 𝜈 | + 𝜈2)

2𝜈2

(
𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2

)
.

Since 𝛽1 > 𝛾1, then from (3.12) we have

∥𝐽 (𝑡; 𝑥) − 𝐽 (𝑡; 𝑦)∥𝑃𝐶 [0,𝜔 ] ≤ 𝛽1
[
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ]

]
. (3.14)

Now for the difference of two operators in (3.9), similarly, we have estimate

∥𝐽 (𝑡; 𝑥′) − 𝐽 (𝑡; 𝑦′)∥ ≤
[
𝐿̄0 + 𝑝

1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

(
𝐿4,1,𝑖 + 𝐿4,2,𝑖

)
+ 2

(
𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2

) ]
×

× ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ
(
𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2

)
∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ] =

= 𝛽2 ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + 𝛾2ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ] ≤

≤ 𝛽2
[
∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝑃𝐶 [0,𝜔 ] + ℎ ∥ 𝑥′(𝑡) − 𝑦′(𝑡) ∥𝑃𝐶 [0,𝜔 ]

]
, (3.15)

where

𝛽2 = 𝐿̄0 + 𝑝
1 + | 𝜈 |
| 𝜈 | max

1≤𝑖≤𝑝

(
𝐿4,1,𝑖 + 𝐿4,2,𝑖

)
+ 2

(
𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2

)
> 𝛾2 = 𝑀 𝑓 𝐿1 + 𝑀𝑔𝐿2. (3.16)
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We multiply both sides of (3.15) to ℎ term by term. Then, adding the estimates (3.14) and (3.15) term by term,
we obtain that

∥𝐽 (𝑡; 𝑥) − 𝐽 (𝑡; 𝑦)∥𝐵𝐷 [0,𝜔 ] ≤ 𝜌 · ∥ 𝑥(𝑡) − 𝑦(𝑡) ∥𝐵𝐷 [0,𝜔 ] , (3.17)

where 𝜌 = 𝛽1 + ℎ𝛽2.

According to the last condition of the theorem 𝜌 < 1, so right-hand side of (2.11) as an operator is contraction
mapping. From the estimates (3.1) and (3.17) implies that there exists a unique fixed point 𝑥(𝑡), satisfying
equation (1.1), (𝜔, 𝑐)−periodic conditions (1.2), (1.3) and impulsive conditions (1.4)–(1.7). The theorem is
proved. □

Conclusion

Existence and uniqueness of (𝜔, 𝑐)−periodic solution of impulsive system of ordinary differential equations
(1.1) with a nonlinear function under the sign of the second-order differential, a product of two nonlinear
functions and mixed maxima are investigated. The equation (1.1) is studied under the periodic conditions
(1.2) and (1.3) and impulsive conditions (1.4)–(1.7). The problem (1.1)–(1.7) is reduced to the investigation of
solvability of the system of nonlinear functional-integral equations (2.11). The method of contracted mapping is
used in the proof of unique solvability of nonlinear functional-integral equations in the space 𝐵𝐷 ( [0, 𝜔],R𝑛).
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Abstract
A review of the algorithm for numerical solution of the inverse kinematic problem of seismics,
consisting in studying the depth-velocity model of the geological medium, is given. The algorithm
is based on the eikonal equation and the technology of smoothing multidimensional splines.
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The study of the structure and condition of the interior of the Earth is of fundamental importance. Changes in
the internal structure of the Earth are usually accompanied by global catastrophes or local cataclysms. Seismic
activity of natural or man-made origin requires an understanding of the cause-and-effect relationships that
occur as a result of these events. It is necessary to assess the possible consequences, forecast the development
of events in time and energy characteristics. Depth study of the earth’s crust cannot be carried out otherwise
than using indirect information about the elastic and plastic characteristics of the medium. Disturbances caused
by the natural removal of excess stress in the medium at great depths or by artificial sources on the surface of
the Earth generate waves, the front and propagation velocity of which are determined by these characteristics.
Thus, there is a problem of determining the propagation velocity of seismic waves inside the Earth using
information available for observation about the movement of seismic wave fronts that appear on the surface as
a result of earthquakes or artificial sources. The inverse kinematic problem of seismics (IKPS), the research
of which was initiated by G. Gerglotz [1] and E. Wiechert [2] in 1907, plays an important role both in the
theory of inverse problems of mathematical physics [3] and in practical geophysics [4]. Understanding that
direct measurement of the physical parameters of the consequences of seismic events is possible only in a very
shallow near-surface layer, for example, by drilling, therefore, practically the only way to study the internal
structure of the Earth are methods based on solving certain inverse problems.

The inverse kinematic problem of seismics with internal sources allows in some cases to reconstruct the
velocity field in the area of earthquake foci. Such a problem can be solved, for example, by an iterative method.
At the first stage, the coordinates of earthquake foci located compactly are specified using a fairly simple model
of the medium. At the second stage of the study, the obtained coordinates of the foci and travel times are used
to construct and refine the model of the medium. One of the approaches to reconstructing the depth-velocity
model of the medium from seismological data can be represented by two groups: a differential method that
uses the inversion principle when the wave propagates along the rays from the detector to the source [5, 6]
and an integral tomographic method — reconstructing the velocity along the source-detector rays [7]. In the
tomography method, the velocity is assumed to be constant in the selected three-dimensional blocks, while the
total residual is minimized. In this case, the velocity is determined in the area of passage of seismic rays.
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The problem of studying a depth-velocity seismic model of the geological medium

The differential method, in which the velocity is determined in the area of concentration of earthquake
foci, was developed in the 1980s at the Novosibirsk Computing Center [8]. This technique was first tested on
data from the Kamchatka region. The velocity field [9] was reconstructed in the focal area of the Kronotsky
earthquake of 1997 for a long period of time: before the earthquake, during the development of the aftershock
process and in the following years. The algorithm for solving the IKPS with internal sources was based on the
ideas of wave front inversion and their approximations by plane or spherical wave fronts. It turned out that
even if the hypocenters of earthquakes are known with a large error, the velocity of the medium determined as
a result of the algorithm was restored stably.

In this paper, we review the algorithm in which the onset times and hypocenters of earthquakes are considered
to be known. For comparative analysis of different methods, the mentioned technique was studied in [10, 11].

The issues concerning surface waves require special consideration and are not discussed here.
Following [12], we consider the equations of wave propagation in an isotropic elastic medium

𝜕2𝑢
𝑝

𝑖

𝜕𝑡2
= 𝑣2

𝑝Δ𝑢
𝑝

𝑖
,

𝜕2𝑢𝑠
𝑖

𝜕𝑡2
= 𝑣2

𝑠Δ𝑢
𝑠
𝑖 , 𝑖 = 1, 2, 3,

where Δ is the Laplace operator, 𝑢𝑝, 𝑢𝑠 are the displacement vectors in longitudinal and transverse directions,
𝑣𝑝 is the propagation velocity of the longitudinal wave (the wave of compression), 𝑣𝑠 is the propagation
velocity of the transverse wave (the share wave), and

𝑣2
𝑝 =

𝜆 + 2𝜇
𝜌

, 𝑣2
𝑠 =

𝜇

𝜌
. (1)

Both these waves propagate in the elastic medium. The wave of compression leads to a relative change in
volume equal to div 𝑢𝑝. The shear wave is characterized by the relation div 𝑢𝑠 = 0. In other words, the vector
field 𝑢𝑠 of displacements in the transverse direction is solenoidal.

Such expressions of the parameters of an elastic medium as the Young modulus (the elasticity coefficient)
𝐸 and the Poisson coefficient (the deformation) 𝜎 are related to the kinematic parameters as follows

𝐸 =
𝜇(3𝜆 + 2𝜇)

𝜆 + 𝜇
= 𝜌

𝑣2
𝑠 (3𝜅 − 1)
𝜅 − 1

, 𝜎 =
𝜆

2(𝜆 + 𝜇) =
𝜅 − 2

2(𝜅 − 1) , (2)

where 𝜅 =

( 𝑣𝑝
𝑣𝑠

)2
. For example, for mountain rocks we have

√
𝜅 ≈

√
3 ≈ 1.73.

The eikonal equation, which plays a significant role in the IKPS, is an approximation of the general
formulation.

The propagation of monochromatic waves in an elastic medium is described by the Helmholtz equation

Δ𝑢(𝑥) + 𝑘2
0𝑛

2(𝑥)𝑢(𝑥) = 0, (3)

where 𝑥 ∈ R3, 𝑘0 = 𝜔/𝑐 is the wave number, 𝜔 is the frequency, 𝑐 is certain characteristic value of the wave
propagation velocity in the medium, and 𝑛(𝑥) is the coefficient of refraction. In an inhomogeneous medium
whose properties change slightly with respect to wavelength, the wave front also has a little change with
distance or stays «almost flat». The solution of (3) is sought in the form of a plane wave

𝑢(𝑥) = 𝑎(𝑥) ei𝑘0𝜓 (𝑥 ) , (4)

where the amplitude 𝑎(𝑥) and the wave vector 𝑘 (𝑥) = 𝑘0∇𝜓(𝑥), 𝑘 = (𝑘1, 𝑘2, 𝑘3), also slightly vary with respect
to the wavelength.
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Representing the field 𝑢(𝑥) as the series

𝑢(𝑥) =
∞∑︁
𝑗=0

𝑎 𝑗 (𝑥)
(i𝑘0) 𝑗

ei𝑘0𝜓 (𝑥 ) , (5)

and inserting (5) into (3), we obtain the infinite system of equations

⟨∇𝜓,∇𝜓⟩ = 𝑛2, 2⟨∇𝑎0,∇𝜓⟩ + 𝑎0Δ𝜓 = 0,

2⟨∇𝑎 𝑗 ,∇𝜓⟩ + 𝑎 𝑗Δ𝜓 = −Δ𝑎 𝑗−1, 𝑗 = 1, 2, . . .
(6)

The function 𝜓 is called the eikonal, and the first equation of (6) is the eikonal equation. The equations
connecting the amplitudes 𝑎0, 𝑎1, . . . are the transport equations of zero, first, second, etc. orders of
approximation.

The formulation of the IKPS is given in [4]. Let 𝐷 be a half-space 𝑥3 > 0 of R3 with boundary 𝜕𝐷 being the
coordinate plane 𝑂𝑋𝑌 . The domain 𝐷 is filled by an elastic medium in which waves propagate with velocity
𝑣(𝑥) = 1/𝑛(𝑥), 𝑥 = (𝑥1, 𝑥2, 𝑥3). The velocity 𝑣 is the velocity 𝑣𝑝 of longitudinal or 𝑣𝑠 of transverse waves.
Let 𝜏(𝑥0, 𝑥) be the time it takes for which the wave arrives at point 𝑥 from point 𝑥0. The function 𝜏(𝑥, 𝑥0)
(= 𝜏(𝑥0, 𝑥)) satisfies the eikonal equation and the condition at infinity

| ▽𝑥𝜏(𝑥, 𝑥0) | =
1

𝑣(𝑥) ≡ 𝑛(𝑥), 𝜏(𝑥, 𝑥0) = 𝑂 ( |𝑥 − 𝑥0 |) , 𝑥 → ∞. (7)

The problem of determining the velocity 𝑣(𝑥) for 𝑥 ∈ 𝐷 is posed if the function 𝜏(𝑥, 𝑥0) is known, satisfying
(7) for 𝑥 ∈ 𝜕𝐷, 𝑥0 ∈ 𝐵 for some set 𝐵, 𝐵 ⊂ 𝐷.

Usually in the inverse kinematic problem of seismics it is assumed that the subset 𝐵 belongs to the boundary
𝜕𝐷, 𝐵 ⊂ 𝜕𝐷. If 𝐵 is a domain, 𝐵 ⊂ 𝐷, then we speak of an inverse kinematic problem of seismics with internal
sources.

Let us describe an algorithm for numerically solving the IKPS with internal sources, based on multivariate
spline approximation. We consider the problem with one receiver. Let the receiver be located at a point
𝑥0 = (𝑥1

0, 𝑥
2
0, 0) on the Earth’s surface, recording incoming signals from certain points 𝑥𝑖 = (𝑥1

𝑖
, 𝑥2

𝑖
, 𝑥3

𝑖
),

𝑖 = 1, . . . , 𝑛, called disturbance sources. The sources in some way, generally speaking chaotically, fill a certain
region inside the Earth (focal zone). The times 𝜏(𝑥𝑖 , 𝑥0) of wave arrival from source 𝑥𝑖 to receiver 𝑥0 are assumed
to be known. If the location of the receiver is fixed and the hodograph is discretely known, then we assume that
we know the values 𝑡𝑖 of a sufficiently smooth function 𝑇 (𝑥) at the points 𝑥 = 𝑥𝑖, i.e. 𝑡𝑖 = 𝜏(𝑥𝑖 , 𝑥0) = 𝑇 (𝑥𝑖).

The eikonal equation relates the gradient of the function 𝑇 (𝑥) to the function 𝑣(𝑥) of the signal propagation
velocity at the point 𝑥.

In a real problem, the sources of disturbances are located at the hypocenters of earthquakes, i.e. chaotically,
and the data on the hodographs contain significant errors. In such cases, difference methods do not give
acceptable results. Global spline approximation methods based on radial basis functions have proven to be
«good» methods for such a problem [13, 14].

Splines of this type can be obtained as a result of minimization of some functional 𝐽 ( 𝑓 ) on the set of
functions 𝑓 from some space (the condition of minimality of the norm) under the condition of interpolation of
a given set of values or their smoothing [15, 16]. As a result, the spline is represented as

𝑠(𝑥) =
𝑛∑︁
𝑖=1

𝜆𝑖𝑅(𝑥, 𝑥𝑖) + 𝜋(𝑥). (8)
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Here 𝑥𝑖, 𝑖 = 1, . . . , 𝑛, are the spline support nodes, points in the space (generally multidimensional, but we are
only interested in R3) where the data are given;
𝑅(𝑥, 𝑦) = 𝜙( |𝑥 − 𝑦 |) is the radial basis function, 𝜙 is a function of one variable, |𝑥 − 𝑦 | is the Euclidean

distance between points 𝑥 and 𝑦 in space;
𝜆𝑖 ∈ R are the spline coefficients;
𝜋 ∈ P, where P is a given finite-dimensional space of functions in the multidimensional space under

consideration, called the spline trend. Usually P is the space of algebraic polynomials of some degree.
The coefficients 𝜆𝑖, 𝑖 = 1, . . . , 𝑛, of the interpolation spline 𝑠(𝑥) are determined from the interpolation

conditions
𝑠(𝑥𝑖) = 𝑡𝑖 , 𝑖 = 1, . . . , 𝑛, (9)

and from the conditions for the annulment of the spline trend
𝑛∑︁
𝑖=1

𝜆𝑖𝜋(𝑃𝑖) = 0 ∀𝜋 ∈ P .

Choosing some basis 𝑢 𝑗 ∈ P, 𝑗 = 1, . . . , 𝑘 , 𝑘 = dim P, and writing the function 𝜋 from the trend P in the
form

𝜋(𝑥) =
𝑘∑︁
𝑗=1

𝜇 𝑗𝑢 𝑗 (𝑥),

we obtain the system of linear equations (
𝑩 𝑪

𝑪𝑇 𝑶

) (
𝝀

𝝁

)
=

(
𝒕

0

)
. (10)

Here 𝑩 is a symmetric matrix of size (𝑛 × 𝑛) with coefficients 𝑏𝑖 𝑗 = 𝑅(𝑥𝑖 , 𝑥 𝑗), 𝑪 is a matrix of size (𝑛 × 𝑘)
with coefficients 𝑐𝑖 𝑗 = 𝑢 𝑗 (𝑥𝑖), 𝑶 is the null matrix, 𝝀 = (𝜆1, . . . , 𝜆𝑛)𝑇 and 𝝁 = (𝜇1, . . . , 𝜇𝑘)𝑇 are vectors of
unknowns spline coefficients, 𝒕 = (𝑡1, . . . , 𝑡𝑛)𝑇 are the given values of the function, 0 is the column of zeros.
For the unique solvability of the problem of determining the coefficients of a spline, it is also necessary to
satisfy the conditions 𝑛 ≥ 𝑘 and rank𝑪 = 𝑘 . These conditions will also be sufficient if the function 𝑅(𝑥, 𝑦) is
conditionally positive definite (see [17]), therefore it serves as a reproducing kernel of some function space.

The condition for the minimum norm for a spline also allows us to formulate the problem of constructing a
smoothing spline 𝑠𝛼 (𝑥), as a result of minimizing the functional

𝐽𝛼 ( 𝑓 ) = 𝛼𝐽 ( 𝑓 ) +
𝑛∑︁
𝑖=1

( 𝑓 (𝑥𝑖) − 𝑡𝑖)2, (11)

where 𝛼 > 0 is a parameter of smoothing that can be varied. Assuming that the system of equations (10)
has a unique solution (𝑛 ≥ 𝑘 and rank𝑪 = 𝑘), the smoothing spline 𝑠𝛼 (𝑥) is also uniquely determined, its
coefficients satisfy the system of equations(

𝑩 + 𝛼𝑰 𝑪

𝑪𝑇 𝑶

) (
𝝀

𝝁

)
=

(
𝒕

0

)
. (12)

Here 𝑰 is the identity matrix. It is obvious that when 𝛼 → 0 the smoothing spline 𝑠𝛼 tends to the interpolation
one, and for 𝛼 → ∞ in the limit we obtain a function from the trend P that minimizes the functional

𝑛∑︁
𝑖=1

( 𝑓 (𝑥𝑖) − 𝑡𝑖)2.
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The radial basis function is considered as

𝜙(𝑟) =

(−1)𝑚/2+1𝑟𝑚 ln 𝑟, 𝑚 is even,

(−1) (𝑚+1)/2𝑟𝑚, 𝑚 is odd,
(13)

leading to 𝐷𝑚-splines or natural (thin plate) splines, which are sometimes called polyharmonic or pseudo-
polynomial splines (see, for example, [14, 15]).

The practical construction of an interpolation spline is reduced to solving the system of equations (10). The
questions of existence and uniqueness of general splines were studied in [18]. Note that the restrictions on the
initial data that ensure the existence and uniqueness of the splines under consideration are not burdensome
and, in essence, are reduced to the question of the existence in the set of points with data of a set of 𝑘 points
for which the interpolation polynomial 𝜋(𝑥) exists and is unique.

If the initial data have an error, then, as a rule, interpolation splines do not give an acceptable result. In such
cases, it is necessary to construct smoothing splines, i.e. instead of the system of equations (10), it is necessary
to solve the system (12) with changes in the matrix only in the entries of the main diagonal of the first block.

Note that although the complexities and difficulties of constructing interpolation and smoothing splines
with radial basis functions are similar, the non-zero smoothing parameter 𝛼 improves the conditionality of
the system of equations. The smoothing parameter regulates the level of data smoothing. The value 𝛼 = 0
corresponds to an interpolation spline, i.e. 𝑠(𝑥) = 𝑠0(𝑥). With increasing 𝛼, the behavior of the spline becomes
smoother, oscillations decrease or even disappear, but at the same time, generally speaking, the deviation from
the initial data increases, as already noted, in the limit at 𝛼 → ∞ the spline tends to some element of the trend.
We add that the degree of smoothing, generally speaking, can be adjusted at each point; to do this, in the
minimized functional (11), the corresponding weights must be added to each term, what does not lead to any
complications in the calculations.

a) b)
Fig.1. Well is in the center, disturbance sources S2, S3, S4 uniformly along the azimuth, S1 – near the well.

The presented technology allows [19] to solve the problem of vertical seismic profiling for technologically
acceptable depths, about 3000 m. Drilling wells is an expensive procedure. However, if a single drilling in
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Fig.2. Piecewise constant function of the velocity of longitudinal waves characterizes the stratification of the
medium near the well. Smooth function is the solution by the presented method of the IKPS with an inner

source.

rocks is economically available or one of the wells of oil and gas fields can be temporarily decommissioned,
then the study of the wellbore area can be carried out using logging. The well is used as a line of detectors,
and the disturbance sources are located on the daylight surface with different azimuthal values. Assuming
that the studied medium has a structure close to a layered one, the problem of determining the velocity
characteristic in the studied area can be reduced to IKPS with internal sources. We demonstrate the method on
a real problem. When studying the layered structure near the well, detectors are located inside the well, and
disturbance sources are uniformly along azimuths around the well. Data on the arrival times of longitudinal
waves are the initial information for the problem of describing the medium. Usually it is required to determine
the velocity structure of the medium near the well. We assume local horizontal homogeneity of the studied
area. Based on the principle of reversibility applied in seismology problems, we can theoretically consider
the sources as detectors and vice versa. We now consider that in places S1,S2,S3,S4 the wells are located in
which disturbances are produced, and one detector is located at the well site. The sketch in plan (a) and in
isometric view (b) is given in Fig.1. According to the initial information on the wave travel times we construct
a new hodograph function of three spatial variables. Thus we have 3D IKPS with an inner source and travel
times of seismic waves from fictitious sources to a single detector. The solution to the problem using real
data is shown in Fig.2. The assumption of horizontal homogeneity allows us to “multiply” the data by adding
new fictitious wells at one of the azimuths. The top left square in Fig.2 shows the layout of fictitious wells.
The initial information about the front travel times is also duplicated accordingly. The depth given in meters
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is plotted horizontally, and the values of the longitudinal wave velocity in kilometers per second are plotted
vertically. The piecewise constant function is the real layering of the medium.

The dynamics of the change in the state of the medium in the presence of time-dependent data can be
described by moving to a spline approximation of a function of four variables, or by using averaging methods
over short time intervals.

A problem that arises in close connection with the seismic and seismological problem under consideration
is the problem of determining the velocity characteristics of the medium located in the entire region between
the focal zone and seismic receivers. In modern terminology, this is a seismic tomography problem. From a
tomographic point of view, it is often characterized as a problem with limitations on “viewing angles” and is
highly ill-posed.

In conclusion, we note that the frequently used information about layer thicknesses of the initial segment
in the data for our method is excessive and is not used, which simplifies data collection and calculations
when solving the problem. Moreover, it is possible to use a priori information in various options at the data
preparation stage. The mathematical tools allows applying various smoothing procedures, focusing attention
on the details of interest.
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Abstract
Mathematical modeling of chemotaxis (the movement of biological cells in response to chemical
gradients) has evolved into a modern discipline, aspects of which include its mechanistic basis,
modeling of specific systems, and the mathematical behavior of the underlying equations. In this
paper, we consider in detail the periodic variant of the Keller-Segel model. The global existence
and uniqueness of the classical solutions of this system are proved by the contraction mapping
principle together with 𝐿𝑝 estimates and Schauder estimates of parabolic equations.
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1. Introduction

Theoretical and mathematical modeling of chemotaxis goes back to the well-known works of Keller and
Segel [1, 2]. The review article by Horstmann [3] gives a detailed introduction to the mathematics of the
Keller-Segel (KS) model of chemotaxis. In its original form, this model consists of four coupled reaction-
advection-diffusion equations. They can be reduced under quasi-steady-state conditions to a model for two
unknown functions u and v, which will form the basis of our study in this paper. The general form of the model
is: his is an example of a numbered second-level heading.

𝑢𝑡 = ∇(𝑘1(𝑢, 𝑣)∇𝑢 − 𝑘2(𝑢, 𝑣)𝑢∇𝑣) + 𝑘3(𝑢, 𝑣),
𝑣𝑡 = 𝐷Δ𝑣 + 𝑘4(𝑢, 𝑣) − 𝑘5(𝑢, 𝑣)𝑣,

(1.1)

where 𝑢 denotes the density of cells (or organisms) in a given region𝑄 ⊂ 𝑅𝑛, and 𝑣 describes the concentration
of the chemical signal. Cell dynamics follow from population kinetics and motion, the latter including a
diffusive flux modeling undirected (random) cell migration and an advective flux with a velocity dependent on
the signal gradient modeling the contribution of chemotaxis. 𝑘1(𝑢, 𝑣) describes the cell diffusivity (sometimes
also called motility), while 𝑘2(𝑢, 𝑣) is the chemotactic sensitivity; both functions may depend on the levels of
u and v. 𝑘3 describes cell growth and death, while 𝑘4 and 𝑘5 are kinetic functions describing the production
and degradation of the chemical signal. A key property of the above equations is their ability to induce spatial
patterning when the chemical signal acts as an autoattractant, i.e. when cells both produce and migrate up
chemical signal gradients.
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Although several additional approaches have been developed (e.g., stochastic and discrete approaches,
[4, 5, 6], it is the deterministic continuum Keller–Segel model that has become the predominant method for
representing chemotactic behavior in biological systems at the population level. Much effort has been devoted
to explaining their origins in the mechanistic/microscopic description of the motion. Horstmann’s review
[3] discusses five methods in detail, and we refer to this work for further details in this important area. As
mentioned above, Keller–Segel type equations have become widely used in chemotaxis models as a result of
their ability to capture key phenomena, their intuitive nature, and their relative tractability (analytically and
numerically) compared to discrete/individual approaches.

In addition to their use in models of biological systems, a large body of work has appeared on the mathematical
properties of the Keller-Segel equations (1.1) and, in particular, on the conditions under which specializations
or variations (1.1) either lead to a finite time explosion or have globally existing solutions.

Each of the variations is introduced in a form that includes one additional parameter that, under an appropriate
limit, reduces the system to a minimal form. In many cases, this modification orders the problem in such a way
that solutions exist globally in time.

Mathematical modeling of chemotaxis (the movement of biological cells in response to chemical gradients)
has become a modern discipline, aspects of which include its mechanistic basis, modeling of specific systems,
and the mathematical behavior of the basic equations. Currently, there are mathematical models (or a class of
models) of these processes that are two [7] or three-component [8, 9] systems of parabolic equations of the
reaction-diffusion type, and they are studied from the point of view of wave regimes [7] or global solvability
[8, 9]. In [10] a two-component model constructed in [11] was investigated:

𝑢𝑡 − 𝑑1Δ𝑢 + ∇(𝑢𝜒(𝑢)∇𝑣) = −𝑎𝑢 + 𝑏𝑔(𝑣)𝑢, (𝑥, 𝑡) ∈ 𝑄𝑇 ,
𝑣𝑡 − 𝑑2Δ𝑣 = 𝑘 (𝑣) − 𝑔(𝑣)𝑢, (𝑥, 𝑡) ∈ 𝑄𝑇 .

(1.2)

with initial boundary conditions
𝜕𝑢

𝜕𝜈
=
𝜕𝑣

𝜕𝜈
= 0 on 𝑆𝑇 , (1.3)

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ Ω. (1.4)

In this paper, we consider the one-dimensional (flat) case of system (1.2) with periodic boundary conditions.
In the domain 𝐷 = {(𝑥, 𝑡) : 0 < 𝑡 ⩽ 𝑇,−𝑙 < 𝑥 < 𝑙}, it is required to find a solution (𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡)) to the

problem

𝑢𝑡 − 𝑑1𝑢𝑥𝑥 + (𝑢𝜒(𝑢)𝑣𝑥)𝑥 = −𝑎𝑢 + 𝑏𝑔(𝑣)𝑢, (𝑥, 𝑡) ∈ 𝐷, (1.5)

𝑣𝑡 − 𝑑2𝑣𝑥𝑥 = 𝑘 (𝑣) − 𝑔(𝑣)𝑢, (𝑥, 𝑡) ∈ 𝐷, (1.6)

𝑢(−𝑙, 𝑡) = 𝑢(𝑙, 𝑡), 𝑢𝑥 (−𝑙, 𝑡) = 𝑢𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (1.7)

𝑣(−𝑙, 𝑡) = 𝑣(𝑙, 𝑡), 𝑣𝑥 (−𝑙, 𝑡) = 𝑣𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (1.8)

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), −𝑙 ⩽ 𝑥 ⩽ 𝑙. (1.9)

Throughout this work, the following constraints are assumed to hold:
1) 𝜒(𝑢) ∈ 𝐶′( [0,∞]), 𝜒(𝑢) ≡ 0 for 𝑢 ⩾ 𝑢𝑚 - positive constant, 𝜒′(𝑢) - Lipschitz continuous;
2) 𝑢0(𝑥) ⩾ 0, 0 ⩽ 𝑣0(𝑥) ⩽ 𝐾, 𝑢0(𝑥), 𝑣0(𝑥) ∈ 𝐶2+𝛼 (−𝑙 ⩽ 𝑥 ⩽ 𝑙), 0 < 𝛼 < 1;
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3) At the corner points (0,−𝑙), (0, 𝑙) the first-order compatibility conditions are satisfied:
𝑢0(−𝑙) = 𝑢0(𝑙), 𝑢′0(−𝑙) = 𝑢

′
0(𝑙), 𝑣0(−𝑙) = 𝑣0(𝑙), 𝑣′0(−𝑙) = 𝑣

′
0(𝑙).

Throughout this work, we use ideas and methods, as well as the notations of functional spaces and norms
from the works. [10, 13].
𝐶
𝑚+𝛼,𝛽
𝑥,𝑡 (𝐷) (𝑚 - a positive integer, 0 < 𝛼 < 1, 0 < 𝛽 < 1) - Banach space of functions 𝑢(𝑥, 𝑡) with a finite

norm
∥𝑢∥

𝐶
𝑚+𝛼,𝛽
𝑥,𝑡 (𝐷) =

∑︁
|𝑙 |=0

[
sup
𝐷

|𝜕𝑙𝑥𝑢 | + < 𝐷𝑙𝑥𝑢 >
(𝛼)
𝑥,𝐷 + < 𝐷𝑙𝑥𝑢 >

(𝛽)
𝐷,𝑡

]
,

where

< 𝑤 >
(𝛼)
𝑥,𝐷

= sup
(𝑥,𝑡 ) , (𝑦,𝑡 ) ∈𝐷

|𝑤(𝑥, 𝑡) − 𝑤(𝑦, 𝑡) |
|𝑥 − 𝑦 |𝛼 ,

< 𝑤 >
(𝛽)
𝐷,𝑡

= sup
(𝑥,𝑡 ) , (𝜏,𝑡 ) ∈𝐷

|𝑤(𝑥, 𝑡) − 𝑤(𝑥, 𝜏) |
|𝑡 − 𝜏 |𝛽 .

𝐶
2+𝛼,1+𝛽
𝑥,𝑡 (𝐷) - function space 𝑢(𝑡, 𝑥) with a norm ∥𝑢∥

𝐶
2+𝛼,𝛽
𝑥,𝑡 (𝐷) + ∥𝑢𝑡 ∥𝐶𝛼,𝛽

𝑥,𝑡 (𝐷) .

2. Local solvability of the problem

First, let us consider the following nonlinear problem for the parabolic equation.

𝑢𝑡 − 𝑑1𝑢𝑥𝑥 + (𝑐(𝑢)𝑣𝑥)𝑥 = 𝑓 (𝑥, 𝑡)𝑢, (𝑥, 𝑡) ∈ 𝐷, (2.1)

𝑢(−𝑙, 𝑡) = 𝑢(𝑙, 𝑡), 𝑢𝑥 (−𝑙, 𝑡) = 𝑢𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (2.2)

𝑢(𝑥, 0) = 𝑢0(𝑥) ⩾ 0, −𝑙 ⩽ 𝑥 ⩽ 𝑙, (2.3)

where 𝑐(𝑢) = 𝑢𝜒(𝑢).
Next, through 𝐴0 we denote constants that do not depend on 𝑇 , and through 𝐴 we denote constants that

depend on 𝑇 .

Lemma 2.1. Let 𝑣(𝑥, 𝑡) ∈ 𝐶2+𝛼,1+ 𝛼
2 (𝐷), 𝑓 (𝑥, 𝑡) ∈ 𝐶𝛼, 𝛼2 (𝐷) and

∥𝑣∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) , ∥ 𝑓 ∥𝐶2+𝛼,1+ 𝛼

2 (𝐷) ⩽ 𝐴0. (2.4)

Then there exists a unique nonnegative solution. 𝑢(𝑥, 𝑡) ∈ 𝐶2+𝛼,1+ 𝛼
2 (𝐷) of the problem. (1.9)-(2.2) for small

𝑇 , depending on ∥𝑢0∥𝐶2+𝛼 (−𝑙⩽𝑥⩽𝑙) .

Proof. The lemma is proved using the fixed-point principle [13, 14]. We introduce the Banach space. 𝑋 of
functions. 𝑢(𝑥, 𝑡) with a norm

∥𝑢∥
𝐶

2+𝛼, 𝛼2 (𝐷), (0 < 𝑇 < 1)

and the set
𝑋𝐵 =

{
𝑢 ∈ 𝑋 : 𝑢(𝑥, 0) = 𝑢0(𝑥), ∥𝑢∥

𝐶
2+𝛼, 𝛼2 (𝐷) ⩽ 𝐵

}
,

where 𝐵 = ∥𝑢0∥𝐶2+𝛼 (−𝑙⩽𝑥⩽𝑙) + ∥𝑣0∥𝐶2+𝛼 (−𝑙⩽𝑥⩽𝑙) + 1.
For each 𝑢 ∈ 𝑋𝐵 we define the mapping 𝑢̃ = 𝐹𝑢, where 𝑢̃ satisfies the conditions.

𝑢̃𝑡 − 𝑑1Δ𝑢̃ − 𝑓 𝑢̃ = −𝑐′(𝑢)𝑢𝑥𝑣𝑥 − 𝑐(𝑢)Δ𝑣, (𝑥, 𝑡) ∈ 𝐷, (2.5)
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𝑢̃(−𝑙, 𝑡) = 𝑢̃(𝑙, 𝑡), 𝑢̃𝑥 (−𝑙, 𝑡) = 𝑢̃𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (2.6)

𝑢̃(𝑥, 0) = 𝑢0(𝑥),−𝑙 ⩽ 𝑥 ⩽ 𝑙. (2.7)

By virtue of the conditions 1)-3) and 𝑢(𝑥, 𝑡) ∈ 𝑋𝐵, we have

𝑓1(𝑥, 𝑡) = −𝑐′(𝑢)𝑢𝑥𝑣𝑥 − 𝑐(𝑢)𝑣𝑥𝑥 ∈ 𝐶𝛼,
𝛼
2 (𝐷). (2.8)

Taking the conditions into account 2) and (2.4) and the theory of parabolic equations [13], as well as the
results on periodic solutions of quasilinear parabolic equations [15] we conclude that there exists a unique
solution 𝑢̃(𝑥, 𝑡) of the problem. (2.5)-(2.7) and the estimate holds

∥𝑢̃∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) ⩽ ∥𝑢0(𝑥)∥𝐶2+𝛼 (−𝑙⩽𝑥⩽𝑙) + 𝑀1(𝐵) ⩽ 𝐵 + 𝑀1(𝐵) = 𝑀2(𝐵). (2.9)

In this section, constants depending on 𝐵 are denoted by 𝑀 𝑗 = 𝑀 𝑗 (𝐵), 𝑗 = 3, 4.
Next, as in the work [10] it is proved that the transformation 𝐹 maps the set 𝑋𝐵 into itself and is a contraction.
Here, the nonnegativity of the function can be established 𝑢(𝑡, 𝑥). We rewrite (2.1) in the form of

𝑢𝑡 − 𝑑1Δ𝑢 + 𝑐′(𝑢)𝑢𝑥𝑣𝑥 + (𝜒(𝑢)𝑣𝑥𝑥 − 𝑓 )𝑢 = 0, (𝑥, 𝑡) ∈ 𝐷. (2.10)

From the problem (2.10), (2.2), (2.3) by the maximum principle [13] we have

𝑢(𝑥, 𝑡) ⩾ 0, (𝑥, 𝑡) ∈ 𝐷̄.

This concludes the proof of Lemma 2.1. □

Now, we proceed to prove the local unique solvability of the problem (1.5)-(1.9). For convenience, we
introduce the notation𝑈 = (𝑢, 𝑣).

Theorem 2.1. Suppose that conditions 1)-3) are satisfied. Then, there exists a unique solution 𝑈 (𝑥, 𝑡) ∈
𝐶2+𝛼,1+ 𝛼

2 (𝐷) of the problem. (1.5)-(1.9) for small. 𝑇 > 0, depending on ∥𝑈0∥𝐶2+𝛼 = ∥𝑢0∥𝐶2+𝛼 + ∥𝑣0∥𝐶2+𝛼 .
Moreover

𝑢(𝑥, 𝑡) ⩾ 0, 𝑣(𝑥, 𝑡) ⩾ 0.

Proof. We apply the fixed-point principle again. Let us introduce the Banach space𝑌 of functions𝑈 (𝑥, 𝑡) with
a norm ∥𝑈∥

𝐶
𝛼, 𝛼2 (𝐷) and a subset

𝑌𝐵 =

{
𝑈 ∈ 𝑌 : 𝑢 ⩾ 0, 𝑣 ⩾ 0,𝑈 (𝑥, 0) = (𝑢0(𝑥), 𝑣0(𝑥)), ∥𝑈∥

𝐶
𝛼, 𝛼2 (𝐷) ⩽ 𝐵

}
.

For𝑈 ∈ 𝑌𝐵 we define the corresponding function 𝑈̃ = 𝐺𝑈, where 𝑈̃ (𝑥, 𝑡) satisfies the following conditions

𝑣̃𝑡 − 𝑑2𝑣̃𝑥𝑥 =

(
𝑟 − 𝑟

𝐾
𝑣 − 𝑏1𝑢

1 + 𝑏2𝑣

)
𝑣̃, (𝑥, 𝑡) ∈ 𝐷, (2.11)

𝑣̃(−𝑙, 𝑡) = 𝑣̃(𝑙, 𝑡), 𝑣̃𝑥 (−𝑙, 𝑡) = 𝑣̃𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇,

𝑣̃(𝑥, 0) = 𝑣0(𝑥), −𝑙 ⩽ 𝑥 ⩽ 𝑙,
(2.12)

𝑢̃𝑡 − 𝑑1𝑢̃𝑥𝑥 + (𝑐(𝑢̃)𝑣̃𝑥)𝑥 = (−𝑎 + 𝑏𝑔(𝑣))𝑢̃, (𝑥, 𝑡) ∈ 𝐷, (2.13)

𝑢̃(−𝑙, 𝑡) = 𝑢̃(𝑙, 𝑡), 𝑢̃𝑥 (−𝑙, 𝑡) = 𝑢̃𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇,

𝑢̃(𝑥, 0) = 𝑢0(𝑥), −𝑙 ⩽ 𝑥 ⩽ 𝑙.
(2.14)

First, let us consider the problem (2.11)-(2.12). Since (𝑢, 𝑣) ∈ 𝑌𝐵, then, due to conditions 1)-3), the expression
in parentheses on the right-hand side (2.11) (the coefficient in front of 𝑣̃) satisfies the Hölder condition. Then,
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by the theory of linear parabolic equations [13, 15] there exists a unique solution to the problem (2.11)-(2.13)
and the estimate holds

∥𝑣̃∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) ⩽ ∥𝑣0(𝑥)∥𝐶2+𝛼 (−𝑙⩽𝑥⩽𝑙) + 𝑀3(𝐵) ⩽ 𝐵 + 𝑀3(𝐵) = 𝑀4(𝐵). (2.15)

In turn, by the maximum principle 𝑣̃(𝑥, 𝑡) ⩾ 0, (𝑥, 𝑡) ∈ 𝐷̄.
Similarly, it is proved that, taking into account (2.15) the problem (2.13),(2.14) has a unique solution 𝑢̃(𝑥, 𝑡)

and the estimates hold
∥𝑢̃∥

𝐶
2+𝛼,1+ 𝛼

2 (𝐷) ⩽ 𝑀5(𝐵), 𝑢̃(𝑥, 𝑡) ⩾ 0, (𝑥, 𝑡) ∈ 𝐷. (2.16)

From (2.15) and (2.16) we conclude that

∥𝑈̃∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) ⩽ 𝑀6(𝐵). (2.17)

For 𝑈̃ (𝑥, 𝑡) using the definition of Hölder continuity, it can be established that

∥𝑈̃ (𝑥, 𝑡) − 𝑈̃ (𝑥, 0)∥
𝐶

2, 𝛼2 (𝐷) ⩽ 𝐴0 max(𝑇 𝛼
2 , 𝑇1− 𝛼

2 )∥𝑈̃∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) . (2.18)

By combining (2.17) and (2.18) we conclude that if 𝑇 is sufficiently small, then

∥𝑈̃∥
𝐶

𝛼, 𝛼2 (𝐷) ⩽ ∥𝑈̃ (𝑥, 0)∥
𝐶

𝛼, 𝛼2 (𝐷) + 𝐴0 max(𝑇 𝛼
2 , 𝑇1− 𝛼

2 )𝑀6(𝐵) ⩽ ∥𝑈0(𝑋)∥𝐶2+𝛼 (𝐷) + 1 ≡ 𝐵. (2.19)

Then, due to the nonnegativity 𝑢, 𝑣 and (2.19) we have that 𝑈̃ ∈ 𝑌𝐵. Therefore, 𝐺 maps 𝑌𝐵 into itself.
Next, as in the work [10] it can be proved that the operator is a contraction 𝐺. Using the theory of parabolic

equations, it can be established that𝑈 (𝑥, 𝑡) ∈ 𝐶2+𝛼,1+ 𝛼
2 (𝐷).

Theorem 2.1 is proved. □

3. Global solvability of the problem

It is known that, thanks to results on linear problems and fixed-point theorems for completely continuous
mappings, the question of the solvability of problems reduces to the issue of a priori boundedness of Hölder
norms (the classical solvability case) for all possible solutions of these problems. Depending on the method
used to establish a priori estimates, sometimes the following are applied 𝐿𝑝 estimates and embedding theorems
[13].

Therefore, we proceed to obtain a priori estimates.

Lemma 3.1. Let the pair of functions (𝑢, 𝑣) ∈ 𝐶2,1(𝐷) be the solution to the problem (1.5)-(1.9). Then

𝑢(𝑥, 𝑡) ⩾ 0, 0 ⩽ 𝑣(𝑥, 𝑡) ⩽ 𝐾, (𝑥, 𝑡) ∈ 𝐷. (3.1)

Proof. From (1.5), (1.7), (1.9) we have

𝑢𝑡 − 𝑑1𝑢𝑥𝑥 + 𝑐′(𝑢)𝑣𝑥𝑢𝑥 + [𝜒(𝑢)𝑣𝑥𝑥 + 𝑎 − 𝑏𝑔(𝑣)]𝑢 = 0, (𝑥, 𝑡) ∈ 𝐷, (3.2)

𝑢(−𝑙, 𝑡) = 𝑢(𝑙, 𝑡), 𝑢𝑥 (−𝑙, 𝑡) = 𝑢𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (3.3)

𝑢(𝑥, 0) = 𝑢0(𝑥) ⩾ 0, −𝑙 ⩽ 𝑥 ⩽ 𝑙. (3.4)

It is clear that 𝑢(𝑥, 𝑡) ≡ 0 is a lower solution [14] of the problem (3.2)-(3.4). Therefore, by the maximum
principle 𝑢(𝑥, 𝑡) ⩾ 0 in 𝐷̄.

Similarly 𝑣(𝑥, 𝑡) ⩾ 0 in 𝐷̄.
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From (1.6), (1.8), (1.9) taking into account the inequalities 𝑢(𝑥, 𝑡) ⩾ 0, 𝑣(𝑥, 𝑡) ⩾ 0, we have

𝑣𝑡 − 𝑑2𝑣𝑥𝑥 = 𝑘 (𝑣) − 𝑔(𝑣)𝑢 ⩽ 𝑘 (𝑣), (𝑥, 𝑡) ∈ 𝐷, (3.5)

𝑣(−𝑙, 𝑡) = 𝑣(𝑙, 𝑡), 𝑣𝑥 (−𝑙, 𝑡) = 𝑣𝑥 (𝑙, 𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (3.6)

𝑣(𝑥, 0) = 𝑣0(𝑥) ⩾ 0, −𝑙 ⩽ 𝑥 ⩽ 𝑙. (3.7)

Let 𝑣̄(𝑡) be the solution to the problem

𝑣̄′(𝑡) = 𝑟𝑣̄(𝑡)
(
1 − 𝑣̄(𝑡)

𝐾

)
, 𝑣̄(0) = max

−𝑙⩽𝑥⩽𝑙
𝑣0(𝑥) ⩽ 𝐾, (3.8)

which has the form

𝑣̄(𝑡) = 𝐾𝑒𝐾𝑡
(
𝑒𝐾𝑡 − 1 + 𝐾

𝑣̄(0)

)−1

, 0 ⩽ 𝑣̄(𝑡) ⩽ 𝐾.

It can be established that 𝑣̄(𝑡) is the upper solution [14] of the problem (3.5)-(3.7). Therefore, by the
maximum principle

𝑣(𝑥, 𝑡) ⩽ 𝑣̄(𝑡) ⩽ 𝐾. (3.9)

Lemma 3.1 is proved. □

Lemma 3.2. Let a pair of functions (𝑢, 𝑣) ∈ 𝐶2,1(𝐷) are solutions to the problem (1.5)-(1.9). Then

∥𝑢∥𝐿𝑝+1 (𝐷) ⩽ 𝐴, 𝑝 > 1. (3.10)

Proof. Multiplying (1.5) by 𝑢𝑝 and integrating over 𝐷𝑡 , taking into account the conditions (1.7), (1.9) and
inequalities 𝑢(𝑥, 𝑡) ⩾ 0, 0 ⩽ 𝑔(𝑣) ⩽ 𝑏1

𝑏2
, we find

1
1 + 𝑝

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥 − 1
1 + 𝑝

𝑙∫
−𝑙

𝑢
𝑝+1
0 (𝑥)𝑑𝑥 + 𝑝𝑑1

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝−1𝑢2
𝑥 (𝑥, 𝑡)𝑑𝑥 ⩽

⩽ 𝑝

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝−1𝜒(𝑢)𝑢𝑥𝑣𝑥𝑑𝑥 +
𝑏𝑏1

𝑏2

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝+1𝑑𝑥. (3.11)

Taking assumption 1) into account, we transform the first term on the right-hand side (3.11)

𝐽 =

������𝑝
𝑡∫

0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝−1𝜒(𝑢)𝑢𝑥𝑣𝑥𝑑𝑥

������ =
������
𝑡∫

0

𝑑𝑡

𝑙∫
−𝑙

𝑢
𝑝−1

2 𝜒(𝑢)𝑢
𝑝−1

2 𝑢𝑥𝑣𝑥𝑑𝑥

������ ⩽
⩽ 𝑢

𝑝−1
2
𝑚 max

0⩽𝑢⩽𝑢𝑚
𝜒(𝑢)

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

���𝑢 𝑝−1
2 𝑢𝑥𝑣𝑥

��� 𝑑𝑥 ⩽ 𝜀

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝−1𝑢2
𝑥𝑑𝑥 +

1
2𝜀
𝐴0

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢2
𝑥𝑑𝑥. (3.12)

Next, by multiplying (1.6) by 𝑣 and integrating over 𝐷𝑡 , taking into account (1.8), (1.9) and inequalities
𝑢 ⩾ 0, 𝑣 ⩾ 0, 𝑘 (𝑣) ⩽ 𝑟𝑣, we find

1
2

𝑙∫
−𝑙

𝑣2(𝑥, 𝑡)𝑑𝑥 − 1
2

𝑙∫
−𝑙

𝑢2
0(𝑥)𝑑𝑥 + 𝑑2

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑣2
𝑥𝑑𝑥 ⩽ 𝑟1

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑣2(𝑥, 𝑡)𝑑𝑥. (3.13)
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Hence, taking into account (3.1) and (1.3) we have

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢2
𝑥 (𝑥, 𝑡)𝑑𝑥 ⩽ 𝐴. (3.14)

Now, combining (3.11), (3.12) and (3.14), we obtain

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥 + 𝑝(𝑝 + 1) (𝑑1 − 𝜀)
𝑡∫

0

𝑙∫
−𝑙

𝑢𝑝−1𝑢2
𝑥𝑑𝑥𝑑𝑡 ⩽ 𝐴 + 𝐴0

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥. (3.15)

Choosing 0 < 𝜀 < 𝑑1 from (3.14) we find

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥 ⩽ 𝐴 + 𝐴0

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥. (3.16)

Hence, by the Bellman–Gronwall inequality, we have

𝑡∫
0

𝑑𝑡

𝑙∫
−𝑙

𝑢𝑝+1(𝑥, 𝑡)𝑑𝑥 ⩽ 𝐴.

Lemma 3.2 is proved. □

Lemma 3.3. Let a pair of functions (𝑢, 𝑣) ∈ 𝐶2,1(𝐷) are solutions to the problem (1.5)-(1.9). Then the
following inequality holds

∥𝑢, 𝑣∥
𝑊

2,1
𝑝 (𝐷) ⩽ 𝐴, 𝑝 > 3. (3.17)

Proof. We rewrite the equation (1.6) in the form

𝑣𝑡 − 𝑑2𝑣𝑥𝑥 −
(
𝑟 − 𝑟

𝐾
𝑣 − 𝑏1𝑢

1 + 𝑏2𝑣

)
𝑣 = 0. (3.18)

By virtue of (3.1) and (3.10) we have



𝑟 − 𝑟

𝐾
𝑣 − 𝑏1𝑢

1 + 𝑏2𝑣






𝐿𝑝 (𝐷)

⩽ 𝐴.

For the function 𝑣(𝑡, 𝑥) we have the following problem

𝑣𝑡 − 𝑑2𝑣𝑥𝑥 − 𝑐1(𝑥, 𝑡)𝑣 = 0, 𝐷,

𝑣(−𝑙, 𝑡) = 𝑣(𝑙, 𝑡), 𝑣𝑥 (−𝑙, 𝑡) = 𝑣𝑥 (𝑙, 𝑡), 0 ≤ 𝑡 ≤ 𝑇,
𝑣(𝑥, 0) = 𝑣0(𝑥) ⩾ 0, 0 ⩽ 𝑥 ⩽ 𝑙,

(3.19)

where 𝑐1(𝑥, 𝑡) ⊂ 𝐿𝑝 (𝐷), 𝑣0(𝑥) ∈ 𝐶2+𝛼 (−𝑙 ⩽ 𝑥 ⩽ 𝑙).
According to Theorem 9.1 ([13], Chapter IV) for the solution of problem (3.19) the following inequality

holds
∥𝑣∥

𝑊
2,1
𝑝 (𝐷) ⩽ 𝐴. (3.20)

Taking (3.20) into account and applying the Sobolev embedding theorem ([13], Lemma 3.3, Chapter II), we
obtain

∥𝑣𝑥 ∥𝐿∞ (𝐷) ⩽ 𝐴. (3.21)
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Now we rewrite equation (1.5) in the form

𝑢𝑡 − 𝑑1𝑢𝑥𝑥 + 𝑐′(𝑢)𝑣𝑥𝑢𝑥 = −𝑐(𝑢)𝑣𝑥𝑥 − 𝑎𝑢 + 𝑏𝑔(𝑣)𝑢, (3.22)

where, by virtue of 1), (3.1), (3.10), (3.20), (3.21) the following estimates hold

∥𝑐′(𝑢)𝑣𝑥 ∥𝐿∞ (𝐷) ⩽ 𝐴, ∥ − 𝑐(𝑢)𝑣𝑥𝑥 − 𝑑𝑢 + 𝑏𝑔(𝑣)𝑢∥𝐿𝑝 (𝑑) ⩽ 𝐴. (3.23)

As in the case of problem (3.19), from (3.22) and (3.23) we conclude that

∥𝑢∥
𝑊

2,1
𝑝 (𝐷) ⩽ 𝐴.

Lemma 3.3 is proved. □

Lemma 3.4. Let a pair of functions (𝑢, 𝑣) ∈ 𝐶2,1(𝐷) be a solution to problem (1.5)-(1.9). Then the following
inequality holds

∥𝑢, 𝑣∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) ⩽ 𝐴. (3.24)

Proof. By virtue of estimate (3.17) and the results of ([13],Chapter II, Lemma 3.3 and Chapter IV, Corollary
3.9), one can assert that

∥𝑢, 𝑣∥
𝐶

𝛼, 𝛼2 (𝐷) ⩽ 𝐴. (3.25)

Now, in (3.19) the equation can be considered as a linear equation with Hölder-continuous coefficients.
In this case, applying the results of ([13], Chapter IV, Theorem 2.2) and [15] to problem (3.19), we obtain

∥𝑣∥
𝐶

𝛼, 𝛼2 (𝐷) ⩽ 𝐴. (3.26)

At first, internal estimates are established under the assumption that 𝑣(𝑡, 𝑥) possesses the generalized
derivatives 𝑣𝑥𝑥 and 𝑣𝑡 𝑥 , then, by applying the extension method through the lateral boundaries, the result is
obtained in 𝐷̄.

Now, it can be asserted that
∥𝑣∥

𝐶
2+𝛼,1+ 𝛼

2 (𝐷) ⩽ 𝐴. (3.27)

Next, applying Schauder’s parabolic estimates and the established inequalities (3.25), (3.27) from (3.22) we
obtain

∥𝑢∥
𝐶

2+𝛼,1+ 𝛼
2 (𝐷) ⩽ 𝐴. (3.28)

Lemma 3.4 is proved. □

Using the established estimates, the following theorem can be proved.

Theorem 3.1. Under assumptions 1)–3), there exists a unique solution (𝑢, 𝑣) ∈ 𝐶2+𝛼,1+ 𝛼
2 (𝐷) to problem

(1.4)-(1.8) for any given 𝑇 > 0.

4. CONCLUSION

It is known that in 1970 Keller and Segel presented a famous mathematical model to describe chemotaxis.
Since then, great efforts have been made to understand the classical chemotaxis model and its various variants.
But there are still many open and interesting problems in understanding chemotaxis models. In particular, to
the best of our knowledge, there have been no studies of chemotaxis models with periodic boundary conditions.

Therefore, we investigate the global existence of periodic solutions of the two-species Keller-Segel model
with competing logistic terms. By increasing the regularity of the solution from 𝐿1 to 𝐿𝑝 (𝑝 > 1), the existence
and uniqueness of the classical global-in-time solution of this chemotaxis model are proven for any chemotactic
coefficient 𝜒 > 0 when the dimension of the space is equal to one.

ujmcs.tstu.uz 48

http://ujmcs.tstu.uz


J.O. Takhirov, B.B. Anvarjonov

References

[1] Keller, E.F., Segel, L.A.: Initiation of slime mold aggregation viewed as an instability. J. Theor. Biol. 26, 399–415 (1970).
[2] Keller, E.F., Segel, L.A.: Model for chemotaxis. J. Theor. Biol. 30, 225–234 (1971).
[3] Horstmann, D.: From 1970 until present: the Keller–Segel model in chemotaxis and its consequences. I. Jahresberichte DMV 105(3), 103–165

(2003).
[4] Maree, A.F., Hogeweg, P.: Walter Riemannian submanifolds with concircular canonical field. Proc. Natl. Acad. Sci. USA 98(7), 3879–3883

(2001).
[5] Mimura, M., Tsujikawa, T.: Aggregation pattern dynamics in a chemotaxis model including growth. Physica A 230, 499–543 (1996).
[6] Mittal, N., Budrene, E.O., Brenner, M.P., Van Oudenaarden, A.: Motility of Escherichia coli cells in clusters formed by chemotactic aggregation.

Proc. Natl. Acad. Sci. USA 100(23), 13259–13263 (2003).
[7] Lee, J.M. et al.: Pattern formation in prey-taxis systems. J.Biological Dynamics. 3(6): 551–573 (2009).
[8] Tao, Y., Cui, C.: A density-dependent chemotaxis-haptotaxis system modeling cancer invasion. J. Math.Anal. and Appl. 367: 612–624 (2010).
[9] Li, C.: Global existence of classical solutions to the cross-diffusion three-species model with prey-taxis. Computers and Mathematics with Appl.

72: 1394–1401 (2016).
[10] Tao, Y.: Global existence of classical solutions to a predator-prey model with nonlinear prey-taxis. Nonlinear Analysis: RWA. 11: 2056–2064

(2010).
[11] Ainseba, B.E. et al.: A reaction-diffusion system modeling predator-prey with prey-taxis. Nonlinear Analysis: RWA. 9: 2086–2105 (2008).
[12] Benhadmane, M.: Analysis of reaction-diffusion system modeling predator-prey with prey-taxis. Net.Hetero.Med. 3: 863–879 (2008).
[13] Ladyzhenskaya, O.A., Solonnikov, B.A., Uralceva, N.N.: Linear and Quasilinear Equations of Parabolic Type. M.:Nauka. 736 p.(1967).
[14] Friedman, A.: Partial Differential Equations of Parabolic Type. M.:Mir. 428 p. (1968).
[15] Dzhuraev, T.D., Takhirov, J.O.:A problem for quasilinear parabolic equation with nonlocal boundary conditions. Georg.Math.J. 6(5): 421–428

(1999).
[16] Kruzhkov, S.N.: Nonlinear parabolic equations with two independent variables. Proceedings of MMS 16: 329–346 (1967).

Affiliations

Takhirov Jozil Ostonovich
Address: Institute of Mathematics, Uzbekistan Academy of Sciences, 9, University str., Tashkent 100174,
Uzbekistan.
e-mail: prof.takhirov@yahoo.com
ORCID ID:

Anvarjonov bunyodbek Baxodirovich
Address: Institute of Mathematics, Uzbekistan Academy of Sciences, 9, University str., Tashkent 100174,
Uzbekistan.
e-mail: bunyodbek.anvarjonov@bk.ru
ORCID ID:

49 ujmcs.tstu.uz

http://ujmcs.tstu.uz


Uzbekistan Journal of Mathematics and Computer Science
Volume 1 No. 1 Page 50–56 (2025)
DOI: https://doi.org/10.56143/ujmcs.v1i1.5
Research article

Restoration From The External Curvature Of A Surface
With A Single Vertex

Tillayev Donyorbek

Abstract
It is known that the points of a convex surface are divided into three classes: regular points,
edge points, and vertices. There exists a class of surfaces that have a vertex at a single point, with
all other points being regular. Such surfaces are called single-vertex surfaces, and the article
provides some properties of the external curvature of such surfaces. Furthermore, the existence
and uniqueness of a single-vertex surface have been proven, where the boundary consists of
some closed spatial curve, and the external curvature is equal to a function defined on all Borel
sets, given in advance. In this case, certain necessary conditions are imposed on the external
curvature function.
In the analytical formulation, this problem proves the existence of a solution to the Dirichlet
problem for a domain with a singular point.

Keywords: surface, convex surface; point; ribbed; vertex; external curvature; tangent cone; polyhedra; support plane; tangent plane.
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Introduction
The problem of surface recovering by a given external curvature is important in geometry "In general". This

problem initially arose in the class of convex polyhedra and was generalized for regular surfaces using the
well-known method of A. D. Alexandrov.

In works [4, 11], the focus is placed on identifying invariants and surfaces that are isometric on sections.
This research examines the expansion properties of convex polyhedra, specifically those that maintain isometry
on their sections. These studies are important for understanding the preservation of geometric properties in
deformations of convex shapes.

For convex polyhedra, an invariant has been associated with the vertex of a convex polyhedral angle. By
utilizing this invariant, the problem of reconstructing a convex polyhedron with specific conditional curvature
values at the vertices can be addressed. This allows for the determination of a polyhedron’s geometry based
on curvature constraints.

In paper [12], the authors provide definitions, fundamental concepts, and formulas related to the geometric
characteristics that are tied to the surface of an isotropic space. This contributes to the understanding of
geometric properties in spaces that exhibit uniformity in all directions.

This article specifically tackles the problem of determining the existence of a surface defined by a given
external curvature function within a convex domain, particularly when there is a singularity at a single point.
The study is concerned with the conditions under which such surfaces exist and how the external curvature
function influences the geometry of the surface.
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D. Tillayev

This article is devoted to solving the problem of the existence of a surface defined by a given external
curvature function in a convex domain with a singularity at a single point.

At the end of the article, we demonstrate the connection of the considered problem with the elliptic-type
Monge-Ampère equation.

1. Basic definitions and problem statement

In the classical method of studying the internal geometry of surfaces, the points on a surface are divided
into three types [1]: regular points, ribbed points, and conical points (vertices). Each of these surface types
corresponds to a specific kind of tangent cone [2]. The surface has a unique tangent plane at a regular point,
so in this case, the tangent cone becomes a plane. For ribbed points, the tangent cone is a dihedral angle. At
conical points, the tangent cone is formed by the semi-tangents of curves on the surface that emanate from this
point. Polyhedron have all three types of points.

Let 𝐹 be a convex surface and 𝑥 ∈ 𝐹. The plane 𝜋 is a support plane of the surface at this point. A unit
normal to the support plane 𝜋 is associated with a point 𝑥∗ on the unit sphere 𝑆, and this is called the spherical
mapping of the point 𝑥 ∈ 𝐹 onto the unit sphere 𝑆. This mapping is not always one-valued.

-If the spherical mapping of a point 𝑥 ∈ 𝐹 is unique, then the point on the surface is called regular, and the
support plane is the tangent plane.

- The spherical mapping of a point 𝑥 ∈ 𝐹 can be an arc of a great circle on the unit sphere; such a point is
called a ribbed point of the convex surface.

- On a convex surface, there are points whose spherical mapping is a domain on the unit sphere. Such points
on the surface are called vertices of the convex surface.

The geometric nature of classified points is clearly expressed when the convex surface is a polyhedron. On
a polyhedron, the internal points of the faces will be regular, the internal points of the ribs will be ribbed, and
the vertices will be, accordingly, the vertices.

If a convex surface is regular, it consists of regular points.

Definition 1.1. A surface that has a finite number of vertices and consists of regular points at all other points
is called a surface with vertices..

Surfaces with vertices exist. To imagine this class of surfaces, one should envision a cube made of elastic
material being gradually inflated. There is a state in which the edges turn into smooth curves, but the points
that are vertices remain. Additionally, by circulating an arc of the graph of the sine function around a common
axis, a convex surface with two vertices is formed.

Let 𝐷 be some simply connected domain in the 𝑂𝑥𝑦 plane in the Cartesian coordinate system 𝑂𝑥𝑦𝑧, and let
a point 𝐴0 be a strictly interior point of the domain 𝐷, and 𝜕𝐷 being the boundary of the domain 𝐷. Then,
𝑧 = 𝑓 (𝑥, 𝑦) is the equation of the surface 𝐹 with edge 𝐿, and we will assume that the edge 𝐿 is one-valued
projected onto the boundary 𝜕𝐷 of domain 𝐷. The function 𝑓 (𝑥, 𝑦) is continuous at all points of the domain
𝐷 and has continuous derivatives at all points except at point 𝐴0. The graph of such a function will describe
a surface with a single vertex. Moreover, the vertex of the surface is projected along a line parallel to the 𝑂𝑧

axis onto point 𝐴0 ∈ 𝐷.

Definition 1.2. The external curvature of a set 𝑀 ′ ⊂ 𝐹 is defined as the area of its spherical mapping 𝑀∗

(where 𝑀∗ is the spherical mapping of the set 𝑀 ′ onto the unit sphere):

𝜔 (𝑀 ′) = 𝑆 (𝑀∗)

.
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2. Properties of the External Curvature of a Convex Surface with a Vertex.

Let 𝑀 ′ ⊂ 𝐹 be some set on a surface with a single vertex in the field 𝐷. Let us denote by 𝑀 ⊂ 𝐷 the
projection of the set 𝑀 ′ ⊂ 𝐹 onto the field 𝐷, parallel to the axis 𝑂𝑧, and 𝑀∗ ⊂ 𝑆 is the spherical mapping
of the set 𝑀 ′ ⊂ 𝐹 onto the unit sphere 𝑆. Since the projection of the surface 𝐹 parallel to the axis 𝑂𝑧 is
one-valued, the external curvature 𝜔 (𝑀 ′) can be transferred onto 𝑀 ⊂ 𝐷, and 𝜔 (𝑀 ′) is called the external
curvature of the surface 𝐹 transferred to the field 𝐷, denoted as 𝜔𝐹 (𝑀) = 𝑆 (𝑀∗).

The properties of the external curvature of surfaces with vertices were studied in the work [9], where the
properties of the external curvature of convex surfaces with vertices were proved.

We list the main properties of the external curvature of convex surfaces with vertices:
1. The external curvature 𝜔 (𝑀) is a non-negative, completely additive function of Borel sets 𝑀 ⊂ 𝐷.
2. If 𝑀 is the closure of the set 𝑀 ⊂ 𝐷 and does not contain the point 𝐴0, then

𝜔𝐹 (𝑀) = 𝜔𝐹

(
𝑀

)
.

3. If 𝑀 ⊂ 𝐷 does not contain the point 𝐴0, but the closure 𝑀 contains the point 𝐴0, then

𝜔𝐹

(
𝑀

)
= 𝜔𝐹 (𝑀) .

4. If the point 𝐴0 ∈ 𝑀 , then
𝜔𝐹 (𝑀) = 𝜔𝐹

(
𝑀

)
+ 𝜔0.

5. When a sequence of domains 𝑀𝑛, containing the point 𝐴0 and having the properties:

𝑀1 ⊃ 𝑀2 ⊃ ... ⊃ 𝑀𝑛 ⊃ ...,

then

lim
𝑛→∞

𝜔𝐹 (𝑀𝑖) = 𝜔0.

6. Furthermore, when 𝑀𝑖 does not contain the point 𝐴0,

lim
𝑛→∞

𝜔𝐹 (𝑀𝑖) = 0.

This means the completely additive property of the external curvature.
The problem of restoration a convex surface from its external curvature in the class of convex surfaces is

formulated as follows:
if a function 𝜇 (𝑀) is given on Borel sets 𝑀 ⊂ 𝐷, and the number 𝜔0 is specified, is there a convex surface

for which the external curvature transferred to the field 𝐷 satisfies

𝜔𝐹 (𝑀) = 𝜇 (𝑀)

and at point 𝐴0

𝜔 (𝐴0) = 𝜔0,

with an edge 𝐿 and a single-valued projection onto the field 𝐷.

3. Solution of the restoration problem

We will prove the following theorem.
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Theorem 3.1. For a given function 𝜔 (𝑀) of a Borel set on a convex field 𝐷 to be transferred to 𝐷 as the
external curvature of the convex surface with an edge 𝐿, the one-valued projection onto the field 𝐷, and a
vertex projecting onto the point 𝐴0, it is necessary and sufficient that:

1. 𝜇 (𝑀) is a non-negative and completely additive function that having the properties of external curvature
of a surface with a vertex.

2. For 𝑀 , consisting of a single point, 𝜔 (𝑀) < 2𝜋.
3. For the whole field, 𝜇 (𝐷) = Ω < 2𝜋, but greater than 𝜔0.
4. For 𝑀 containing more than one point 𝐴0,

𝜇 (𝑀) > 𝜔0.

Proof of the theorem.
Let us first prove the necessity of the conditions listed in the theorem. We divide the convex field 𝐷 into 𝑛

parts 𝑀𝑖 in such a way that the point 𝐴0 always coincides with the point of intersection of the curves dividing
the field of some sets from 𝑀𝑖. In each set 𝑀𝑖, we mark the point 𝐴𝑖.

We calculate the value of the function 𝜇 (𝑀) in the sets 𝑀𝑖, so that 𝜇 (𝑀𝑖) = 𝜔𝑖. We associate each point 𝐴𝑖

with the number 𝜔𝑖.
Thus, we have (𝑚 + 1) positive numbers 𝜔1, 𝜔2, ..., 𝜔𝑛. Moreover,

𝑛∑
𝑖=0

𝜔𝑖 < 2𝜋. This inequality follows from

the conditions of the theorem.
Since the division into 𝑛-parts is chosen in such a way that the point 𝐴0 does not belong to any of the fields

𝑀𝑖, this condition can be preserved as the number of divisions increases, such that the maximum diameters of
the fields 𝑀𝑖 tend to zero.

Now, we mark 𝐵𝑘 points on the boundary 𝜕𝐷 of the field 𝐷 and connect them with line segments 𝐵𝑘−1𝐵𝑘 ,
obtaining a polygon 𝐺𝑘 inscribed in the boundary of the region. This polygon lies within the region 𝐷. From
the vertices of the polygon 𝐺𝑘 we draw rays parallel to the axis 𝑂𝑧 and mark the points where these rays
intersect the curve 𝛾 as 𝐵′

𝑘 . Connecting the points 𝐵′
𝑘 with line segments, we obtain a closed polyline 𝐿𝑘 .At

this point, the polyline 𝐿𝑘 is one-valued projected onto the polygon 𝐺𝑘 , with the vertices of 𝐿𝑘 projected onto
the vertices of 𝐺𝑘 .

Thus, we have obtained all the conditions of A.D. Alexandrov’s theorem on the existence of a polyhedron
given its external curvature.

We will present this theorem in the form of a lemma given in the work [2].

Lemma 3.1. Let 𝐿𝑘 be a closed polyline in the half-space 𝑧 ≥ 0, uniquely projecting onto the plane 𝑂𝑥𝑦 into
a convex polyline 𝐺𝑘 , which bounds a convex polygon 𝐺𝑘 .

Let a polyhedron 𝐺 be given with vertices 𝐴𝑖 (for 𝑖 = 1, ..., 𝑛), and match to each point 𝐴𝑖 a number 𝜔𝑖 > 0,
such that

𝑛∑︁
𝑖=0

𝜔𝑖 < 2𝜋.

Then there exists a convex polyhedron with boundary 𝐿𝑘 , uniquely projecting onto the plane 𝑂𝑥𝑦, with
vertices projected onto the points 𝐴𝑖 and external curvatures at these vertices equal to 𝜔0, 𝜔2, ..., 𝜔𝑛,
respectively.

The proof of this lemma is presented in the work [2].
The further transition from polyhedra to regular surfaces is carried out using A.D. Alexandrov’s method [1].

However, in contrast to the well-known results, in our case there is a singularity at the point 𝐴0. In the process
of approximating the surface by polyhedra, the point of the surface projected onto the point 𝐴0 must remain
conical, and the external curvature at this point must be equal to 𝜔0.
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Let 𝑃0 be the polyhedron whose existence is proven by Lemma 1. The extreme vertices of the polyhedron 𝑃

lie on the curve 𝛾. To simplify the reasoning related to preserving the conical vertex, we translate the boundary
of the polyhedron 𝑃 onto the curve 𝛾. To do this, it is sufficient to consider the convex hull of the polyhedron
𝑃 and the curve 𝛾. The part of this convex hull containing the polyhedron 𝑃 and bounded by the curve 𝛾 is
denoted by 𝑃̃.

Lemma 3.2. The vertices of the polyhedron 𝑃̃ coincide with the vertices of the polyhedron 𝑃, and the external
curvature at the vertices of 𝑃̃ is not greater than the external curvature at the vertices of 𝑃.

Proof. Indeed, since the points of the curve 𝛾, except for the points 𝐵′
𝑘 , lie outside the polyhedron 𝑃, when

considering the convex hull, only a linear surface, which does not have a vertex, is added to the polyhedron.
Therefore, the polyhedron 𝑃 does not acquire new vertices. Since the vertices of 𝑃 and 𝑃̃ coincide, and 𝑃

is contained within 𝑃̃, the external curvature of 𝑃 is greater than the external curvature of 𝑃̃. This follows
from the monotonicity of external curvature. Moreover, the change can only occur at those vertices that are
associated with the edge 𝛾. Lemma 2 is proved.

It is known that when approximating surfaces by polyhedra, weak convergence of the sum of the external
curvatures to the function of the set 𝜇 (𝑀) is used. The convergence is considered as the maximum diameter
of the fields 𝑀𝑖 tends to zero. In our case, the vertex corresponding to the point 𝐴0 does not correspond to a
field on the domain 𝐷. Therefore, it does not depend on the diameter of the fields 𝑀𝑖.

Lemma 3.3. When the polyhedron 𝑃̃𝑛 converges to the surface 𝐹 with external curvature 𝜔𝐹 (𝑀) = 𝜇 (𝑀),
the external curvature at the point 𝑥 ∈ 𝐹, which projects to the point 𝐴0, remains equal to 𝜔0.

Proof of Lemma 2: In the proof of the equality 𝜔𝐹 (𝑀) = 𝜇 (𝑀), the integral sum of the external curvature
at the points 𝐴𝑖 ∈ 𝑀𝑖 is used. In this sum, 𝜔0 may not participate, and we consider the sum for 𝑖 = 1, 2, .... The
absence of𝜔0 does not affect the limite of the sum, because for the set 𝑀𝑖, it always holds that𝜔 (𝑀𝑖) = 𝜇

(
𝑀

)
.

By choosingly, the point 𝐴0 is always located on the closure of the fields, except at this point.
Moreover, geometrically, it appears that the spherical mapping of the point 𝐴0 is an area in the spherical

mapping of the polyhedron 𝑃̃𝑛 with an area equal to 𝜔0, and the total area of the spherical mapping of the
polyhedron 𝑃̃𝑛 is greater than 𝜔0. As the polyhedron 𝑃̃𝑛 converges to the surface 𝐹, the spherical mapping of
𝑃̃𝑛 increases, but it does not always restrict the spherical mapping of the point 𝐴0. Lemma 3 is proven.

Lemma 3.4. The boundary surface 𝐹 cannot have ribs.

Indeed, if the surface 𝐹 has a rib, the spherical mapping of the rib would be a segment. This means that in
the field 𝐷, there exists a set 𝑀̃ of points for which 𝜔𝐹

(
𝑀̃
)
= 0, and therefore 𝜇

(
𝑀̃
)
= 0, which contradicts

the conditions of the theorem. Thus, the surface 𝐹 cannot have ribbed points.
Therefore, the surface has a vertex at the point 𝐴0, 𝜔𝐹 (𝑀) = 𝜇 (𝑀), and is uniquely projected onto the field

with the curve 𝛾. The theorem is proved.

4. Connection of the Solved Problem with the Elliptic Monge-Ampère Equation

The problem we are considering is a generalization of A.D. Alexandrov’s results on the existence of a surface
with a given function of external curvature, which is the area of its spherical mapping. A.D. Alexandrov himself
demonstrated the connection between this problem and the Monge-Ampère differential equation.

In their monographs, I.Ya. Bakelman [7] and A.V. Pogorelov [8] solved this geometric problem to prove the
solvability of the Dirichlet problem for a broad class of Monge-Ampère equations. The general form of the
Monge-Ampère equation is given by:

ujmcs.tstu.uz 54

http://ujmcs.tstu.uz


D. Tillayev

𝑧𝑥𝑥𝑧𝑦𝑦 − 𝑧2
𝑥𝑦 = 𝜑(𝑥, 𝑦, 𝑧, 𝑧𝑥 , 𝑧𝑦)

When 𝜑(𝑥, 𝑦, 𝑧, 𝑧𝑥 , 𝑧𝑦) > 0, the equation is of elliptic type.
The geometric problem solved in this article can be considered as solving the Dirichlet problem for the

Monge-Ampère equation on a convex planar domain. This equation takes the form:

𝑧𝑥𝑥𝑧𝑦𝑦 − 𝑧2
𝑥𝑦 = 𝜑(𝑥, 𝑦) (1 + 𝑧2

𝑥 + 𝑧2
𝑦)

3
2

where 𝜑(𝑥, 𝑦) > 0 is a function in domain 𝐷.
Then, the external curvature of the surface, defined as a positive, completely additive function on the Borel

set 𝑀 of 𝐷, is given by the formula:

𝜇(𝑀) =
∬

𝑀

𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

If the equation of the convex surface is given by 𝑧 = 𝑓 (𝑥, 𝑦), (𝑥, 𝑦) ∈ 𝐷, then the external curvature of the
surface, transferred to the plane, is computed as follows:

𝜔𝐹 (𝑀) =
∬

𝑀

𝑧𝑥𝑥𝑧𝑦𝑦 − 𝑧2
𝑥𝑦

(1 + 𝑧2
𝑥 + 𝑧2

𝑦)
3
2

𝑑𝑥 𝑑𝑦.

Therefore, the problem of reconstructing a convex surface from a given external curvature is equivalent to
solving the Monge-Ampère differential equation with a given boundary condition.

It is evident that this result can be generalized to solving the Dirichlet problem for the Monge-Ampère
equation in its general form using the methods developed by I.Ya. Bakelman [ ].

Unlike similar problems discussed in works [3],[6], the function under consideration is irregular at a single
point in the given domain.

5. Conclusion

The problem of reconstructing a surface with a given external curvature was previously solved in the class
of convex polyhedra and in the class of regular surfaces. The results of this article prove the existence of a
surface based on a given external curvature for surfaces with a singularity at a single point.

This article examines the conditions for the existence of a surface defined by a given external curvature
function within a convex domain, particularly in the presence of a singularity at a single point. Based on A.D.
Alexandrov’s method, the geometric properties of the singularity on the surface were analyzed through the
study of external curvature properties for convex polyhedra and regular surfaces. The transfer properties of
external curvature on Borel sets and its application methods were explained in detail.

The primary result of this research proves that for an external curvature function to define a surface, it
must satisfy three fundamental conditions: the function must be non-negative and completely additive, the
external curvature at the singularity point must take a specific value, and the values of external curvature must
comply with the convex domain as a whole. Additionally, the geometric nature of the singularity point and the
completeness property of external curvature were established through proofs involving the approximation of
surfaces by polyhedra.

The findings of this article hold theoretical and practical significance in the study of geometry and the
theory of convex surfaces, particularly in solving problems related to external curvature. These results provide
a crucial foundation for future research in this area.
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Abstract
The study of vector fields in semi-Riemannian manifolds forms a critical component in
differential geometry and mathematical physics. Semi-Riemannian manifolds generalize the
concept of Riemannian manifolds by allowing the metric tensor to have indefinite signature,
thus encompassing both Riemannian and Lorentzian manifolds. This generalization is essential
for understanding the geometry underlying General Relativity and various field theories.
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1. Introduction

Hawking and Ellis explore the geometric and topological aspects of spacetime, which are crucial to
understanding the structure of the universe within general relativity [15]. Semi-Riemannian geometry involves
the study of a smooth manifold equipped with a non-degenerate metric of any given signature. [17] examines
the concept of duality in semi-Riemannian geometry, offering insights into the geometric structures in
general relativity. [18] this textbook introduces advanced geometric methods, including those relevant to
semi-Riemannian geometry and dual transformations, with applications in physics. [20] is book provides a
clear introduction to semi-Riemannian geometry and its applications in general relativity, covering essential
topics like curvature and geodesics.

Ismoilov and Artikbayev studied Monge-Ampère and dual transformations in an isotropic and Galilean
space, where the subspace is a semi-Riemannian submanifold [12, 13, 9, 10, 8, 7].

1.1. Preliminaries

Definition 1.1. The metric tensor 𝑔 on a smooth manifold 𝑀 = (𝑀, 𝑔) is said a symmetric non-degenerate
tensor field on 𝑀 of nonzero constant index. [25]

In other words 𝑔 ∈ T𝑝 (𝑀) smoothly assigns to each point 𝑝 of 𝑀 a scalar product 𝑔𝑝 in the tangent space
𝑇𝑝 (𝑀), and the index of 𝑔𝑝 is the same for all 𝑝.

Definition 1.2. A semi-Riemannian manifold is a smooth manifold 𝑀 equipped with a metric tensor 𝑔.[26]

A semi-Riemannian manifold is an ordered pair (𝑀, 𝑔): two different metric tensors on the same manifold
constitute different semi-Riemannian manifolds. However, we usually denote a semi-Riemannian manifold by
the name of its smooth manifold M, N, and others.
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Let us consider an 𝑛 = 𝑑𝑖𝑚𝑀 dimensional semi-Riemannian manifold 𝑀 . The general value 𝑘 of index 𝑔 on
𝑀 is called the index of M: 0 ≤ 𝑘 ≤ 𝑛. If 𝑘 = 0, 𝑀 is a Riemannian manifold; then each 𝑔 is a inner product
of 𝑇𝑝 (𝑀), 𝑔 be positive definite. If 𝑘 = 1 and 𝑛 ≥ 2, 𝑀 is a Lorentz manifold.

Semi-Riemannian manifolds are often called pseudo-Riemannian manifolds, or even - in the old terminology
- Riemannian manifolds, but we reserve the latter term for a special positive definite case.

We use (, ) as an alternative notation for 𝑔, writing 𝑔(𝑢, 𝑣) = (𝑢, 𝑣) for tangent vectors, and 𝑔(𝑉1, 𝑉2) =
(𝑉1, 𝑉2) ∈ 𝐹 (𝑀) for vector fields.

If 𝑥1, . . . , 𝑥𝑛 is a coordinate system on 𝑈 ⊂ 𝑀 the components of the metric tensor 𝑔 on 𝑈 are

𝑔𝑖 𝑗 = ( 𝜕

𝜕𝑥𝑖
,

𝜕

𝜕𝑥 𝑗
),

were, 𝑖 = 1.𝑛, 𝑗 = 1.𝑛.
Thus for vector fields 𝑉1 =

𝑛∑
𝑖=1

𝑉1,𝑖
𝜕
𝜕𝑥𝑖

and 𝑉2 =
𝑛∑
𝑖=1

𝑉2, 𝑗
𝜕

𝜕𝑥 𝑗 ,

𝑔(𝑉1, 𝑉2) =
𝑛∑︁

𝑖, 𝑗=1

𝑔𝑖 𝑗𝑉1,𝑖𝑉2, 𝑗

Denoted by matrix
(
𝑔𝑖 𝑗 (𝑝)

)
is the inverse of matrix

(
𝑔𝑖 𝑗 (𝑝)

)
.

Since 𝑔 is symmetric, 𝑔𝑖 𝑗 = 𝑔 𝑗𝑖 and hence 𝑔𝑖 𝑗 = 𝑔 𝑗𝑖 for 𝑖 = 1.𝑛, 𝑗 = 1.𝑛. Finally on 𝑈 the metric tensor can
be written as

𝒈 =

𝑛∑︁
𝑖, 𝑗=1

𝑔𝑖 𝑗𝑑𝑥
𝑖 ⊗ 𝑑𝑥 𝑗

For each ∀𝑝 ∈ 𝑅𝑛 there is linear isomorphism from 𝑅𝑛 to𝑇𝑝 (𝑅𝑛) that, in terms of natural coordinates, sends

𝑣 to 𝑣𝑝 =
𝑛∑
𝑖=1

𝑣𝑖 𝜕
𝜕𝑥𝑖

. Thus the scaly product on 𝑅𝑛 gives rise to a metric tensor on 𝑅𝑛 with

(
𝑣1, 𝑝, 𝑣2, 𝑝

)
=

𝑛∑︁
𝑖=1

𝑣1,𝑖𝑣2,𝑖 .

Henceforth in any geometric context 𝑅𝑛 will denote the resulting Riemannian manifold, called 𝑛-dimensional
Euclidean space.

For an integer 𝑘 with 0 ≤ 𝑘 ≤ 𝑛, changing the first 𝑘 plus signs above to minus gives a metric tensor

(
𝑣1, 𝑝, 𝑣2, 𝑝

)
= −

𝑘∑︁
𝑖=1

𝑣1,𝑖𝑣2,𝑖 +
𝑛∑︁

𝑗=𝑘+1

𝑣1, 𝑗𝑣2, 𝑗

of index 𝑘 . The resulting semi-Euclidean space 𝑘𝑅𝑛 reduces to 𝑅𝑛 if 𝑘 = 0. For 𝑛 ≥ 2,1 𝑅𝑛 is called Minkowski
𝑛-space; if 𝑛 = 4 it is the simplest example of a relativistic spacetime.

Fix the notation

𝜀𝑖 =

{
−1 for 1 ≤ 𝑖 ≤ 𝑣

+1 for 𝑣 + 1 ≤ 𝑖 ≤ 𝑛

Then the metric tensor of 𝑘𝑅𝑛 can be written

𝒈 =

𝑛∑︁
𝑖=1

𝜀𝑖
𝜕

𝜕𝑥𝑖
⊗ 𝜕

𝜕𝑥𝑖
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The geometric significance of the index of a semi-Riemannian manifold derives from the following
trichotomy.

Definition 1.3. A tangent vector 𝑣 to 𝑀 is [1]

spacelike if (𝑣, 𝑣) > 0 or 𝑣 = 0

null if (𝑣, 𝑣) = 0 and 𝑣 ≠ 0

timelike if (𝑣, 𝑣) < 0.

By an orthonormal frame on a pseudo-Riemannian 𝑛−manifold 𝑀 , we mean a set consists of 𝑛 mutually
orthogonal unit vector fields 𝑒1, . . . , 𝑒𝑛 on 𝑀 .

The mean curvature 𝐻 of a submanifold 𝑀 ′ in a semi-Riemannian manifold (𝑀, 𝑔) is related to the Laplace-
Beltrami operator Δ acting on the embedding functions of 𝑀 ′. For a submanifold 𝑀 ′ with an embedding
𝑋 : 𝑀 ′ → 𝑀 , the mean curvature vector 𝐻 can be expressed as:

𝐻 = Δ𝑋

where Δ is the Laplace-Beltrami operator on 𝑀 ′.
Let 𝑉 and 𝑊 be vector fields on a semi-Riemannian manifold 𝑀 . The goal of this section is to show how to

define a new vector field ∇𝑉𝑊 on 𝑀 whose value at each point 𝑝 is the vector rate of change of 𝑊 in the 𝑉𝑝

direction. There is a natural way to do this on 𝑹𝑛
𝑣 .

Definition 1.4. Let 𝑢1, . . . , 𝑢𝑛 be the natural coordinates on 𝑹𝑛
𝑣 . If 𝑉 =

𝑛∑
𝑖=1

𝑉 𝑖 𝜕
𝜕𝑥𝑖

and 𝑌 =
𝑛∑
𝑖=1

𝑌 𝑖 𝜕
𝜕𝑥𝑖

are vector

fields on 𝑹𝑛
𝑣 , the vector field

∇𝑉𝑊 =

𝑛∑︁
𝑖=1

𝑉
(
𝑌 𝑖

) 𝜕

𝜕𝑥𝑖

is called the natural covariant derivative of 𝑌 with respect to 𝑉 .

The second fundamental form II is given by:

II(𝑋,𝑌 ) = (∇𝑋𝑌 )⊥

where 𝑋,𝑌 are tangent vectors to 𝑀 ′. The perpendicular component of the covariant derivative is given by:
(∇𝑋𝑌 )⊥ = ∇𝑋𝑌 − ⟨∇𝑋𝑌, 𝑋⟩𝑋 .

The mean curvature vector ℎ is:

𝐻 =
1
𝑚

𝑚∑︁
𝑖=1

(∇𝑒𝑖𝑒𝑖)⊥,

where {𝑒𝑖}𝑚𝑖=1 is an orthonormal basis of the tangent space of 𝑀 and ∇𝑒𝑖𝑒𝑖 = 𝑒
𝑗

𝑖

𝜕𝑒𝑘
𝑖

𝜕𝑥 𝑗 + Γ𝑘
𝑗𝑘
𝑒
𝑗

𝑖
𝑒𝑘
𝑖
, where

Γ𝑖
𝑗𝑘

= 1
2𝑔

𝑖𝑚
(
𝜕𝑔𝑚𝑗

𝜕𝑥𝑘
+ 𝜕𝑔𝑚𝑘

𝜕𝑥 𝑗 − 𝜕𝑔 𝑗𝑘

𝜕𝑥𝑚

)
.

Definition 1.5. A pseudo-Riemannian submanifold 𝑁 is called minimal if the mean curvature vector 𝐻

vanishes identically, i.e., 𝐻 ≡ 0. [27]

If the submanifold is given by the formula 𝑥𝑛+1 = 𝑓 (𝑥1, 𝑥2, . . . , 𝑥𝑛) in a curvilinear coordinate system. For
a function 𝜑 : 𝑀 → 𝑀∗ its Dual transform is defined to curved coordinates

𝑥∗
𝑖
= 𝑓 ′𝑥𝑖 (𝑥1, 𝑥2, ..., 𝑥𝑛) 𝑖 = 1.𝑛

𝑥∗
𝑛+1 =

𝑛∑
𝑖=1

𝑥𝑖 · 𝑓 ′𝑥𝑖 (𝑥1, 𝑥2, ..., 𝑥𝑛) − 𝑓 (𝑥1, 𝑥2, ..., 𝑥𝑛)
.
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Lemma 1.1. Properties of the Dual Transform:
1. Involutory Property: The dual transform is an involution; that is, the dual transform of 𝑓 ∗ is 𝑓 itself.
2. Duality: The transform maps the problem of finding the extremum of 𝑓 to a dual problem involving 𝑓 ∗.
3. Smoothness: If 𝑓 is smooth and strictly convex, then 𝑓 ∗ is also smooth.[12]

2. Results

Theorem 2.1. : If (𝑀, 𝑔) is a semi-Riemannian manifold and 𝑁 ⊂ 𝑀 is a minimal submanifold, then the dual
transformation of 𝑁 into 𝑁∗ ⊂ 𝑀 will be conformal. That is, the dual transformation 𝜙 : 𝑁 → 𝑁∗ results in
metrics 𝑔 and 𝜙∗𝑔 being related as follows:

𝜙∗𝑔 = 𝑒2𝜆𝑔

where 𝜆 : 𝑀 → R is a smooth function.

Proof. To prove this theorem, we will consider the concepts of minimal submanifolds, dual transformations,
and the properties of conformal changes in detail.

To understand how the metric changes under dual transformation, we first consider the pull-back of the
metric via the dual transformation:

(𝜙∗𝑔) (𝑋,𝑌 ) = 𝑔(𝑑𝜙(𝑋), 𝑑𝜙(𝑌 )),

where 𝑋,𝑌 are tangent vectors on 𝑀 .
Conformal transformations scale the metric by a scalar factor. If 𝜙 : 𝑀 → 𝑀 is a conformal transformation,

then the metrics 𝜙∗𝑔 and 𝑔 are related by:
𝜙∗𝑔 = 𝑒2𝜆𝑔,

where 𝜆 : 𝑀 → R is a smooth function.
This implies that the metric under dual transformation is scaled by a factor. The conformal change of the

mean curvature vector is given by:
H∗ = 𝑒−𝜆H.

Since H = 0 for a minimal submanifold:
H∗ = 𝑒−𝜆 · 0 = 0.

This confirms that the dual transformation is conformal.

Theorem 2.2. If M two dimensional is a minimal pseudo-Riemannian supmanifold in the Null submanifold,
then the dual mapping will be conformal.

Proof. A mapping is conformal if the first fundamental form is

𝑔∗ = 𝜆(𝑥1, 𝑥2)
((

𝜕

𝜕𝑥1

)2

+
(
𝜕

𝜕𝑥2

)2
)
.

Let us determine the conditions that satisfy this equality. Calculate the first fundamental form of the dual
submanifold 𝑀∗ under the condition that 𝑀 is the minimal submanifold:

𝑔∗ =

(
𝜕

𝜕 (𝑥∗)1

)2

+
(

𝜕

𝜕 (𝑥∗)2

)2

=

(
𝜕2 𝑓

𝜕 (𝑥1)2

𝜕

𝜕𝑥1
+ 𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

𝜕

𝜕𝑥2

)2

+
(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

𝜕

𝜕𝑥1
+ 𝜕2 𝑓

𝜕 (𝑥2)2
𝜕

𝜕𝑥2

)2

=[(
𝜕2 𝑓

𝜕 (𝑥1)2

)2

+
(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

)2
] (

𝜕

𝜕𝑥1

)2

+ 2
𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

(
𝜕2 𝑓

𝜕 (𝑥1)2
+ 𝜕2 𝑓

𝜕 (𝑥2)2

)
𝜕

𝜕𝑥1

𝜕

𝜕𝑥2+
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+
[(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

)2

+
(

𝜕2 𝑓

𝜕 (𝑥2)2

)2
] (

𝜕

𝜕𝑥2

)2

.

The expression 𝜕2 𝑓

𝜕(𝑥1 )2 +
𝜕2 𝑓

𝜕(𝑥2 )2 = 0 follows from the definition of a minimal submanifold 𝑀 and the mean

curvature formula. Hence, if we consider the expression 𝜕2 𝑓

𝜕(𝑥1 )2 = − 𝜕2 𝑓

𝜕(𝑥2 )2 :

𝑔∗ =

[(
𝜕2 𝑓

𝜕 (𝑥1)2

)2

+
(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

)2
] (

𝜕

𝜕𝑥1

)2

+
[(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

)2

+
(

𝜕2 𝑓

𝜕 (𝑥2)2

)2
] (

𝜕

𝜕𝑥2

)2

=

=

[(
𝜕2 𝑓

𝜕 (𝑥1)2

)2

+
(

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2

)2
] (

( 𝜕

𝜕𝑥1
)2 + ( 𝜕

𝜕𝑥2 )
2
)
= 𝜆(𝑥1, 𝑥2)𝑔.

We get from here that 𝜆(𝑥1, 𝑥2) = ( 𝜕2 𝑓

𝜕(𝑥1 )2 )2 + ( 𝜕2 𝑓

𝜕𝑥1𝜕𝑥2 )2.
This proves that the dual mapping of the minimal submanifold is conformal.

Corollary 2.1. If the translation submanifold satisfies the condition 𝜕2 𝑓

𝜕(𝑥1 )2 =
𝜕2 𝑓

𝜕(𝑥2 )2 , then its dual mapping
will be conformal.

To understand the mechanical meaning of the dual transformation, we need to examine the physical and
geometric implications of such mathematical transformations. A dual transformation typically reflects a change
in certain structures of the original submanifold, which can be crucial for studying physical mechanisms or
geometric properties.

The dual transformation 𝜙 : 𝑁 → 𝑁∗ generally involves mapping the new submanifold 𝑁∗ such that it
retains or reinterprets the specific characteristics of the original submanifold 𝑁 . Mechanically, this can imply
the following:

Minimal submanifolds represent minimized potential energy states in physical terms. A dual transformation
re-expresses these states in a new coordinate system or geometric context, preserving energy minimization
principles in a new setting.

As a result of the dual transformation, the metric changes conformally, meaning the shape is preserved while
the size or scale may change:

𝜙∗𝑔 = 𝑒2𝜆𝑔

This is analogous to symmetry transformations in physics, such as changes related to light propagation under
heating or expansion. Conformal transformations preserve shapes and angles, but alter dimensions.

Dual transformations preserve or reinterpret geometric properties in a new geometry. For instance, minimal
surfaces, elastic materials, or field theories can be re-expressed with new physical or mathematical insights
through dual transformations.

In mechanical systems, dual transformations allow for the study of phenomena in the original system within
a new framework. For example, studying structures through conformal transformations can be beneficial for
analyzing the elastic properties of materials.

Examples.
The tension and equilibrium states of an elastic membrane can be analyzed under new conditions via

dual transformation. For example, the deformation of an elastic material can be studied in a new conformal
coordinate system.

The propagation of light in different media can be analyzed through dual transformations in new media.
Conformal optics allows for the study of new directions and curvatures of light propagation.
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Conclusion

The Dual transform is a versatile mathematical tool that offers significant advantages in the analysis of vector
fields on semi-Riemannian manifolds and in the solution of the Monge-Ampère equation. By transforming
the original problem into a dual formulation, we can exploit the properties of convex functions and their
transforms to find solutions to complex geometric and physical equations. This approach not only simplifies
the mathematical treatment but also provides deeper insights into the structure of semi-Riemannian manifolds
and their applications in various fields of mathematics and physics.
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Technical diagnostics of diesel locomotive units and
assemblies using mathematical modeling
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Abstract
The operational efficiency of diesel locomotives is largely determined by their reliability. The
problem of ensuring the reliable operation of diesel locomotives has always been considered as
one of the priority tasks for railway transport.
Reliability management of diesel locomotives consists in establishing, ensuring and maintaining
its level standardized by technical conditions at all stages of creating diesel locomotives and using
them for their intended purpose.
The effective use of diesel locomotives provides, in particular, their high reliability in operation,
minimum maintenance and repair costs, maximum use of resource and energy potential. In
this regard, a special role is given to the technical diagnosis of components and assemblies of a
diesel locomotive.
The current reliability of a diesel locomotive at each given moment of its use depends on
a number of factors acting in the period of time preceding this moment. For example, the
reliability of a newly built locomotive depends on the level of research and development, the
quality of the manufacture of components and parts, as well as their assembly and adjustment.

Keywords: Crankshaft, thermal index, reliability, performance, diesel locomotives, thermal strength, design.
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1. Introduction

The reliability of a locomotive in operation is determined by the conditions in which it operates (climate,
dust content of air, track plan and profile, mass of trains, etc.), as well as the organization of its maintenance
and repair (method of servicing the locomotive by crews, qualification of locomotive crews, frequency of
inspections and repairs, scope of repair work performed during these inspections and repairs, quality of repair
work, etc.).

Thus, the reliability of locomotives, their assembly units and parts depends on a large number of different
factors, which can be divided into three main groups:

- design and engineering;
- production and process;
- operational and repair.
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To assess the level of reliability of a technical object, a system of special numerical characteristics –
reliability indicators is used. Depending on the properties of the object characterized by these indicators,
single and complex indicators are distinguished [1-2].

One of the main single indicators of reliability is the failure flow parameter 𝜔, which is the average number
of failures of the repaired product per unit of time and characterizes the reliability of the locomotive. Complex
indicators quantitatively characterize at least two properties that make up reliability. An example of a complex
indicator is the availability factor, which simultaneously characterizes two different reliability properties of
diesel locomotives - reliability and maintainability. Normalization and reliable assessment of the reliability
level should be carried out using complex indicators. The use of single indicators for these purposes (the most
popular among specialists is the failure flow parameter) can distort the true picture of the state of reliability of
diesel locomotives.

2. Problem statement.

Technical dagnostics in order to ensure the required level of reliability and strength of such a complex object
as a diesel locomotive is associated with comprehensive analytical and numerical studies on mathematical
modeling of its components and parts. At the same time, an integrated approach involves solving the problems
of assessing the stress-strain state, as well as studying the operating modes of the crankshaft systems of a diesel
locomotive.

One of the main diesel engine systems for which the solution of such tasks is necessary is the most important
and responsible system of an internal combustion engine - a crank mechanism, since it is with the help of
the units of this mechanism that the thermal energy of the working gases is converted into mechanical energy
of rotation of the crankshaft. The reliability of the crank mechanism directly determines the reliability and
durability of the entire diesel engine of the diesel locomotive as a whole, which imposes strict requirements
on the design, manufacture, installation, operation, maintenance and repair of the mechanism components,
as well as on the quality of materials used in the manufacture of these components, which should ultimately
ensure the required engine life.

In a diesel locomotive, steady-state torsional vibrations are forced. Under conditions of resonance of angular
displacements of sections, a malfunction occurs in the area of ? ? the crankshaft. The shaft revolutions at which
these resonant phenomena occur are called critical. The occurrence of critical crankshaft conditions leads to
destruction. The task of the thermal monitoring diagnostic complex is to timely determine the malfunction of
the facility:

- diagnostics during operation of critical speeds;
- determination of resonance amplitudes;
- calculation of high dynamic stresses occurring on the diesel engine crankshaft of a diesel locomotive [3 -

4].
In this work, mathematical modeling of torsional vibrations of crankshafts of diesel locomotives was carried

out, taking into account the impact of operational loads. A mathematical model has been developed, an
algorithm and a program have been drawn up, numerical studies have been performed in the MATHCAD 15
programming environment.
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3. Method of solution

This paragraph presents a mathematical model for numerical studies of the torsional vibrations of the
crankshafts of diesel locomotives, taking into account the impact of operational loads, based on the Gauss
method and the iteration method.

The mathematical model for dynamic modeling is based on the assumption of calculating the crankshaft
of a diesel locomotive as an eight mass discrete system consisting of a shaft of main journals with torsional
stiffnesses 𝐾12 − 𝐾78, as well as connecting rods mounted on it with mass moments of inertia 𝐽1 − 𝐽8.

At that, rear output part of crankshaft is connected to flywheel (flywheel flange 𝐹𝑊), and through it - to
transmission, and front part of crankshaft (𝐹𝑅), to which sprocket is attached, is connected to pulley of gas
distributing mechanism drive and auxiliary systems.

The design diagram for this eight mass discrete system is shown in Figure 1.
Figure 1 shows the following symbols:
1 – 9 — numbers of main journals (shaft segments located on its axis of rotation) (see Figure 1);
I – VIII — numbers of crankpins (shaft segments offset from its axis of rotation and main crankpins), at

𝑖 = 1, 2, . . . , 8;
𝐾12 − 𝐾78 — torsional stiffnesses of the main journals (stiffness of the adjacent section of the shaft between

masses) in (𝑛 · 𝑚)/𝑟𝑎𝑑;
𝐽1 − 𝐽8 — mass moments of inertia 𝐶𝑅 (crank pins) relative to axis 𝑂𝑋 in 𝑘𝑔 · 𝑚2.

Fig. 1. Design scheme for analysis of torsional vibrations of diesel engine crankshaft in the form of
eight-weight discrete system

𝐹𝑊 — flywheel flange (shaft end) – the rear output part of the crankshaft, connected to the flywheel, and
through it – to the transmission.
𝐹𝑅 — the front part of the crankshaft (nose), to which the sprocket is attached, the drive pulley of the gas

distribution mechanism and auxiliary systems.
The crankshaft of a diesel locomotive is modeled in the form of a rod with a piecewise continuous distribution

of mass along the length, taking into account eight mass systems.
The calculation of the torsional oscillations of the crankshaft of a diesel locomotive with a piecewise

continuous distribution of mass along the length can be represented in matrix form and "transition matrices"
for sections of the rod.

We will justify the model of torsional vibrations of the masses of the crankshaft of a diesel locomotive in
the form of a discrete system in the following sequence:
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1. Secured crank pins rotate on crankshaft axle 𝑂𝑋 . Note here that their number for diesel generator 1A –
9 DG diesel locomotive UzTE16M [4] equals eight, i.e. 𝑖 = 1, 2, . . . , 8.

2. From front part of crankshaft – LE flap (𝐹𝑅), to which sprocket is attached, pulley of gas distributing
mechanism drive and auxiliary systems, power from fuel combustion is transmitted to crankshaft and then rear
output part of crankshaft, which is connected to flywheel (𝐹𝑊), and through it – to transmission, transmits
mechanical power required for diesel locomotive movement.

3. Design scheme for analysis of torsional vibrations of diesel locomotive crankshaft in the form of eight-
weight discrete system, on which the following are highlighted:

- 𝜑 𝑗 (𝑡) – angles of rotation of main journals together with connecting rods on crankshaft ( 𝑗 = 0, 1, . . . , 8)
in radians, which take into account functions of rotary (kinematic) movement of each of nine masses;

- rotational moment of inertia of 𝑖-th weight of connecting rod journal 𝐽𝑖 relative to axis OX in 𝑘𝑔 · 𝑚2;
- driving moment 𝑀𝐾 at a point 𝑂, wherein the angle of rotation of the journal 𝜑0(𝑡), and the mass moment

of inertia is 𝐽0;
- antitorque moment 𝑀𝐴𝑇 is applied to the flywheel flange 𝐹𝑊 .
4. To derive the equations of oscillations of mass moments of inertia, the Lagrange method and functions

were used:
4.1. kinematic energy:

𝑇 =
1
2

{
𝐽0 (𝜑0)2 + (𝐽0 + 𝐽1) (𝜑0 + 𝜑1)2 + ... +

(
𝐽0 + 𝐽 𝑗

) (
𝜑0 + 𝜑1 + ... + 𝜑 𝑗

)2
}
, (3.1)

4.2. potential energy:

𝑃 =
1
2
{
𝐾12 (𝜑1 − 𝜑2) + 𝐾23 (𝜑2 − 𝜑3) + ... + 𝐾 ( 𝑗−1) 𝑗

(
𝜑 𝑗−1 − 𝜑 𝑗

)}
, (3.2)

4.3. operation of external forces (torque and resistance moment in the system):

𝑑𝐴 = 𝑀𝐾𝛿𝜑0 − 𝑀𝐴𝑇

(
𝛿𝜑0 + 𝛿𝜑1 + 𝛿𝜑2 + ... + 𝛿𝜑 𝑗

)
, (3.3)

4.4. The Lagrange equation for each 𝑗-th coordinate 𝜑 𝑗 ( 𝑗 = 0, 1, . . . , 8) to describe the rotation of each
𝑖-th mass (𝑖 = 1, 2, . . . , 8) of a given discrete eight mass system for the crankshaft of a diesel locomotive
can be written as:

𝜕

𝜕𝑡

[
𝜕𝑇

𝜕𝜑 𝑗

]
+ 𝜕𝑃

𝜕𝜑 𝑗
=
𝜕𝐴

𝜕𝜑 𝑗
, (3.4)

for 𝜑0:
𝜑0

(
𝐽0 + 𝐽1 + 𝐽2 + ... + 𝐽 𝑗

)
+ 𝜑1 (𝐽0 + 𝐽1) + ... + 𝜑 𝑗

(
𝐽0 + 𝐽 𝑗

)
= 𝑀𝐾 − 𝑀𝐴𝑇 , (3.5)

for 𝜑1:
𝜑0 (𝐽0 + 𝐽1) + 𝜑1 (𝐽0 + 𝐽1) + 𝐾12 (𝜑1 − 𝜑2) = −𝑀1, (3.6)

for 𝜑2:
𝜑0 (𝐽0 + 𝐽2) + 𝜑2 (𝐽0 + 𝐽2) + 𝐾23 (𝜑2 − 𝜑3) = −𝑀2, (3.7)

for 𝜑𝑖 (𝑖 = 1, 2, . . . , 8):

𝜑0 (𝐽0 + 𝐽𝑖) + 𝜑𝐽 (𝐽0 + 𝐽𝑖) + 𝐾 (𝑖−1)𝑖 (𝜑𝑖−1 − 𝜑𝑖) = −𝑀𝑖 . (3.8)

5. The resulting system of differential equations:
- at 𝑀𝑖 = 0 and ¥𝜑0(𝑡) = 0 is a system of homogeneous equations;
- at ¥𝜑0(𝑡) ≠ 0 shows variable rotation;
- at 𝑀𝑖 ≠ 0 shows the action of variable loads.
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6. Solving the system of differential equations (3.5) - (3.8) for the first case. The condition in this case refers
to the uneven rotation of the crankshaft of the diesel locomotive:

𝜑0 (𝑡) = 𝜑0 cos (𝜔 𝑡) , (3.9)

where 𝜑0 is the amplitude of the circular frequency.
6.1. For system solutions,

𝜑1 (𝑡) = 𝜑1 cos (𝜔 𝑡) , 𝜑2 (𝑡) = 𝜑2 cos (𝜔 𝑡) , 𝜑 𝑗 (𝑡) = 𝜑 𝑗 cos (𝜔 𝑡) , (3.10)

where 𝜑 𝑗 – amplitudes of model mass fluctuations as per Figure 1.
6.2. After calculating the time derivatives from (3.10) in the system of differential equations (3.5) - (3.8), a

system of algebraic equations is obtained to determine the amplitudes 𝜑 𝑗 :

−𝜑1𝜔
2 (𝐽0 + 𝐽1) − 𝜑2𝜔

2 (𝐽0 + 𝐽2) − ... − 𝜑 𝑗𝜔2 (𝐽0 + 𝐽 𝑗
)
=

𝑀𝐾 − 𝑀𝐴𝑇

𝜑0𝜔2
(
𝐽0 + 𝐽1 + ... + 𝐽 𝑗

) = 𝐵0 (3.11)

−𝜑1𝜔
2 (𝐽0 + 𝐽1) + 𝐾12 (𝜑1 − 𝜑2) =

−𝑀1

𝜑0𝜔2 (𝐽0 + 𝐽1)
= 𝐵1, (3.12)

−𝜑2𝜔
2 (𝐽0 + 𝐽2) + 𝐾23 (𝜑2 − 𝜑3) =

−𝑀2

𝜑0𝜔2 (𝐽0 + 𝐽2)
= 𝐵2, (3.13)

−𝜑𝑖𝜔2 (𝐽0 + 𝐽𝑖) + 𝐾 (𝑖−1)𝑖 (𝜑𝑖−1 − 𝜑𝑖) =
−𝑀 𝑗

𝜑0𝜔2 (𝐽0 + 𝐽𝑖)
= 𝐵𝑖 (𝑖 = 1, 2, . . . , 8). (3.14)

6.3. We introduce the designations of the coefficients 𝐴𝑖 𝑗 and 𝐵 𝑗 for 𝜑 𝑗 in the system of algebraic equations
(3.11) - (3.14):

𝐴11𝜑1 + 𝐴12𝜑2 + 𝐴13𝜑3 + ... + 𝐴1 𝑗𝜑 𝑗 = 𝐵1, (3.15)

𝐴21𝜑1 + 𝐴22𝜑2 + 𝐴23𝜑3 + ... + 𝐴2 𝑗𝜑 𝑗 = 𝐵2, (3.16)

𝐴31𝜑1 + 𝐴32𝜑2 + 𝐴33𝜑3 + ... + 𝐴3 𝑗𝜑 𝑗 = 𝐵3, (3.17)

𝐴𝑖1𝜑1 + 𝐴𝑖2𝜑2 + 𝐴𝑖3𝜑3 + ... + 𝐴𝑖 𝑗𝜑𝑖 = 𝐵𝑖 (𝑖 = 1, 2, . . . , 8). (3.18)

4. Discussion of results.

The resulting system of equations can be solved by the numerical Gauss method [5-8] in the MATHCAD 15
programming environment. To do this, at the beginning, a determinant is obtained from the coefficients at 𝜑 𝑗

Δ =

�����������������

𝐴11 𝐴12 𝐴13 𝐴14... 𝐴18

𝐴21 𝐴22 𝐴23 𝐴24... 𝐴28

𝐴31 𝐴32 𝐴33 𝐴34... 𝐴38

𝐴41 𝐴42 𝐴43 𝐴44... 𝐴48

𝐴51 𝐴52 𝐴53 𝐴54... 𝐴58

𝐴61 𝐴62 𝐴63 𝐴64... 𝐴68

𝐴71 𝐴72 𝐴73 𝐴74... 𝐴78

𝐴81 𝐴82 𝐴83 𝐴84... 𝐴88

�����������������
, (4.1)
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After that, according to Cramer’s rule, the formulas for 𝜑 𝑗

𝜑1 =
1
Δ

�����������������

𝐵1 𝐴12 𝐴13 𝐴14... 𝐴18

𝐵2 𝐴22 𝐴23 𝐴24... 𝐴28

𝐵3 𝐴32 𝐴33 𝐴34... 𝐴38

𝐵4 𝐴42 𝐴43 𝐴44... 𝐴48

𝐵5 𝐴52 𝐴53 𝐴54... 𝐴58

𝐵6 𝐴62 𝐴63 𝐴64... 𝐴68

𝐵7 𝐴72 𝐴73 𝐴74... 𝐴78

𝐵8 𝐴82 𝐴83 𝐴84... 𝐴88

�����������������
, (4.2)

𝜑2 =
1
Δ

�����������������

𝐴11 𝐵1 𝐴13 𝐴14... 𝐴18

𝐴21 𝐵2 𝐴23 𝐴24... 𝐴28

𝐴31 𝐵3 𝐴33 𝐴34... 𝐴38

𝐴41 𝐵4 𝐴43 𝐴44... 𝐴48

𝐴51 𝐵5 𝐴53 𝐴54... 𝐴58

𝐴61 𝐵6 𝐴63 𝐴64... 𝐴68

𝐴71 𝐵7 𝐴73 𝐴74... 𝐴78

𝐴81 𝐵8 𝐴83 𝐴84... 𝐴88

�����������������
, (4.3)

And so on . . .

𝜑8 =
1
Δ

�����������������

𝐴11 𝐴12 𝐴13 𝐴14... 𝐵1

𝐴21 𝐴22 𝐴23 𝐴24... 𝐵2

𝐴31 𝐴32 𝐴33 𝐴34... 𝐵3

𝐴41 𝐴42 𝐴43 𝐴44... 𝐵4

𝐴51 𝐴52 𝐴53 𝐴54... 𝐵5

𝐴61 𝐴62 𝐴63 𝐴64... 𝐵6

𝐴71 𝐴72 𝐴73 𝐴74... 𝐵7

𝐴81 𝐴82 𝐴83 𝐴84... 𝐵8

�����������������
, (4.4)

The system of equations (3.15) - (3.18) for calculating torsional oscillations of the crankshaft of a diesel
locomotive with piecewise continuous distribution of mass along the length is presented in matrix form using
concentrated mass matrices and «transition matrices» for sections of the rod according to the Gauss method
and the Kramer rule. An algorithm was developed and a program was compiled based on the Gauss method
and the iteration method. Numerical studies are performed in the MATHCAD 15 programming environment.
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The singular value function, associated with a Maharam
trace
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Abstract
Let 𝑀 be a finite von Neumann algebra, let 𝑆(𝑀) be the ∗-algebra of measurable operators
affiliated with 𝑀 . Maharam traces Φ on a von Neumann algebra 𝑀 with values in complex
Dedekind complete vector lattices are considered. The singular value function of operators
from 𝑆(𝑀), associated with such a trace Φ are determined. The main properties of these
singular value functions, similar to classical singular value functions of measurable operators,
are studied.

Keywords: von Neumann algebra, algebra of measurable operators, vector-valued trace, Dedekind complete vector lattice, singular value function,

Maharam trace.
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Introduction

The modern theory of noncommutative measure and integration finds its roots in the seminal papers of
I.E.Segal [1] and J.Dixmier [2]. The introduced by I.E.Segal noncommutative 𝐿1-space associated with an
exact normal semiinfinite trace is the main object of many investigations both in the theory of noncommutative
integration and in its multiple applications ( for example,[3], [4], [5], [6]). Detailed information on the current
state of this theory is presented in [7], [8], [9], [10] and [11].

The existence of the center-valued traces in finite von Neumann algebras makes it natural to construct the
theory of integration for traces with values in the complex Dedekind complete vector lattice 𝐹C = 𝐹 ⊕ 𝑖𝐹. If the
von Neumann algebra is commutative, then construction of 𝐹C-valued integration for it is the component part
for the investigation of the properties of order continuous maps of vector lattices. The theory of such mappings
is described rather thoroughly in the monograph [12]. An import role among these mappings is played by
operators with the Maharam property. 𝐿 𝑝-spaces associated with such operators are profound examples of
Banach-Kantorovich lattices.

In [13], [14] and [15] a theory of non-commutative integration for traces Φ with values in the complex
Dedekind complete vector lattice 𝐹C was constructed. In particular, for Maharam traces Φ, with the help of
the locally measure topology in the algebra 𝑆(𝑀) of all measurable operators affiliated with the von Neumann
algebra 𝑀 , the Banach-Kantorovich space 𝐿 𝑝 (𝑀,Φ) ⊂ 𝑆(𝑀), 1 ≤ 𝑝 < ∞ was constructed and properties of
such spaces are considered.
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The singular value function, associated with a Maharam trace

This article is devoted to a study of singular value function of operators from 𝑆(𝑀), associated with a
Maharam trace Φ. Also dominated properties of these singular value functions, similar to classical singular
value functions of measurable operators, are proved.

In studying the ∗-algebra 𝑆(𝑀, 𝜏) of all 𝜏-measurable operators, the notion of singular value functions plays
an important role. There is an intimate relationship between the properties of 𝜏-measurable operators and the
properties of the singular value function (see for example ([11], Chapter 3)). For 𝑥 ∈ 𝑆(𝑀, 𝜏), the singular
value function 𝜇(𝑥) is defined by

𝜇(𝑡; 𝑥) := inf{𝑠 ≥ 0 : 𝜏(𝐸 (𝑠,∞) (𝑥)) ≤ 𝑡}, 𝑡 ≥ 0,

where 𝐸 (𝑠,∞) (𝑥) is the spectral projection of the operator 𝑥 corresponding to the interval (𝑠,∞). The following
expression is classical:

𝜇(𝑡; 𝑥) := inf{∥𝑥𝑝∥𝑀 : 𝑝 ∈ 𝑃(𝑀), 𝜏(1 − 𝑝) ≤ 𝑡}, 𝑥 ∈ 𝑆(𝑀, 𝜏), 𝑡 ≥ 0,

where 𝑃(𝑀) is the set of all projectors in von Neumann algebra 𝑀 .
In the present article, we will study the corresponding notion for traces Φ : 𝑀 → 𝐹C. More precisely, let

𝑀 be a finite von Neumann algebra, with center 𝑍 (𝑀), on the Hilbert space 𝐻. Let B be a commutative
von Neumann algebra, ∗-isomorphic to a von Neumann subalgebra A in 𝑍 (𝑀), and let Φ be a 𝑆(B)-valued
Maharam trace on 𝑀 . Denote by P(B) the set of all 𝑓 ∈ 𝑆ℎ (B), for which the support 𝑠( 𝑓 ) = 1B .

For 𝑥 ∈ 𝑆(𝑀), the singular value function, associated with a Maharam trace Φ is the map Φ(𝑥) : (0,∞) →
𝑆ℎ (B) defined by the equality

Φ(𝑡; 𝑥) := inf{𝑔 ∈ P(B) : Φ(𝐸𝑔 (𝑥)) ≤ 𝑡 · 1}, 𝑡 > 0,

where 𝐸𝑔 (𝑥) ∈ 𝑃(𝑀) is the projector in𝑀 , which is a projection onto a closed subspace {𝜉 ∈ 𝐻 : 𝑥(𝜉) > 𝑔(𝜉)}.
For all 𝑡 > 0, the singular value function Φ(𝑥) admits the characterization

Φ(𝑡; 𝑥) = inf{∥𝑥𝑒∥A : 𝑒 ∈ 𝑃(𝑀), 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1},

where
𝐸 (𝑀,A) =

{
𝑥 ∈ 𝑆(𝑀) : |𝑥 | ≤ 𝑎 for some 𝑎 ∈ 𝑆+(A)

}
is a Banach-Kantorovich space with 𝑆ℎ (A)-valued norm

∥𝑥∥A = inf{𝑎 ∈ 𝑆+(A) : |𝑥 | ≤ 𝑎}.
We use the terminology and results of the theory of von Neumann algebras [8], [9], the theory of measurable

operators [1], [10], [11] and of the theory of Dedekind complete vector lattices and Banach-Kantorovich spaces
theory [12].

1. Preliminaries

Let 𝐻 be a Hilbert space over the field C of complex numbers, let 𝐵(𝐻) be the ∗-algebra of all bounded
linear operators on 𝐻, and 1 be the identity operator on 𝐻. Let 𝑀 be a von Neumann algebra acting on 𝐻, let
𝑍 (𝑀) be the center of 𝑀 and 𝑃(𝑀) = {𝑝 ∈ 𝑀 : 𝑝2 = 𝑝 = 𝑝∗} be the lattice of all projectors in 𝑀 . We denote
by 𝑃 𝑓 𝑖𝑛 (𝑀) the set of all finite projectors in 𝑀.

A densely-defined closed linear operator 𝑥 (possibly unbounded) affiliated with 𝑀 is said to be measurable
if there exists a sequence {𝑝𝑛}∞𝑛=1 ⊂ 𝑃(𝑀) such that 𝑝𝑛 ↑ 1, 𝑝𝑛 (𝐻) ⊂ 𝔇(𝑥) and 𝑝⊥𝑛 = 1 − 𝑝𝑛 ∈ 𝑃 𝑓 𝑖𝑛 (𝑀) for
every 𝑛 = 1, 2, . . . (here 𝔇(𝑥) is the domain of 𝑥).
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The set 𝑆(𝑀) of all measurable with respect to 𝑀 operators is a complex ∗-algebra with unit element 1, with
respect to the operations of strong sum, strong product and the ∗-operation of taking adjoints (see [1]). The
von Neumann algebra 𝑀 is a ∗-subalgebra of 𝑆(𝑀). The set of all self-adjoint elements in 𝑆(𝑀) is denoted by
𝑆ℎ (𝑀), which is a real linear subspace of 𝑆(𝑀).

Let 𝑥 ∈ 𝑆(𝑀) and 𝑥 = 𝑢 |𝑥 | be the polar decomposition, where |𝑥 | = (𝑥∗𝑥) 1
2 , 𝑢 is a partial isometry in 𝐵(𝐻).

Then𝑢 ∈ 𝑀 and |𝑥 | ∈ 𝑆(𝑀). If 𝑥 ∈ 𝑆ℎ (𝑀) and {𝐸𝜆(𝑥)} are the spectral projections of 𝑥, then {𝐸𝜆(𝑥)} ⊂ 𝑃(𝑀).
Let 𝑀 be a commutative von Neumann algebra. Then 𝑀 admits a faithful semi-finite normal trace 𝜏,

and 𝑀 is ∗-isomorphic to the ∗-algebra 𝐿∞(Ω, Σ, 𝜇) of all bounded complex measurable functions with the
identification almost everywhere, where (Ω, Σ, 𝜇) is a measurable space. In addition, 𝜇(𝐴) = 𝜏(𝜒𝐴), 𝐴 ∈ Σ.

Moreover, 𝑆(𝑀) � 𝐿0(Ω, Σ, 𝜇), where 𝐿0(Ω, Σ, 𝜇) is the ∗-algebra of all complex measurable functions with
the identification almost everywhere [1].

Let 𝑀 be an von Neumann algebra, let 𝐹 be an Dedekind complete vector lattice, and let 𝐹C = 𝐹 ⊕ 𝑖𝐹 be a
complexification of 𝐹. If 𝑧 = 𝛼 + 𝑖𝛽 ∈ 𝐹C, 𝛼, 𝛽 ∈ 𝐹, then 𝑧 := 𝛼 − 𝑖𝛽, and |𝑧 | := sup{𝑅𝑒(𝑒𝑖 𝜃 𝑧) : 0 ≤ 𝜃 < 2𝜋}
(see[12], 1.3.13).

An 𝐹C-valued trace on the von Neumann algebra 𝑀 is a linear mapping Φ : 𝑀 → 𝐹C given Φ(𝑥∗𝑥) =
Φ(𝑥𝑥∗) ≥ 0 for all 𝑥 ∈ 𝑀. It is clear that Φ(𝑀ℎ) ⊂ 𝐹, Φ(𝑀+) ⊂ 𝐹+ = {𝑎 ∈ 𝐹 : 𝑎 ≥ 0}. A trace Φ is said to
be faithful if the equality Φ(𝑥∗𝑥) = 0 implies 𝑥 = 0, normal if Φ(𝑥𝛼) ↑ Φ(𝑥) for every 𝑥𝛼, 𝑥 ∈ 𝑀ℎ, 𝑥𝛼 ↑ 𝑥.

If 𝑀 is a finite von Neumann algebra, then its center-valued trace Φ𝑀 : 𝑀 → 𝑍 (𝑀) is an example of a
𝑍 (𝑀)-valued faithful normal trace.

Let Δ be a separating family of finite normal numerical traces on the von Neumann algebra 𝑀, CΔ =
∏
𝜏∈Δ

C𝜏 ,

where C𝜏 = C for all 𝜏 ∈ Δ. Then Φ(𝑥) = {𝜏(𝑥)}𝜏∈Δ is also an example of an faithful normal CΔ-valued trace
on 𝑀.

Let us list some properties of the trace Φ : 𝑀 → 𝐹C.

Proposition 1.1. ([13]) (𝑖) Let 𝑥, 𝑦, 𝑎, 𝑏 ∈ 𝑀. Then
Φ(𝑥∗) = Φ(𝑥), Φ(𝑥𝑦) = Φ(𝑦𝑥), Φ( |𝑥∗ |) = Φ( |𝑥 |),
|Φ(𝑎𝑥𝑏) | ≤ ∥𝑎∥𝑀 ∥𝑏∥𝑀Φ( |𝑥 |);
(𝑖𝑖) If Φ is a faithful trace, then 𝑀 is finite;
(𝑖𝑖𝑖) If 𝑀 is a finite von Neumann algebra, then Φ(Φ𝑀 (𝑥)) = Φ(𝑥) for all 𝑥 ∈ 𝑀 ;
(𝑖𝑣) Φ( |𝑥 + 𝑦 |) ≤ Φ( |𝑥 |) +Φ( |𝑦 |) for all 𝑥, 𝑦 ∈ 𝑀.

The trace Φ : 𝑀 → 𝐹C possesses the Maharam property if for any 𝑥 ∈ 𝑀+, 0 ≤ 𝑓 ≤ Φ(𝑥), 𝑓 ∈ 𝐹, there
exists a positive 𝑦 ≤ 𝑥 such that Φ(𝑦) = 𝑓 . A faithful normal 𝐹C-valued trace Φ with the Maharam property is
called a Maharam trace (compare with [12], III, 3.4.1). Obviously, any faithful finite numerical trace on 𝑀 is
a C-valued Maharam trace.

Let us give another examples of Maharam traces. Let 𝑀 be a finite von Neumann algebra, let A be a
von Neumann subalgebra in 𝑍 (𝑀), and let 𝑇 : 𝑍 (𝑀) → A be an injective linear positive normal operator. If
𝑓 ∈ 𝑆(A) is a reversible positive element, then Φ(𝑇, 𝑓 ) (𝑥) = 𝑓 𝑇 (Φ𝑀 (𝑥)) is an 𝑆(A)-valued faithful normal
trace on 𝑀. In addition, if 𝑇 (𝑎𝑏) = 𝑎𝑇 (𝑏) for all 𝑎 ∈ A, 𝑏 ∈ 𝑍 (𝑀), then Φ(𝑇, 𝑓 ) is a Maharam trace on 𝑀.

Note that if 𝜏 is a faithful normal finite numerical trace on 𝑀 and dim(𝑍 (𝑀)) > 1, then Φ(𝑥) = 𝜏(𝑥)1 is a
𝑍 (𝑀)-valued faithful normal trace. In addition, Φ does not possess the Maharam property (see [13]).

Let 𝐹 have an order unit 1𝐹 . Denote by 𝐵(𝐹) the complete Boolean algebra of unitary elements with
respect to 1𝐹 , and let 𝑄 be the Stone representation space of the Boolean algebra 𝐵(𝐹). Let 𝐶∞(𝑄) be
the order complete vector lattice of all continuous functions 𝑎 : 𝑄 → [−∞, +∞] such that 𝑎−1({±∞}) is a
nowhere dense subset of 𝑄. We identify 𝐹 with the order-dense ideal in 𝐶∞(𝑄) containing algebra 𝐶 (𝑄) of
all continuous real functions on 𝑄. In addition, 1𝐹 is identified with the function equal to 1 identically on 𝑄
([12], 1.4.4).
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The next theorem gives the description of Maharam traces on von Neumann algebras.

Theorem 1.1. ([13]) Let Φ be an 𝐹C-valued Maharam trace on a von Neumann algebra 𝑀. Then there exists
a von Neumann subalgebra A in 𝑍 (𝑀), a ∗-isomorphism 𝜓 from A onto the ∗-algebra 𝐶 (𝑄)C, an injective
positive linear normal operator E from 𝑍 (𝑀) onto A with E(1) = 1, E2 = E, such that

1) Φ(𝑥) = Φ(1)𝜓(E(Φ𝑀 (𝑥))) for all 𝑥 ∈ 𝑀 ;
2) Φ(𝑧𝑦) = Φ(𝑧E(𝑦)) for all 𝑧, 𝑦 ∈ 𝑍 (𝑀);
3) Φ(𝑧𝑦) = 𝜓(𝑧)Φ(𝑦) for all 𝑧 ∈ A, 𝑦 ∈ 𝑀.

Due to Theorem 1.1, the ∗-algebra B = 𝐶 (𝑄)C is ∗-isomorphic to a von Neumann subalgebra in 𝑍 (𝑀).
Therefore B is a commutative von Neumann algebra, and ∗-algebra 𝐶∞(𝑄)C is identified with ∗-algebra 𝑆(B).
It is clear that the ∗-isomorphism 𝜓 from A onto B can be extended to a ∗-isomorphism from 𝑆(A) onto
𝑆(B). We denote this mapping also by 𝜓.

Let Φ be an 𝑆(B)-valued Maharam trace on a von Neumann algebra 𝑀. Next we will need the concept of a
central extension of a von Neumann algebra from [16].

A set {𝑧 𝑗} 𝑗∈𝐽 of pairwise orthogonal nonzero central projections from 𝑀 will be called a partition of unity
1, if sup 𝑗∈𝐽 𝑧 𝑗 = 1. Following [16], denote by 𝐸 (𝑀,A) the set of all those operators 𝑥 ∈ 𝑆(𝑀) for which there
exists a partition of unity {𝑧 𝑗} 𝑗∈𝐽 ⊂ 𝑃(A) and a set {𝑥 𝑗} 𝑗∈𝐽 ⊂ 𝑀 such that 𝑥𝑧 𝑗 = 𝑥 𝑗 𝑧 𝑗 for all 𝑗 ∈ 𝐽. It is clear
that 𝑀 ⊂ 𝐸 (𝑀,A), 𝑆(A) ⊂ 𝐸 (𝑀,A) and 𝐸 (𝑀,A) is an ∗-subalgebra of 𝑆(𝑀) with respect to the natural
operations in 𝑆(𝑀). 𝐸 (𝑀,A) is called the central extension of the algebra 𝑀 with respect to the subalgebra
A ⊂ 𝑍 (𝑀).

Proposition 1.2. ([17], Proposition 3.4) For the operator 𝑥 ∈ 𝑆(𝑀) the following conditions are equivalent:
(𝑖) 𝑥 ∈ 𝐸 (𝑀,A);
(𝑖𝑖) there exists 𝑎 ∈ 𝑆+(A) such that |𝑥 | ≤ 𝑎.

According to proposition 1.2, for each 𝑥 ∈ 𝐸 (𝑀,A), an element ∥𝑥∥A = inf{𝑎 ∈ 𝑆+(A) : |𝑥 | ≤ 𝑎} from
𝑆+(A) is defined. The following theorem follows from the results of [17].

Theorem 1.2. (𝐸 (𝑀,A), ∥ · ∥A) is a Banach-Kantorovich space over 𝑆ℎ (A).

It follows directly from Theorem 1.2 that the mapping ∥𝑥∥B = Ψ(∥𝑥∥A) defines an 𝑆ℎ (B)-valued norm on
𝐸 (𝑀,A), with respect to which 𝐸 (𝑀,A) becomes a Banach-Kantorovich space over 𝑆ℎ (B).

2. Spectral distribution functions and singular value functions, associated with a Maharam
trace

Let B be a commutative von Neumann algebra ∗-isomorphic to the von Neumann subalgebra A in the center
𝑍 (𝑀) of 𝑀 and Φ : 𝑀 → 𝑆(B) be the Maharam trace on 𝑀 (see Theorem 1.1). We suppose that Φ(1) = 1B .

For each 𝑓 ∈ 𝑆ℎ (B), we denote by 𝑠( 𝑓 ) the support of 𝑓 , i.e. 𝑠( 𝑓 ) = 1B − sup{𝑒 ∈ 𝑃(B) : 𝑓 𝑒 = 0}. It is
clear that 𝑠(Φ(1)) = 1B . Let P(B) denote the set of all 𝑓 ∈ 𝑆+(B) for which the support 𝑠( 𝑓 ) = 1B . It is clear
that each element 𝑓 ∈ P(B) is invertible in the algebra 𝑆ℎ (B), i.e. there exists an element 𝑔 ∈ 𝑆ℎ (B) such
that 𝑓 · 𝑔 = 1B , and 𝑔 ∈ P(B).

Definition 2.1. Let 0 ≤ 𝑥 ∈ 𝑆(𝑀) and 𝑔 ∈ P(B). The 𝑆(B)-valued spectral distribution function
𝑑 (.; 𝑥) : P(B) → 𝑆ℎ (B) is defined by

𝑑 (𝑔; 𝑥) := Φ(𝐸𝑔 (𝑥)),

where 𝐸𝑔 (𝑥) ∈ 𝑃(𝑀) is the projector in𝑀 , which is a projection onto a closed subspace {𝜉 ∈ 𝐻 : 𝑥(𝜉) > 𝑔(𝜉)}.
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Evidently, the mapping 𝑑 (.; 𝑥) is decreasing. If 𝑔, 𝑔𝑛 ∈ P(B), 𝑛 = 1, 2, ..., and 𝑔𝑛 ↓ 𝑔, then
𝐸𝑔 (𝑥) = sup

𝑛≥1
𝐸𝑔𝑛 (𝑥) in 𝑀+, and so, Φ(𝐸𝑔 (𝑥)) = sup

𝑛≥1
Φ(𝐸𝑔𝑛 (𝑥)). Hence, 𝑑 (.; 𝑥) is right-continuous on P(B).

Definition 2.2. For 𝑥 ∈ 𝑆(𝑀), the singular value function, associated with a Maharam trace Φ is the map
Φ(.; 𝑥) : (0,∞) → 𝑆ℎ (B) defined by the equality

Φ(𝑡; 𝑥) := inf{𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ 𝑡 · 1}, 𝑡 > 0. (2.1)

It is clear that Φ(𝑡; 𝑥) ≤ Φ(𝑠; 𝑥) at 𝑠 < 𝑡. In addition, the map Φ(𝑡; 𝑥) has the following useful continuity
property.

Proposition 2.1. If 𝑡𝑛, 𝑡 > 0, 𝑛 = 1, 2, ..., and 𝑡𝑛 ↓ 𝑡, then Φ(𝑡; 𝑥) = sup
𝑛≥1

Φ(𝑡𝑛; 𝑥).

Proof. Let 𝑡𝑛, 𝑡 > 0, 𝑛 = 1, 2, ..., and 𝑡𝑛 ↓ 𝑡. Then

Φ(𝑡; 𝑥) = inf{𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ inf
𝑛≥1

(𝑡𝑛 · 1)}

= inf
{
𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ 𝑡𝑛 · 1 for all 𝑛 ≥ 1

}
= sup

𝑛≥1

{
inf{𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ 𝑡𝑛 · 1}

}
= sup

𝑛≥1
Φ(𝑡𝑛; 𝑥),

i.e. Φ(𝑡; 𝑥) = sup
𝑛≥1

Φ(𝑡𝑛; 𝑥). ▷

Example 2.1. Let 𝑥 = 𝑝 ∈ 𝑃(𝑀) and 𝑔 ∈ P(B). Then
𝑑 (𝑔; 𝑝) = Φ(𝐸𝑔 (𝑝)) = Φ(𝑝), if 𝑔 < 1, and 𝑑 (𝑔; 𝑝) = 0, if 𝑔 ≥ 1. Hence by (1) Φ(𝑡; 𝑝) = 1, if 0 < 𝑡 · 1 ≤
Φ(𝑝), and Φ(𝑡; 𝑝) = 0, if 𝑡 · 1 > Φ(𝑝).

Example 2.2. Let 𝑀 be a finite von Neumann algebra and suppose that 𝑥 =
𝑚∑
𝑗=1
𝛼 𝑗 𝑝 𝑗 , where 𝑝1, . . . , 𝑝𝑚 ∈

𝑃(𝑀) with 𝑝 𝑗 𝑝𝑘 = 0 whenever 𝑗 ≠ 𝑘, and 𝛼1, . . . , 𝛼𝑚 ∈ R+ are such that 𝛼 𝑗 ≠ 𝛼𝑘 whenever 𝑗 ≠ 𝑘. For the
computation of Φ(𝑥), it may be assumed that 𝛼1 > 𝛼2 > . . . > 𝛼𝑚 > 0. If 𝑔 ∈ P(B) and 𝑔 ≥ 𝛼1 · 1, then
clearly 𝑑 (𝑔; 𝑥) = 0. However, if 𝛼2 · 1 ≤ 𝑔 < 𝛼1 · 1, then 𝐸𝑔 (𝑥) = 𝑝1, and so 𝑑 (𝑔; 𝑥) = Φ((𝑝1)). Similarly, if
𝛼3 · 1 ≤ 𝑔 < 𝛼2 · 1, then 𝐸𝑔 (𝑥) = 𝑝1 + 𝑝2, and so 𝑑 (𝑔; 𝑥) = Φ(𝑝1 + 𝑝2) = Φ(𝑝1) +Φ(𝑝2). In general, we have

𝑑 (𝑔; 𝑥) =
𝑗∑︁

𝑖=1

Φ(𝑝𝑖), if 𝛼 𝑗+1 · 1 ≤ 𝑔 < 𝛼 𝑗 · 1 (𝑔 ∈ P(B)),

where 𝑗 = 1, 2, . . . , 𝑚, and 𝛼𝑚+1 = 0.

Define 𝜌𝑘 =
𝑗∑

𝑖=1
Φ(𝑝𝑖) for 𝑗 = 1, 2, . . . , 𝑚. Referring to (2.1), we see that Φ(𝑡; 𝑥) = 0 if 𝑡 · 1 ≥ 𝜌𝑚. Also,

if 𝜌𝑚 > 𝑡 · 1 ≥ 𝜌𝑚−1, then Φ(𝑡; 𝑥) = 𝛼𝑚 · 1, and if 𝜌𝑚−1 > 𝑡 · 1 ≥ 𝜌𝑚−2, then Φ(𝑡; 𝑥) = 𝛼𝑚−1 · 1, and so on.
Hence,

Φ(𝑡; 𝑥) =

𝛼1 · 1, 0 < 𝑡 · 1 ≤ 𝜌1;
𝛼 𝑗 · 1, 𝜌 𝑗 > 𝑡 · 1 ≥ 𝜆 𝑗−1, 2 ≤ 𝑗 ≤ 𝑚 − 1;

0, 𝑡 · 1 > 𝜌𝑚.

Theorem 2.1. Let 𝑥 ∈ 𝑆(𝑀). For all 𝑡 > 0, the singular value function Φ(., 𝑥) admits the characterization

Φ(𝑡; 𝑥) = inf{∥𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1}. (2.2)
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Proof. We fix 𝑡 > 0 and put

𝐺 (𝑥) = {𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ 𝑡 · 1}.

If 𝑔1, 𝑔2 ∈ 𝐺 (𝑥), 𝑒 = 𝑠((𝑔2 − 𝑔1)+), then 𝑔 = 𝑔1 ∧ 𝑔2 = 𝑔1 · 𝑒 + 𝑔2 · (1 − 𝑒) ∈ P(B), at the same time

𝑑 (𝑔; |𝑥 |) = Φ(𝐸𝑔 (𝑥)) = Φ(𝐸𝑔1 (𝑥)) · 𝑒 +Φ(𝐸𝑔2 (𝑥)) · (1 − 𝑒)

≤ 𝑡 · 𝑒 + 𝑡 · (1 − 𝑒) = 𝑡 · 1,

i.e. 𝑔1 ∧ 𝑔2 ∈ 𝐺 (𝑥). Using mathematical induction, we obtain that for any finite set {𝑔𝑖}𝑛𝑖=1 ⊂ 𝐺 (𝑥) the

inclusion holds true
𝑛∧
𝑖=1
𝑔𝑖 ∈ 𝐺 (𝑥). Since the Boolean algebra 𝑃(B) has a countable type, there exists a

sequence {𝑔𝑘}∞𝑘=1 ⊂ 𝐺 (𝑥) for which 𝑔𝑘 ↓ 𝑓 , where

𝑓 = Φ(𝑡; 𝑥) := inf{𝑔 ∈ P(B) : 𝑑 (𝑔; |𝑥 |) ≤ 𝑡 · 1} ∈ 𝑆ℎ (B).

Since 𝑔𝑘 ↓ 𝑓 and for all 𝑘 ∈ N the inequality 𝑑 (𝑔𝑘 ; |𝑥 |) ≤ 𝑡 · 1 is true, then

𝑡 · 1 ≥ 𝑑 (𝑔𝑘 ; |𝑥 |) ↑ 𝑑 ( 𝑓 ; |𝑥 |).

In particular, the inequality is true

Φ(𝐸 𝑓 (𝑥)) = 𝑑 ( 𝑓 ; |𝑥 |) ≤ 𝑡 · 1 i.e. Φ(1 − 𝑒) ≤ 𝑡 · 1,

where 𝑒 = 1 − 𝐸 𝑓 (𝑥) ∈ 𝑃(𝑀). Since |𝑥 |𝑒 ≤ 𝑓 ∈ 𝑆ℎ (B), then 𝑥𝑒 ∈ 𝐸 (𝑀,A). Moreover, using the polar
decomposition 𝑥 = 𝑢 |𝑥 | of the operator 𝑥, we obtain ∥𝑥𝑒∥B = ∥𝑢 |𝑥 |𝑒∥B ≤ ∥|𝑥 |𝑒∥B ≤ 𝑓 . Therefore,

Ψ(𝑡; 𝑥) = inf{∥𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1} ≤ 𝑓 = Φ(𝑡; 𝑥).
To prove the reverse inequality, we set

Λ(𝑥) = {𝑒 ∈ 𝑃(𝑀) : 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1}.

Then, we have Ψ(𝑡; 𝑥) = inf{∥𝑥𝑒∥B : 𝑒 ∈ Λ(𝑥)}. Suppose that the inequality Φ(𝑡; 𝑥) = 𝑓 ≤ Ψ(𝑡; 𝑥) is not
satisfied. Therefore, there exists an 𝑒 ∈ Λ(𝑥) for which the inequality 𝑓 ≤ ∥𝑥𝑒∥B does not hold. In particular,
this means that there exist 0 ≠ 𝑞 ∈ 𝑃(𝑀), 𝜀 > 0, for which the inequalities

|𝑥𝑒𝑞 | ≤ ∥𝑥𝑒𝑞∥B = ∥𝑥𝑒∥B · 𝑞 ≤ 𝑞 𝑓 + 𝜀𝑞.

are true. Therefore, there exists an 𝑒 ∈ Λ(𝑥) for which the inequality 𝑓 ≤ ∥𝑥𝑒∥B does not hold. In particular,
this means that there exist 0 ≠ 𝑞 ∈ 𝑃(𝑀), 𝜀 > 0, for which the inequalities

|𝑥𝑒𝑞 | ≤ ∥𝑥𝑒𝑞∥B = ∥𝑥𝑒∥B · 𝑞 ≤ 𝑞 𝑓 + 𝜀𝑞

are true. Let 𝑞1 = 𝑞𝑔 + 2𝜀 · 𝑞. Consider the element 𝑟 = 𝑠(( |𝑥𝑒 | − 𝑞1)+) from 𝑃(𝑀). From the relations

|𝑥𝑒 |𝑟𝑞 ≥ (𝑞𝑔 + 2𝜀 · 𝑞)𝑞 = 𝑞𝑔 + 2𝜀 · 𝑞 > 𝑞𝑔 + 𝜀 · 𝑞 ≥ |𝑥𝑒𝑞 | = |𝑥𝑒 |𝑞

it follows that |𝑥𝑒 |𝑟𝑞 > |𝑥𝑒 |𝑞, which is impossible.
Thus, the inequality Φ(𝑡; 𝑥) ≤ Ψ(𝑡; 𝑥) is satisfied. Consequently, the equality Φ(𝑡; 𝑥) = Ψ(𝑡; 𝑥) is true. ▷

Recall that for each 𝑥 ∈ 𝑆(𝑀), the support projection of 𝑥 is denoted by 𝑠(𝑥), that is, 𝑠(𝑥) = 1 − 𝑛(𝑥), where
𝑛(𝑥) is the projection onto 𝐾𝑒𝑟 (𝑥). For 𝑡 > 0, define

𝑅𝑡 = {𝑥 ∈ 𝑆(𝑀) : Φ(𝑠(𝑥)) ≤ 𝑡 · 1}.

The following proposition presents a geometric interpretation of the singular value function in terms of what
might be called generalized approximation numbers.
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Proposition 2.2. If 𝑥 ∈ 𝑆(𝑀), then

Φ(𝑡; 𝑥) = inf{∥𝑥 − 𝑦∥B : 𝑦 ∈ 𝑅𝑡 , (𝑥 − 𝑦) ∈ 𝐸 (𝑀,A)}

for all 𝑡 > 0.

Proof. Let 𝑡 > 0 and 𝑥 ∈ 𝑆(𝑀) be fixed. Let 𝑥 = 𝑢 |𝑥 | is the polar decomposition of 𝑥, Φ(𝑡; 𝑥) = 𝑓 and 𝑝 =

𝐸 𝑓 ( |𝑥 |) ∈ 𝑃(𝑀). Defining 𝑦 = 𝑥𝑝, 𝑒 = 1 − 𝑝, it follows that 𝑥 − 𝑦 = 𝑥(1 − 𝑝) = 𝑥𝑒, and so, 𝑥 − 𝑦 ∈ 𝐸 (𝑀,A)
with

∥𝑥 − 𝑦∥B = ∥𝑢𝑒 |𝑥 |𝑒 ∥B = ∥𝑒 |𝑥 |∥B ≤ Φ(𝑡; 𝑥).
Moreover, 𝑠(𝑦) ≤ 𝑝, which implies that

Φ(𝑠(𝑦)) ≤ Φ(𝑝) = Φ(𝐸 𝑓 ( |𝑥 |)) = 𝑑 ( 𝑓 ; |𝑥 |) ≤ 𝑡 · 1.

Consequently,
inf{∥𝑥 − 𝑦∥B : 𝑦 ∈ 𝑅𝑡 , (𝑥 − 𝑦) ∈ 𝐸 (𝑀,A)} ≤ Φ(𝑡; 𝑥).

To obtain the reverse inequality, suppose that 𝑦 ∈ 𝑅𝑡 is such that 𝑥 − 𝑦 ∈ 𝐸 (𝑀,A). Since 𝑥𝑛(𝑦) =
(𝑥 − 𝑦)𝑛(𝑦), it is clear that ∥𝑥𝑛(𝑦)∥B ≤ ∥𝑥 − 𝑦∥B . Furthermore, Φ(1 − 𝑛(𝑦)) = Φ(𝑠(𝑦) ≤ 𝑡 · 1, and so, by
Theorem 2.1 implies that

Φ(𝑡; 𝑥) = inf{∥𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1} ≤ ∥𝑥 − 𝑦∥B .

This shows that
Φ(𝑡; 𝑥) ≤ inf{∥𝑥 − 𝑦∥B : 𝑦 ∈ 𝑅𝑡 , (𝑥 − 𝑦) ∈ 𝐸 (𝑀,A)},

which concludes that proof of the proposition. ▷

In the next theorem, some basic properties of singular value functions are collected.

Theorem 2.2. Let 𝑡 > 0. For all 𝑥, 𝑦 ∈ 𝑆(𝑀), the following hold:

(𝑖). Φ(𝑡; 𝑥) = Φ(𝑡; |𝑥 |) = Φ(𝑡; 𝑥∗) and Φ(𝑡;𝛼𝑥) = |𝛼 |Φ(𝑡; 𝑥) for all 𝛼 ∈ C.
(𝑖𝑖). Φ(𝑡; 𝑥𝑒) = 0 whenever Φ(𝑒) ≤ 𝑡 · 1 for all 𝑒 ∈ 𝑃(𝑀). In particular, Φ(𝑡; 𝑥) = 0 for all 𝑡 · 1 ≥ Φ(𝑠(𝑥)).
(𝑖𝑖𝑖). If |𝑥 | ≤ |𝑦 |, then Φ(𝑡; 𝑥) ≤ Φ(𝑡; 𝑦).
(𝑖𝑣). Φ(𝑡1 + 𝑡2; 𝑥 + 𝑦) ≤ Φ(𝑡1; 𝑥) +Φ(𝑡2; 𝑦) for all 𝑡1, 𝑡2 > 0.
(𝑣). If 𝑥 ∈ 𝐸 (𝑀,A), 𝑡𝑛 > 0, 𝑛 = 1, 2, ..., and 𝑡𝑛 ↓ 0, then

∥𝑥∥B = sup
𝑛≥1

Φ(𝑡𝑛; 𝑥).

Proof. (𝑖). The equality Φ(𝑡; 𝑥) = Φ(𝑡; |𝑥 |) follows directly from the definition of the mapping Φ(𝑡; 𝑥).
Let 𝑥 = 𝑢 |𝑥 | be the polar decomposition of the operator 𝑥. Then |𝑥∗ | = 𝑢 |𝑥 |𝑢∗. Therefore, for 𝑔 ∈ P(B) we

have
𝑑 (𝑔; 𝑥∗) = Φ(𝐸𝑔 (𝑥∗)) = Φ(𝑢𝐸𝑔 (𝑥)𝑢∗) = Φ(𝐸𝑔 (𝑥) = 𝑑 (𝑔; 𝑥).

Consequently, Φ(𝑡; 𝑥) = Φ(𝑡; 𝑥∗).
Finally, for any 𝛼 ∈ C, 𝑡 > 0 we have that

Φ(𝑡;𝛼𝑥) = inf{∥𝛼𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝛼𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1}

= |𝛼 | inf{∥𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1} = |𝛼 |Φ(𝑡; 𝑥).

(𝑖𝑖). If Φ(𝑒) ≤ 𝑡 · 1, then, trivially, 𝑥𝑒(1 − 𝑒) = 0 and Φ(1 − (1 − 𝑒)) ≤ 𝑡 · 1; hence, Φ(𝑡; 𝑥𝑒) = 0 follows
immediately from (2.2).
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(𝑖𝑖𝑖). If |𝑥 | ≤ |𝑦 |, then 𝑑 (𝑔; |𝑥 |) ≤ 𝑑 (𝑔; |𝑦 |) for all 𝑔 ∈ P(B). Hence Φ(𝑡; 𝑥) ≤ Φ(𝑡; 𝑦).

(𝑖𝑣). For all 𝑔1, 𝑔2 ∈ P(B) the following inequality holds

𝐸𝑔1+𝑔2 ( |𝑥 + 𝑦 |) ≤ 𝐸𝑔1 ( |𝑥 |) ∨ 𝐸𝑔2 ( |𝑦 |).

It follows that
Φ(𝐸𝑔1+𝑔2 ( |𝑥 + 𝑦 |)) ≤ Φ(𝐸𝑔1 ( |𝑥 |)) +Φ(𝐸𝑔2 ( |𝑦 |)).

We fix 𝜀 > 0 and set 𝑔1 = Φ(𝑡1; 𝑥), 𝑔2 = Φ(𝑡2; 𝑦) + 𝜀 · 1. Using the inequality Φ(𝐸𝑔2 ( |𝑦 |) ≤ Φ(𝐸Φ(𝑡2;𝑦) ( |𝑦 |)
we have

Φ(𝐸Φ(𝑡1;𝑥 )+Φ(𝑡2;𝑦)+𝜀 ·1 ≤ Φ(𝐸Φ(𝑡1;𝑥 ) ( |𝑥 |)) +Φ(𝐸Φ(𝑡2;𝑦)+𝜀 ·1( |𝑦 |))

≤ 𝑡1 · 1 +Φ(𝐸Φ(𝑡2;𝑦) ( |𝑦 |)) ≤ (𝑡1 + 𝑡2) · 1,

i.e. Φ(𝐸Φ(𝑡1;𝑥 )+Φ(𝑡2;𝑦)+𝜀 ·1 ≤ (𝑡1 + 𝑡2) · 1.
Since Φ(𝑡1; 𝑥) +Φ(𝑡2; 𝑦) + 𝜀 · 1 ∈ P(B), then from the definition of the mapping Φ(𝑡; 𝑥) the following

inequality follows
Φ((𝑡1 + 𝑡2); 𝑥 + 𝑦) ≤ Φ(𝑡1; 𝑥) +Φ(𝑡2; 𝑦) + 𝜀 · 1.

From here, at 𝜀 ↓ 0, we obtain the required inequality

Φ((𝑡1 + 𝑡2); 𝑥 + 𝑦) ≤ Φ(𝑡1; 𝑥) +Φ(𝑡2; 𝑦).

(𝑣𝑖). First we show that for all 𝑞 ∈ 𝑃(B), 𝑥 ∈ 𝐸 (𝑀,A), 𝑡 > 0 the equality Φ(𝑡; 𝑞𝑥) = 𝑞Φ(𝑡; 𝑥) is true.
Because

Φ(𝑡; 𝑞𝑥) = inf{∥𝑞𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑞𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1}

= inf{𝑞∥𝑞𝑥𝑒∥B : 𝑒 ∈ 𝑃(𝑀), 𝑞𝑥𝑒 ∈ 𝐸 (𝑀,A), Φ(1 − 𝑒) ≤ 𝑡 · 1} = 𝑞Φ(𝑡; 𝑞𝑥),

then from the inequality |𝑞𝑥 | ≤ |𝑥 | follows the inequality 𝑞Φ(𝑡; 𝑞𝑥) ≤ 𝑞Φ(𝑡; 𝑥) (see the property (𝑖𝑖𝑖) proved
above).

On the other hand, if 𝑒 ∈ 𝑃(𝑀), 𝑞𝑥𝑒 ∈ 𝐸 (𝑀,A) and Φ(1 − 𝑒) ≤ 𝑡 · 1, then

Φ(𝑡; 𝑥) = 𝑞Φ(𝑡; 𝑥) + (1 − 𝑞)Φ(𝑡; 𝑥) ≤ 𝑞∥𝑞𝑥𝑒∥B + (1 − 𝑞)Φ(𝑡; 𝑥).

Therefore,
𝑞Φ(𝑡; 𝑥) ≤ 𝑞∥𝑞𝑥𝑒∥B ≤ ∥𝑞𝑥𝑒∥B ,

and hence 𝑞Φ(𝑡; 𝑥) ≤ Φ(𝑡; 𝑞𝑥). Thus, the equality is true Φ(𝑡; 𝑞𝑥) = 𝑞Φ(𝑡; 𝑥).
If 𝑥 ∈ 𝐸 (𝑀,A), then 𝑥 · 1 ∈ 𝐸 (𝑀,A), and it follows directly from Proposition 2.1 that Φ(𝑡; 𝑥) ≤ ∥𝑥∥B

for all 𝑡 > 0. In addition, the inequality Φ(𝑡1; 𝑥) ≤ Φ(𝑡2; 𝑥) is true for 0 < 𝑡2 < 𝑡1.
Thus, Φ(𝑡𝑛; 𝑥) ↑ 𝑧 ≤ ∥𝑥∥B as 𝑡𝑛 ↓ 0 for some 0 ≤ 𝑧 ∈ 𝑆ℎ (B).
If 𝑧 ≠ ∥𝑥∥B , then for any 𝜀 > 0 there is 𝑞𝜀 ∈ 𝑃(B), such that

Φ(𝑡𝑛; 𝑥𝑞𝜀) = Φ(𝑡𝑛; 𝑥)𝑞𝜀 ≤ 𝑧𝑞𝜀 < 𝑞𝜀 · ∥𝑥∥B

for all 𝑡𝑛 ∈ (0, 𝜀). From here, by virtue of proposition 2.1, we obtain that

Φ(𝑡𝑛; 𝑥𝑞𝜀) ≤ 𝑧𝑞𝜀 for all 𝑡𝑛 ∈ (0, 𝜀).

Again using proposition 2.1, we have,

Φ({|𝑥𝑞𝜀 | > 𝑧𝑞𝜀}) ≤ Φ({|𝑥𝑞𝜀 | > Φ(𝑡𝑛, 𝑥𝑞𝜀)}) ≤ 𝑡𝑛 · 1
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for all 𝑡𝑛 ∈ (0, 𝜀). Hence, Φ({|𝑥𝑞𝜀 | > 𝑧𝑞𝜀}) = 0. This means that |𝑥𝑞𝜀 | ≤ 𝑧𝑞𝜀 , in particular, ∥𝑥𝑞𝜀 ∥B ≤ 𝑧𝑞𝜀 ,

which is not the case. Thus,
∥𝑥∥B = sup

𝑛≥1
Φ(𝑡𝑛; 𝑥).

▷

Corollary 2.1. For any 𝑥, 𝑦 ∈ 𝐸 (𝑀,A), 𝑡 > 0 the inequality holds

|Φ(𝑡; 𝑥) −Φ(𝑡; 𝑦) | ≤ ∥𝑥 − 𝑦∥B .

Proof. By Theorem 2.2 (𝑖𝑣) we have that

Φ(𝑡1 + 𝑡2; 𝑥) = Φ(𝑡1 + 𝑡2; 𝑦 + (𝑥 − 𝑦)) ≤ Φ(𝑡1; 𝑦) +Φ(𝑡2; 𝑥 − 𝑦) ≤ Φ(𝑡1; 𝑦) + ∥𝑥 − 𝑦∥B .

Similarly,

Φ(𝑡1 + 𝑡2; 𝑦) = Φ(𝑡1 + 𝑡2; 𝑥 + (𝑦 − 𝑥)) ≤ Φ(𝑡2; 𝑥) +Φ(𝑡1; 𝑦 − 𝑥) ≤ Φ(𝑡2; 𝑥) + ∥𝑥 − 𝑦∥B .

Assuming in these inequalities 𝑡1 = 𝑡, 𝑡2 = 0, we obtain

Φ(𝑡; 𝑥) ≤ Φ(𝑡; 𝑦) + ∥𝑥 − 𝑦∥B and Φ(𝑡; 𝑦) ≤ Φ(𝑡; 𝑥) + ∥𝑥 − 𝑦∥B ,

from which it follows that |Φ(𝑡; 𝑥) −Φ(𝑡; 𝑦) | ≤ ∥𝑥 − 𝑦∥B . ▷
The following proposition establishes the relation between ordinal convergence in 𝑆(𝑀) and ordinal

convergence of singular values functions.

Proposition 2.3. If 𝑥𝑛, 𝑥 ∈ 𝑆(𝑀), 𝑛 ∈ N and 0 ≤ 𝑥𝑛 ↑ 𝑥, then Φ(𝑡, 𝑥𝑛) ↑ Φ(𝑡, 𝑥) for all 𝑡 > 0.

Proof. Let 𝑥𝑛, 𝑥 ∈ 𝑆(𝑀) and 0 ≤ 𝑥𝑛 ↑ 𝑥. First, let us show that

𝑑 (𝑔, 𝑥𝑛) ↑ 𝑑 (𝑔, 𝑥), 𝑔 ∈ P(B) (2.3)

We fix 𝑔 ∈ P(B) and put 𝐺𝑔 (𝑥) = {𝜉 ∈ 𝐻 : 𝑥(𝜉) > 𝑔(𝜉)}, 𝐺𝑔 (𝑥𝑛) = {𝜉 ∈ 𝐻 : 𝑥𝑛 (𝜉) > ℎ(𝜉)}, (𝑛 = 1, 2, ...).
Since 𝑥𝑛 ≤ 𝑥𝑛+1, then 𝐺𝑔 (𝑥𝑛) ⊂ 𝐺𝑔 (𝑥𝑛+1). Furthermore, the condition 𝑥𝑛 ↑ 𝑥 imply that 𝐺𝑔 (𝑥) =

∞⋃
𝑛=1

𝐺𝑔 (𝑥𝑛)
and 𝐸𝑔 (𝑥𝑛) ↑ 𝐸𝑔 (𝑥). Hence, by normality of trace Φ,

𝑑 (ℎ; 𝑥𝑛) = Φ(𝐸𝑔 (𝑥𝑛)) ↑ Φ(𝐸𝑔 (𝑥)) = 𝑑 (ℎ; 𝑥).

Since
Φ(𝑡, 𝑥𝑛) ≤ Φ(𝑡, 𝑥𝑛+1) ≤ Φ(𝑡, 𝑥)

for all 𝑛 = 1, 2, . . . and 𝑡 > 0, it is clear that Φ(𝑡, 𝑥𝑛) ↑𝑛 and that

sup
𝑛≥1

Φ(𝑡, 𝑥𝑛) ≤ Φ(𝑡, 𝑥)

for all 𝑡 > 0. For the proof of the reverse inequality, it may be assumed that 𝑡 > 0 is such that Φ(𝑡, 𝑥𝑛) < 𝑔,
for all 𝑛 and some 𝑔 ∈ P(B). Hence 𝑑 (𝑔, 𝑥𝑛) ≤ 𝑡 · 1 for all 𝑛. Then by (2.3), it follows that 𝑑 (𝑔, 𝑥) ≤ 𝑡 · 1.
Consequently, Φ(𝑡, 𝑥) < 𝑔. This suffices to show that Φ(𝑡, 𝑥) ≤ sup𝑛≥1 Φ(𝑡, 𝑥𝑛). The proof is complete. ▷

Conclusion

In this paper, the Maharam trace Φ on a von Neumann algebra 𝑀 with values in complex Dedekind complete
vector lattice is considered. For an operator 𝑥 from the ∗-algebra 𝑆(𝑀) of measurable operators affiliated with
𝑀 , the singular value function of 𝑥, associated with such a traceΦ are determined. The main properties of these
singular value functions, similar to classical singular value functions of measurable operators with respect
numerical trace, are studied.
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The effect of air flow generated by the movement of a
high-speed train on the boundary layer

Isanov R.Sh.∗ Azimov J.B. and Sharipova L.D.

Abstract
In this paper, we investigate the flow around a high-speed train, both below and above it. Our
aim is to ensure the safety of people and objects near high-speed trains by studying the air flow
around them. Specifically, we aim to solve the problem of determining the velocity and pressure
distributions in air around a moving train in a horizontal plane. We assume that the flow is two-
dimensional, potential, and stationary, and use the Zhukovsky’s conformal mapping method,
the Christopher – Schwartz integral, and Chaplygin’s source and sink methods to obtain the
velocity field. Based on this velocity field, we calculate pressures and the distance of the air
flow from the train’s surface. We also determine the force of the air flow on solid particles on a
horizontal surface to assess the possibility of their separation from the surface.

Keywords: Flat Problem, High-Speed Train, Air Flow, Boundary Layer.

1. Introduction

In railway transport, determining aerodynamic drag and the force of dynamic impact on the train’s body
are among the most significant problems. In [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11], the problem of airflow around
the composition in a plane parallel to the horizon is considered. We will explore this problem in a plane
perpendicular to the horizon. Let’s consider a plane problem in the horizontal plane. The airflow is flat,
potential and stationary.

In Figure 1, the boundaries of the flow domain are represented by 𝐴𝐵𝐹𝐷𝐴. The solid boundaries are 𝐴𝐵

and 𝐷𝐶, while 𝐹𝐷 represents the frontal section. 𝐹𝐷 and 𝐷𝐶 define the composition of a high-speed train.
The free surface 𝐹𝐷 has an atmospheric pressure. According to the Bernoulli integral (because the air has no
weight), the velocity along the surface 𝐷𝐴 is constant and equal to 𝑉0.

Fig. 1. Semi-infinite body in Cartesian coordinate system. Source: [Compiled by the authors]
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The effect of air flow

With a comfortable mapping, using the Zhukovsky function, we obtain the coordinates indicated in Fig. 2.

Fig. 2. Semi-infinite body under conformal mapping. Source: [Compiled by the authors]

The pressure in the airflow domain is determined by the following equation:

𝑝 = 𝑝0 + 𝜌
𝑉2
𝑛 −𝑉2

2
, (1.1)

where 𝑉𝑛 is the train speed, ®𝑉 is the velocity vector of air particles, ®𝑉 = 𝑢®𝑖 + 𝑣 ®𝑗 , 𝑉 =
√
𝑢2 + 𝑣2, 𝑢 and 𝑣 denote

longitudinal and transverse velocities, respectively.

2. Materials and Methods

Using the Zhukovsky function by a conformal mapping, we study the problem. We use the Christopher –
Schwartz integral and Chaplygin’s source and sink method to obtain the velocity field function.

In [8] and [9], a method is developed for solving plane and axisymmetric problems related to the potential
flow of an ideal, compressible fluid at subsonic velocities.

Introduce the Zhukovsky function

𝜔 (𝜁) = ln
𝑉0

𝑉̄ (𝜁)
= ln

𝑉0

𝑉 (𝜁) + 𝑖𝜃 (2.1)

where 𝜃 is the inclination angle of the velocity vector, 𝑉0, 𝑉 are the velocity modules on the free surface in the
flow domain.

We have the following boundary conditions for the Zhukovsky function in the domain 𝐺0 :

Along 𝐴𝐵 : 𝜂 = 0, −∞ < 𝜉 < 0 , 𝐼𝑚𝜔 = 𝜃 (𝜉) = 0;
along 𝐵𝐹 : 𝜂 = 0, 0 < 𝜉 < 𝑓 , 𝐼𝑚𝜔 = 𝜃 (𝜉) = 𝜋

2 ;
along 𝐹𝐷 : 𝜂 = 0, 𝑓 < 𝜉 < 1 , 𝑅𝑒𝜔 = 𝜃 (𝜉) = 0;
along 𝐷𝐴 : 𝜂 = 0, 1 < 𝜉 < ∞, 𝐼𝑚𝜔 = 0.

 (2.2)

3. Analysis and Results

Introduce the function 𝜔1 (𝜁) = 𝜔 (𝜁 )√
𝜁 − 𝑓

√
𝜁 −1

. 𝜔1 (𝜁) has the form

𝜔1 (𝜁) =
1
2

∫ 𝑓

0

𝑑𝑡

(𝑡 − 1)
√︁
(1 − 𝑡) (𝑡 − 𝜁)

.

Integrating the last equality, we obtain

𝜔1 (𝜁) =
1

2
√︁
𝜁 − 𝑓

√︁
𝜁 − 1

ln

√︄
𝜁

𝜁 − 𝑓
. (3.1)
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From here, we obtain the Zhukovsky function in the domain 𝐺0.

For the Zhukovsky function, we have

𝜔 (𝜁) = ln

√︄
𝜁

𝜁 − 𝑓
. (3.2)

Then the conjugate complex velocity will be

®𝑉 = 𝑉0

√︄
𝜁

𝜁 − 𝑓
. (3.3)

From the last relation, we obtain the velocity field for air in the domain 𝐺𝑧 .

Taking into account that the sources of both inflow and sink are located at points 𝜉 = 0, 𝜂 = 0, 𝜉 = 1, using
the Chaplygin source and sink method, we obtain expressions for determining the complex potential in the
domain 𝐺0 :

𝑑𝑤

𝑑𝜁
=

𝑞

𝜋

1
1 − 𝜁

. (3.4)

Then we obtain an expression for determining the mapping function 𝑍 (𝜁):

𝑍 (𝜁) = 𝑞

𝜋Φ0

∫ 𝜁

0

√︂
𝑡

𝑡 − 𝑓

𝑑𝑡

(1 − 𝑡) . (3.5)

The velocity 𝑉0 on the free surface DA will be determined from the condition lim
𝜉→∞, at 𝜂= 0

[
®𝑉 (𝜉, 𝜂)

]
= 𝑉𝑛

and obtained taking into account equality (3.3).
To integrate equation (3.5), we introduce a variable 𝜏 instead 𝜁 in the form: 𝜏 =

√︃
𝜁

𝜁 − 𝑓
, whence we obtain

𝜁 =
𝜏2 𝑓

𝜏2−1 = 𝑓 + 𝑓

𝜏2−1 , 𝑑𝜁 =
−2𝜏 𝑓

(𝜏2−1)2 .

Integrating differential equation (3.5) with respect to 𝜁 , we get 𝑍 (𝜁) = ℎ𝑛
∫ 𝜁

0

√︃
𝜁

𝜁 − 𝑓

𝑑𝜁

1−𝜁 where ℎ𝑛 is the
wagon width.

The expression for the integrand has the form:

𝐼 =

∫ √︄
𝜁

𝜁 − 𝑓

𝑑𝜁

1 − 𝜁
=

∫ −2𝜏2 𝑓(
𝜏2 − 1

)2
𝑑𝜏(

1 − 𝜏2 𝑓

(𝜏2−1)
) =

∫ −2𝜏2 𝑓(
𝜏2 − 1

) 𝑑𝜏[
𝜏2 (1 − 𝑓 ) − 1

] . (3.6)

Expanding the integrand into rational fractions, we have:

𝐼 =

∫
𝑑𝜏

𝜏 − 1
−

∫
𝑑𝜏

𝜏 + 1
−

∫
𝑑𝜏

𝜏
√︁

1 − 𝑓 − 1
+

∫
𝑑𝜏

𝜏
√︁

1 − 𝑓 + 1
=

= ln |𝜏 − 1| − ln |𝜏 + 1| − 1√︁
1 − 𝑓

∫
𝑑𝜏

𝜏 − 1√
1− 𝑓

+ 1√︁
1 − 𝑓

∫
𝑑𝜏

𝜏 + 1√
1− 𝑓

=

= ln
����𝜏 − 1
𝜏 + 1

���� + 1√︁
1 − 𝑓

ln

������
𝜏 + 1√

1− 𝑓

𝜏 − 𝜏√
1− 𝑓

������ = ln

�������
√︃

𝑡
𝑡− 𝑓

− 1√︃
𝑡

𝑡− 𝑓
+ 1

������� + 1√︁
1 − 𝑓

ln

�������
√︃

𝑡
𝑡− 𝑓

√︁
1 − 𝑓 + 1√︃

𝑡
𝑡− 𝑓

√︁
1 − 𝑓 − 1

������� =
= ln

�����√𝑡 −
√︁
𝑡 − 𝑓

√
𝑡 +

√︁
𝑡 − 𝑓

����� + 1√︁
1 − 𝑓

ln

�����√𝑡
√︁

1 − 𝑓 +
√︁
𝑡 − 𝑓

√
𝑡
√︁

1 − 𝑓 −
√︁
𝑡 − 𝑓

����� ���� 𝜉0 .
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Integrating this equation, we have

𝐼0 = 𝐼

���� 𝜉0 = ln

�����√𝑡 −
√︁
𝑡 − 𝑓

√
𝑡 +

√︁
𝑡 − 𝑓

����� + 1√︁
1 − 𝑓

ln

�����√𝑡
√︁

1 − 𝑓 +
√︁
𝑡 − 𝑓

√
𝑡
√︁

1 − 𝑓 −
√︁
𝑡 − 𝑓

����� ���� 𝜉0 .

We obtain from here the expression for the mapping function 𝑍 (𝜁) :

𝜔1 (𝜁) =
1

2
√︁
𝜁 − 𝑓

√︁
𝜁 − 1

ln

√︄
𝜁

𝜁 − 𝑓
.

𝑍 (𝜉) = 𝑍̂ = 𝑥 + 𝑖 𝑦̂ =

= ℎ̂𝑛 ·
(
ln

����√𝑡−√𝑡− 𝑓
√
𝑡+
√
𝑡− 𝑓

���� + 1√
1− 𝑓

ln
���� √𝑡√1− 𝑓 +

√
𝑡− 𝑓

√
𝑡
√

1− 𝑓 −
√
𝑡− 𝑓

���� ���� 𝜉0 )
.

(3.7)

This is to define the mapping function 𝑍 (𝜏) of the domain 𝐺0 onto the domain 𝐺𝑧 , where 𝜏 =

√︃
𝜁

𝜁 − 𝑓
.

Consider the velocity distributions on the side surface 𝐹𝐷 of the wagon where ℎ = 0, 𝑓 ≤ 𝜉 ≤ 1. Velocity
distribution 𝑢 (𝜉), taking into account equalities (3.1) for the velocity distribution along the side surface of a
wagon of a high-speed train

𝑉 (𝜉) = 𝑉𝑛

√︄
𝜉

𝜉 − 𝑓
, 𝑓 < 𝜉 < 1, (3.8)

where 𝑉𝑛 is the train speed.
Equalities (3.3) and (3.4), when taken into account along with equalities (3.7) and (3.8), provide the velocity

field on the surface 𝐹𝐷 of the wagon (refer to Fig. 1).
Let’s perform a numerical calculation for ℎ = 0, 𝑓 + 𝜀 < 𝜉 < 1. At the acute corner of the car, at the point

𝑓 , a very high speed occurs. Therefore, in practice, we will conduct an approximate study at points where the
angles between the polygonal boundaries are greater than 𝜋.

𝑓 = 0, 28; 1 − 𝑓 = 0, 72
√︁

1 − 𝑓 = 0, 84853.

𝜏0 =

√︄
𝜉

𝜉 − 𝑓
=

√︄
𝜉

𝜉 − 0, 28

𝑍

𝐻
𝜋 = 𝐼,

(
𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋.

Dividing into real and imaginary parts, we have(
𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋 =

(1 − 𝜏)
(1 + 𝜏)

(1 + 𝑓 )
(1 − 𝑓 )

(
𝑓 +

√︁
1 − 𝑓

𝑓 −
√︁

1 − 𝑓

)√1− 𝑓

;

(
𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋 = ln

(
(1 − 𝜏)
(1 + 𝜏)

(1 + 𝑓 )
(1 − 𝑓 )

)
+ln


(
𝜏 +

√︁
1 − 𝑓

𝑓 +
√︁

1 − 𝑓

𝑓 −
√︁

1 − 𝑓

𝜏 −
√︁

1 − 𝑓

)√1− 𝑓 
or, simplifying, we have (

𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋 = 𝑥 + 𝑖 𝑦̂ − 𝑖ℎ̂𝑛𝜋 = ln ©­« (1−𝜏 )

(1+𝜏 )

(
𝜏+
√

1− 𝑓

𝜏−
√

1− 𝑓

)√1− 𝑓 ª®¬−
− ln


(

1+ 𝑓

1− 𝑓

) (
𝑓 −
√

1− 𝑓

𝑓 +
√

1− 𝑓

)√1− 𝑓 
(3.9)
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exp
[(
𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋

]
=

(1 + 𝜏)
(1 − 𝜏)

(1 − 𝑓 )
(1 + 𝑓 ) ,

exp
[(
𝑍̂ − 𝑖ℎ̂𝑛

)
𝜋

]
=


(1 + 𝜏)
(1 − 𝜏)

(
𝜏 +

√︁
1 − 𝑓

𝜏 −
√︁

1 − 𝑓

)√1− 𝑓  · 𝐶0 (3.10)

where 𝐶0 =

(
1+ 𝑓

1− 𝑓

) (√
1− 𝑓 − 𝑓√
1− 𝑓 + 𝑓

)√1− 𝑓

.

If 𝑓 = 0, 28, then 𝐶0 � 0, 596.
The resulting velocity field makes it possible to determine the pressure along 𝐷𝐴 at the distance

𝐻0 = 𝐻
1,178 = 4

1,178 = 3, 3955 determined by the formula 𝑝 = 𝑝0 − 𝜌𝑉2

2 , where 𝐻0 is the distance from the
cars.
Using the Delfi program, we obtained the graph shown in Figure 3.

Fig. 3. Air flow velocity during the movement of a high-speed train. Source: [Compiled by the authors]

4. Discussion

Earlier, using the Zhukovsky function, similar to methods, the problem of optics of an aircraft wing with
an air flow was solved. In the article of the author entitled «The problem of the flow around the movement
of a high-speed train for a flat case» at the international conference «Resource-saving technologies in railway
transport» (Tashkent, 2016), this study was discussed.

For the results obtained in this article, the methods considered in the works [1,2,4] were used. In this article,
we consider the simplest plane problem in the horizontal plane to de-termine the velocity vector and pressure
in the vicinity of a high-speed train.

5. Conclusion

Formulas were derived for calculating the air flow velocity during the movement of a high-speed train using
the Zhukovsky method using the Christophel – Schwartz integrals, as well as the distribution of velocities
on the side surface of the high-speed train (see Fig. 3). Based on the velocity field obtained, pressures were
determined, as well as the distance of the air flow impact formed by the movement of a high-speed train from
the side surface of the train.
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This study aims to investigate the safety of high-speed trains. We used the results to solve the problem of
particles being entrained from the ground by the air flow generated by a high-speed train and also determined
the velocity fields for uniform acceleration and deceleration of a high-speed train.
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Abstract
In the paper, we consider the problem of studying the trajectories of points under the action
of the Lotka-Volterra operator. In short, the goal is to study the dynamics of trajectories of
interior points by finding fixed points and studying the Jacobian spectrum at these points of
the operator in question. It turned out that in a number of applied problems, there are Lotka-
Volterra mappings of exactly this type, and the points of the simplex in this case are considered
as the states of the system under study. In this case, the simplex-preserving mapping defines
the discrete law of evolution of the given system. Starting from a certain starting point, we can
consider the sequence that determines the evolution of this point. The work explicitly shows sets
of limit points for positive and negative trajectories, which in turn describe in applied problems
the beginning and the end of the evolutionary process, respectively.

Keywords: skew-symmetric matrix; boundary point; interior point; fixed point; partially oriented graph; eigenvalue; saddle point; attractor; repeller.
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1. Introduction
It is known that nonlinear dynamics has been formed relatively over the last 30 − 35 years, using systems

of nonlinear mathematical models [1-4]. In this it is necessary to note differential equations and discrete
mappings, among which an important role is played by discrete Lotka-Volterra mappings.

It is known [5],[6] that discrete Lotka-Volterra mappings are uniquely determined by specifying the skew-
symmetric matrix 𝐴 = (𝑎𝑖 𝑗), 𝑎𝑖 𝑗 = −𝑎 𝑗𝑖, 𝑖, 𝑗 = 1, 𝑚 and act on the simplex

𝑆𝑚−1 =

{
𝑥 ∈ 𝑅𝑚 :

𝑚∑︁
𝑖=1

𝑥𝑖 = 1, 𝑥𝑖 ≥ 0

}
according to the formulas

𝑉 : 𝑥′𝑘 = 𝑥𝑘

(
1 +

𝑚∑︁
𝑖=1

𝑎𝑘𝑖𝑥𝑖

)
, 𝑘 = 1, ..., 𝑚 (1.1)

on condition |𝑎𝑘𝑖 | ≤ 1 . We define it as 𝑉 : 𝑆𝑚−1 → 𝑆𝑚−1 [5-7]. By specifying the mapping in the form (1.1),
it is not difficult to notice that it is uniquely determined by the skew-symmetric matrix of 𝐴 = (𝑎𝑘𝑖). In [5-7]
the concepts of a skew-symmetric matrix of general position are introduced.
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Classification of Character of Rest Points

Definition 1.1. A skew-symmetric matrix 𝐴 = (𝑎𝑘𝑖) is called in general position if the major minors of an
even order are nonzero.

If the definition condition is not met, then such a skew-symmetric matrix is called degenerate.
Also, from the works [5-7] we know that if a skew-symmetric matrix is in general position, then in this case a

complete oriented graph corresponds to this matrix, i.e. a tournament. In this paper, we consider the degenerate
case of Lotka-Volterra mappings. Mappings of this type are defined by a degenerate skew-symmetric matrix.
This type of mapping, acting in two-dimensional and three-dimensional simplexes, began to be considered in
[8],[9] and they show that partially oriented graphs correspond to matrices of this type.

Interest in the study of degenerate Lotka-Volterra mappings arises from the fact that they can be used in
modeling epidemiological situations, up to recurrent ([8],[10]) and non-recurrent diseases [9], as well as in
modeling environmental problems ([11]). Consequently, the work is devoted to the continuation of the study
of mappings of this type.

Partially oriented graphs in the cases of 𝑚 = 3, 4 are given in the monograph [12]. This work is devoted to
finding rest points and investigating their character of the degenerate Lotka-Volterra mapping operating in a
four-dimensional simplex, i.e. 𝑆4. This study gives us a picture of the flow of trajectories of the internal points
of the simplex.

Now let us introduce the basic definitions that we will refer to throughout our work.
Definition 1.2. [1] Let 𝑥 ∈ 𝑆𝑚−1 . If condition 𝑉𝑥 = 𝑥 is satisfied, then point 𝑥 is called fixed.

The Jacobi matrix for some 𝑓𝑘 (𝑥1, 𝑥2, ..., 𝑥𝑚) has the following form:

𝐽 (𝑥) =
©­­­­«
𝜕 𝑓1
𝜕𝑥1

𝜕 𝑓1
𝜕𝑥2

...
𝜕 𝑓1
𝜕𝑥𝑚

𝜕 𝑓2
𝜕𝑥1

𝜕 𝑓2
𝜕𝑥2

...
𝜕 𝑓2
𝜕𝑥𝑚

... ... ... ...
𝜕 𝑓𝑚
𝜕𝑥1

𝜕 𝑓𝑚
𝜕𝑥2

...
𝜕 𝑓𝑚
𝜕𝑥𝑚

ª®®®®¬
(1.2)

Let 𝑥∗ = (𝑥1, 𝑥2, ..., 𝑥𝑚) ∈ 𝑆𝑚−1 be a fixed point of a system of type (1.1). If

|𝐽 (𝑥∗) − 𝜆𝐸 | = 0, (1.3)

then the numbers 𝜆𝑖 , 𝑖 = 1, 𝑚, which are solutions to the equation (1.3), are called the eigenvalues of the fixed
point 𝑥∗ [9].
Definition 1.3. If at a fixed point 𝑥∗ = (𝑥1, 𝑥2, ..., 𝑥𝑚) ∈ 𝑆𝑚−1 all eigenvalues 𝜆𝑖 , 𝑖 = 1, 𝑚 are less than 1 in
absolute value, then this point is called attracting.

Definition 1.4. If all eigenvalues 𝜆𝑖 , 𝑖 = 1, 𝑚 at a fixed point 𝑥∗ = (𝑥1, 𝑥2, ..., 𝑥𝑚) ∈ 𝑆𝑚−1 are greater than 1,
then this fixed point is called repulsive.

In all other cases, the fixed point is called a saddle point.

2. Results
Let the degenerate skew-symmetric matrix 𝐴 have the form

𝐴 =

©­­­­­­«

0 0 −𝑎 𝑏 0
0 0 𝑐 −𝑒 0
𝑎 −𝑐 0 0 −𝑑
−𝑏 𝑒 0 0 𝑓

0 0 𝑑 − 𝑓 0

ª®®®®®®¬
, 𝑎𝑛𝑑 0 < 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ≤ 1.
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Figure 1. Partially directed graph corresponding to matrix 𝐴.

Then the matrix 𝐴 defines a partially directed graph (see Figure 1).
In this case, operator 𝑉 : 𝑆4 → 𝑆4, defined by matrix 𝐴, will have the following form:

𝑉 :


𝑥′1 = 𝑥1(1 − 𝑎𝑥3 + 𝑏𝑥4),
𝑥′2 = 𝑥2(1 + 𝑐𝑥3 − 𝑒𝑥4),
𝑥′3 = 𝑥3(1 + 𝑎𝑥1 − 𝑐𝑥2 − 𝑑𝑥5),
𝑥′4 = 𝑥4(1 − 𝑏𝑥1 + 𝑒𝑥2 + 𝑓 𝑥5),
𝑥′5 = 𝑥5(1 + 𝑑𝑥3 − 𝑓 𝑥4).

(2.1)

We are faced with the task of studying the dynamics of the interior points of operator (2.1). To do this, we find
fixed points and study their characters.

First, we introduce the following notation:
Let 𝐼 = {1, 2, ..., 𝑚} , points 𝑒𝑖 = (𝛿𝑖1, ..., 𝛿𝑖𝑚) be the vertices of the simplex, where 𝛿𝑖 𝑗 is the Kronecker

symbol, (𝑖, 𝑗 ∈ 𝐼) . Γ𝛼− convex hull of vertices {𝑒𝑖}𝑖∈𝛼 for 𝛼 ⊂ 𝐼. The interior of the face is Γ𝛼 − 𝑟𝑖Γ𝛼 and
the relative boundary is 𝜕Γ𝛼. Let |𝛼 | be the number of elements of 𝛼 ⊂ 𝐼. First, let us find the fixed points of
operator (2.1). To do this, we solve the system of equations 𝑉𝑥 = 𝑥. As a result, they belong to 𝑆4, i.e. that is,
the edges and faces of the simplex

Γ34 =
{
(0, 0, 𝛾, 1 − 𝛾, 0) ∈ 𝑆4, 0 ≤ 𝛾 ≤ 1

}
,

Γ125 =
{
(𝛼, 𝛽 , 0, 0, 1 − 𝛼 − 𝛽) ∈ 𝑆4, 0 ≤ 𝛼, 𝛽 ≤ 1, 𝛼 + 𝛽 ≤ 1

}
.

Let us be given the Lotka-Volterra operator of the form (2.1). First, we write down the general Jacobian matrix
for 𝑉𝑥 =

(
𝑥′1, 𝑥′2, 𝑥′3, 𝑥′4, 𝑥′5

)
∈ 𝑆4. To do this, we use formula (1.2) for operator (2.1):

𝐽 (𝑉𝑥) =

©­­­­­­«

1 − 𝑎𝑥3 + 𝑏𝑥4 0 −𝑎𝑥1 𝑏𝑥1 0
0 1 + 𝑐𝑥3 − 𝑒𝑥4 𝑐𝑥2 −𝑒𝑥2 0
𝑎𝑥3 −𝑐𝑥3 1 + 𝑎𝑥1 − 𝑐𝑥2 − 𝑑𝑥5 0 −𝑑𝑥3

−𝑏𝑥4 𝑒𝑥4 0 1 − 𝑏𝑥1 + 𝑒𝑥2 + 𝑓 𝑥5 − 𝑓 𝑥4

0 0 𝑑𝑥5 − 𝑓 𝑥5 1 + 𝑑𝑥3 − 𝑓 𝑥4

ª®®®®®®¬
.
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Theorem 2.1. All vertices of simplex 𝑆4 are fixed saddle points.

Proof. We know that the vertices of the simplex 𝑆4 lie at points
𝑒1 = (1, 0, 0, 0, 0), 𝑒2 = (0, 1, 0, 0, 0), 𝑒3 = (0, 0, 1, 0, 0), 𝑒4 = (0, 0, 0, 1, 0), 𝑒5 = (0, 0, 0, 0, 1).
All these points satisfy the condition 𝑉𝑥 = 𝑥.
1) Find the eigenvalues using the Jacobian matrix for point 𝑒1 = (1, 0, 0, 0, 0) and formula (1.3), i.e. solve

an equation of the form
(1 − 𝜆)3 (1 + 𝑎 − 𝜆) (1 − 𝑏 − 𝜆) = 0.

Its solutions have the form 𝜆1 = 𝜆2 = 𝜆3 = 1, 𝜆4 = 1 + 𝑎, 𝜆5 = 1 − 𝑏. This means that |𝜆4 | > 1, |𝜆5 | < 1.
Vertex 𝑒1 is a saddle point.

2) For vertex 𝑒2 = (0, 1, 0, 0, 0) we obtain equation

(1 − 𝜆)3 (1 + 𝑒 − 𝜆) (1 − 𝑐 − 𝜆) = 0.

Its solutions 𝜆1 = 𝜆2 = 𝜆3 = 1, 𝜆4 = 1 + 𝑒, 𝜆5 = 1 − 𝑐, i.e. |𝜆4 | > 1, |𝜆5 | < 1. Vertex 𝑒2 is also a saddle.
Carrying out the same actions for 𝑒3, 𝑒4 and 𝑒5, we establish that among their eigenvalues there are modulo
greater than 1 and less than 1. This means that the vertices 𝑒3, 𝑒4, 𝑒5 are also saddles. The theorem has been
proven.

Now let us turn our attention to other fixed points of the simplex. All points of edge Γ34 ⊂ 𝑆4 satisfy condition
𝑉𝑥 = 𝑥. We solve equations −𝑎𝑥3 + 𝑏𝑥4 = 0, 𝑐𝑥3 − 𝑒𝑥4 = 0, 𝑑𝑥3 − 𝑓 𝑥4 = 0 taking into account 𝑥3 + 𝑥4 = 1.

The solutions to these equations consist of neutral fixed points. Defining them as

𝐸1 =

(
0, 0,

𝑏

𝑎 + 𝑏
,

𝑎

𝑎 + 𝑏
, 0

)
, 𝐸2 =

(
0, 0,

𝑒

𝑐 + 𝑒
,

𝑐

𝑐 + 𝑒
, 0

)
, 𝐸3 =

(
0, 0,

𝑓

𝑑 + 𝑓
,

𝑑

𝑑 + 𝑓
, 0

)
,

respectively.

Theorem 2.2. If condition 𝑑𝑒 > 𝑐 𝑓 is satisfied, then all fixed points belonging to the interval [𝐸1, 𝐸2] ⊂ Γ34

are repellers, if condition 𝑑𝑒 > 𝑐 𝑓 is satisfied, then [𝐸1, 𝐸3] ⊂ Γ34 the interval also consists entirely of
repellers.

Proof. Consider the set consisting of these fixed points of the edge Γ34. According to (1.3), we find the
eigenvalues:

(1 − 𝜆)2 (1 − 𝑎𝛾 + 𝑏 (1 − 𝛾) − 𝜆) (1 + 𝑐𝛾 − 𝑒 (1 − 𝛾) − 𝜆) (1 + 𝑑𝛾 − 𝑓 (1 − 𝛾) − 𝜆) = 0.

Its solutions have the form 𝜆1 = 𝜆2 = 1, 𝜆3 = 1 + (−𝑎𝛾 + 𝑏 (1 − 𝛾)), 𝜆4 = 1 + 𝑐𝛾 − 𝑒 (1 − 𝛾),𝜆5 = 1 + 𝑑𝛾 −
𝑓 (1 − 𝛾). In simplex 𝑆4 we consider the system of inequalities

−𝑎𝛾 + 𝑏 (1 − 𝛾) > 0,
𝑐𝛾 − 𝑒 (1 − 𝛾) > 0,
𝑑𝛾 − 𝑓 (1 − 𝛾) > 0.

(2.2)

And according to the results found 𝜆, we divide the set of points Γ34 into classes. If condition 𝑑𝑒 > 𝑐 𝑓 is
satisfied, then the solutions to the system of inequalities (2.2) consist of interval [𝐸1, 𝐸2] ⊂ Γ34 (see Figure
2). The eigenvalues of fixed points belonging to both sets [𝐸1, 𝐸2] and [𝐸1, 𝐸3] have the form
𝜆1 = 𝜆2 = 1, 𝜆3, 𝜆4, 𝜆5 > 1,. This means that the intervals consist entirely of repellers.

Under condition 𝑑𝑒 < 𝑐 𝑓 , the solutions to the system of inequalities (2.2) consist of interval [𝐸1, 𝐸3] ⊂ Γ34

(see Figure 3).

Theorem 2.3. When condition 𝑑𝑒 > 𝑐 𝑓 is satisfied, points belonging to interval [𝐸3, 𝐸1] ⊂ Γ34, and when
condition 𝑑𝑒 < 𝑐 𝑓 is satisfied, points belonging to interval [𝐸2, 𝐸1] ⊂ Γ34 are attractors.
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Figure 2. [𝐸1 , 𝐸2 ] is part of the edge Γ34.

Figure 3. [𝐸1 , 𝐸3 ] is part of the edge Γ34.

Proof. In the proof of the above theorem, we will find the eigenvalues for the fixed points belonging to Γ34.
Consider the system of inequalities 

−𝑎𝛾 + 𝑏 (1 − 𝛾) < 0,
𝑐𝛾 − 𝑒 (1 − 𝛾) < 0,
𝑑𝛾 − 𝑓 (1 − 𝛾) < 0

(2.3)

in simplex 𝑆4 . If 𝑑𝑒 > 𝑐 𝑓 is true for the system of inequalities, then the solution to the system of inequalities
(2.3) consists of the interval [𝐸3, 𝐸1] ⊂ Γ34. If 𝑑𝑒 < 𝑐 𝑓 holds, then the solution to the system of inequalities
(2.3) consists of [𝐸2, 𝐸1] ⊂ Γ34 the interval. The coordinates of points, 𝐸1, 𝐸2 and 𝐸3 are indicated above.
The eigenvalues of fixed points belonging to sets [𝐸2, 𝐸1], [𝐸3, 𝐸1], consisting of solutions to the system of
inequalities (2.3), have the form 𝜆1 = 𝜆2 = 1, |𝜆3 |, |𝜆4 |, |𝜆5 | < 1. This means that they are attractors.The
theorem has been proven.

Theorem 2.4. If −𝑎𝛾 + 𝑏 (1 − 𝛾) , 𝑐𝛾 − 𝑒 (1 − 𝛾) , 𝑑𝛾 − 𝑓 (1 − 𝛾) have different signs, then the fixed points
belonging to Γ34 consist of saddle points.

Proof. We are interested in cases when these polynomials have different signs. Cases with the same symptoms
were considered as follows. The table below shows cases when the signs of these polynomials are different.

−𝑎𝛾 + 𝑏 (1 − 𝛾) 𝑐𝛾 − 𝑒 (1 − 𝛾) 𝑑𝛾 − 𝑓 (1 − 𝛾)
1 − + +
2 − − +
3 − + +
4 + − −
5 + − +
6 + + −

Table 1. Combinations of signs of polynomials

If you create a system of inequalities using the signs of polynomials from the table, then it will consist
of six inequalities. Each solution to this system of inequalities consists of an interval belonging to edge Γ34.
Analyzing the eigenvalues for points belonging to these intervals, we come to the conclusion that they are
saddle points. The theorem has been proven.
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All points belonging to face Γ125 ⊂ 𝑆4 satisfy condition 𝑉𝑥 = 𝑥. Let us study the relative boundary
𝜕Γ125 ⊂ Γ125 and the relative interior 𝑟𝑖Γ125 ⊂ Γ125 separately. We know there is equality

𝜕Γ125 = 𝜕Γ12 ∪ 𝜕Γ25 ∪ 𝜕Γ15.

Theorem 2.5. The set of fixed points belonging to the edge Γ25 consists of saddle points.

Proof. Let 𝛼 = 0 , then Γ25 =
{
(0, 𝛽, 0, 0, 1 − 𝛽) ∈ 𝑆4, 0 ≤ 𝛽 ≤ 1

}
. We find the eigenvalues for the points

from Γ25. From formula (1.3) we obtain

(1 − 𝜆)3 (1 − 𝑐𝛽 − 𝑑 (1 − 𝛽) − 𝜆) (1 + 𝑒𝛽 + 𝑓 (1 − 𝛽) − 𝜆) = 0.

Its solutions have the form 𝜆1 = 𝜆2 = 𝜆3 = 1, 𝜆4 = 1 − 𝑐𝛽 − 𝑑 (1 − 𝛽), 𝜆5 = 1 + 𝑒𝛽 + 𝑓 (1 − 𝛽) and |𝜆4 | <
1, |𝜆5 | > 1. So, the set of fixed points of the edge Γ25 consists of saddle points. The theorem has been proven.
Consider the equations 𝑎𝑥1 − 𝑐𝑥2 − 𝑑𝑥5 = 0,−𝑏𝑥1 + 𝑒𝑥2 + 𝑓 𝑥5 = 0. The solutions to these equations on section
Γ15 consist of neutral fixed points. Let us denote them as 𝐺1

(
𝑑

𝑎+𝑑 , 0, 0, 0, 𝑎
𝑎+𝑑

)
, 𝐺2

(
𝑓

𝑏+ 𝑓
, 0, 0, 0, 𝑏

𝑏+ 𝑓

)
,

respectively.

Theorem 2.6. If condition 𝑏𝑑 < 𝑎 𝑓 is satisfied, then the points belonging to the interval [𝑒5, 𝐺1] ∪ [𝐺2, 𝑒1] ⊂
Γ15 are saddles, and the points belonging to the interval [𝐺1, 𝐺2] ⊂ Γ15 are repellers.

Proof. We know that if 𝛽 = 0 then Γ15 =
{
(𝛼, 0 , 0, 0, 1 − 𝛼) ∈ 𝑆4, 0 ≤ 𝛼 ≤ 1

}
. We find the eigenvalues

of points belonging to edge Γ25. From formula (1.3) we obtain

(1 − 𝜆)3 (1 + 𝑎𝛼 − 𝑑 (1 − 𝛼) − 𝜆) (1 − 𝑏𝛼 + 𝑓 (1 − 𝛼) − 𝜆) = 0.

Solutions to this equation:

𝜆1 = 𝜆2 = 𝜆3 = 1, 𝜆4 = 1 + (𝑎 + 𝑑) 𝛼 − 𝑑, 𝜆5 = 1 + 𝑓 − (𝑏 + 𝑓 ) 𝛼.

Then, if 𝛼 < 𝑑
𝑎+𝑑 , then we have (𝑎 + 𝑑) 𝛼 − 𝑑 < 0, hence |𝜆4 | < 1. But if 𝑏𝑑 < 𝑎 𝑓 , then 𝑓 − (𝑏 + 𝑓 ) 𝛼 > 0.

Means |𝜆5 | > 1. So, the points of interval [𝑒5, 𝐺1] ⊂ Γ15 are saddle points. Similarly, if 𝑏𝑑 < 𝑎 𝑓 and 𝛼 >
𝑓

𝑏+ 𝑓

are satisfied, then we have |𝜆4 | > 1 and |𝜆5 | < 1. Then all points of interval [𝐺2, 𝑒1] ⊂ Γ15 are saddle
points. Values 𝛼 belonging to the range 𝑑

𝑎+𝑑 < 𝛼 <
𝑓

𝑏+ 𝑓
have (𝑎 + 𝑑) 𝛼 − 𝑑 > 0 and 𝑓 − (𝑏 + 𝑓 ) 𝛼 > 0. Then

|𝜆4 | > 1, |𝜆5 | > 1 . Consequently, the set of all points in interval [𝐺1, 𝐺2] ⊂ Γ15 are repulsive.The theorem
has been proven.

Let us move on to considering the solution of equations 𝑎𝑥1 − 𝑐𝑥2 − 𝑑𝑥5 = 0,−𝑏𝑥1 + 𝑒𝑥2 + 𝑓 𝑥5 = 0 for
points belonging to edge Γ12. The solutions to these equations consist of neutral points in Γ12, having the form
𝐹1

(
𝑐

𝑎+𝑐 ,
𝑎

𝑎+𝑐 , 0, 0, 0
)
, 𝐹2

(
𝑒

𝑒+𝑏 ,
𝑏

𝑒+𝑏 , 0, 0, 0
)
.

Theorem 2.7. If condition 𝑏𝑐 < 𝑎𝑒 is satisfied, then the points belonging to the interval [𝑒2, 𝐹1] ∪ [𝐹2, 𝑒1] ⊂
Γ15 are saddle, and the points belonging to the interval [𝐹1, 𝐹2] ⊂ Γ15 are repulsive.

Proof. The theorem is proved similarly to Theorem 2.6.
Above we studied the dynamics of points belonging to the boundary part of the face Γ125. Now consider the

set of internal points of the face

𝑟𝑖Γ125 =
{
(𝛼, 𝛽 , 0, 0, 1 − 𝛼 − 𝛽) ∈ 𝑆4, 0 < 𝛼, 𝛽 < 1, 𝛼 + 𝛽 < 1

}
.

We find the eigenvalues for these points using the Jacobi matrix and formula (1.3):

(1 − 𝜆)3 (1 + 𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) − 𝜆) (1 − 𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽) − 𝜆) = 0.
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As a result, we get 𝜆1 = 𝜆2 = 𝜆3 = 1, 𝜆4 = 1 + 𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) , 𝜆5 = 1 − 𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽).
Let us denote the set of solutions to the system of inequalities by 𝑇 ,{

𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) < 0,
−𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽) < 0,

and the set of solutions to the system of inequalities through 𝐼 ,{
𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) > 0,
−𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽) > 0.

And the set of solutions to the system of inequalities{
𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) > 0,
−𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽) < 0,

{
𝑎𝛼 − 𝑐𝛽 − 𝑑 (1 − 𝛼 − 𝛽) < 0,
−𝑏𝛼 + 𝑐𝛽 + 𝑓 (1 − 𝛼 − 𝛽) > 0.

denote by 𝐸 . Based on the above mentioned, we get the following Proposition.
Proposition 1. When conditions 𝑎 𝑓 < 𝑏𝑑, 𝑎𝑒 < 𝑏𝑐 are met, the following confirmations are appropriate:
1. 𝑇 ⊂ Γ125 – all points belonging to the set are attractors;
2. All points belonging to the set 𝐼 ⊂ Γ125 are repellers;
3. All points belonging to the set 𝐸 ⊂ Γ125 are saddle points (see Figure 4).

Figure 4. Classification of points belonging to the set in 𝑟𝑖Γ125.

The dynamics of internal points is studied similarly to the dynamics of boundary points discussed above.

3. Conclusion
The works devoted to discrete Lotka-Volterra mappings with non-degenerate skew-symmetric matrices are

quite well known [5-7], [10]. From these works it is known that mappings of this type can be associated
with elements of graph theory, in particular with the theory of tournaments. But, as it turned out, in the case
when the skew-symmetric matrix is singular, then a mapping of this type can be associated with a partially
directed graph. The study of this type of Lotka-Volterra mappings is relevant, since they can be considered
as discrete models of epidemiology, ecology, and population genetics [8], [10]. In this regard, the work is
devoted to the study of the dynamics of internal points of the degenerate Lotka-Volterra mapping acting in a
four-dimensional simplex. Fixed points have been found for the operator under consideration; it turns out that
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there are infinitely many of them. The characters of fixed points on which the flow of trajectories of internal
points of a given operator depends are studied. The following work will be devoted to finding the Fatou and
Julia sets for mappings of this kind [1].
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Dynamics of Compositions of Lotka-Volterra Operators
Corresponding to Some Partially Oriented Graphs in a

Three-Dimensional Simplex
F.Yusupov∗, D.Akhmedova and U.Shamsiyeva

Abstract
The paper is devoted to the study of the dynamics of the trajectories of the inner points
of the composition of two quadratic Lotka-Volterra dynamical systems operating in a three-
dimensional simplex. Four compositional operators are investigated in this work. Fixed points
are found for them and their characters are investigated by analyzing the Jacobian spectrum.
The compositions of two discrete dynamic Lotka-Volterra systems are interesting because they
can be applied in epidemiology problems.

Keywords: Lotka–Volterra mapping, oriented graph, fixed point, repeller, attractor.
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1. Introduction

It is known that many applied problems today are solved using non-linear dynamics. In [1], the dynamics
of the composition of some Lotka-Volterra operators operating in a two-dimensional simplex is investigated.
Later work [2] was devoted to the classification of fixed points, according to the theory introduced in [3]
for the composition of some Lotka-Volterra operators operating in two- and three-dimensional simplexes. In
[4], the composition of two Lotka-Volterra operators corresponding to strong oppositely directed tournaments
is proposed as a discrete model of sexually transmitted viruses. In this paper, these studies continue; that
is, the dynamics of the composition of Lotka-Volterra operators operating in a three-dimensional simplex
corresponding to partially oriented graphs is investigated. Here, for the first time, according to the works
[6]-[8], the correspondence of partially oriented graphs for the operators under consideration is shown. In [9],
compositions of operators of this type were also studied using the one-dimensional dynamics apparatus of
A.N. Sharkovsky. In this paper, fixed points are found for the compositional operators considered and their
characters are investigated. Composite operators of this type are relevant for research because they act as
discrete models to study the dynamics of the spread of computer viruses in two operating systems.
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2. Preliminary information.

Let be us quadratic Lotka—Volterra operator

𝑉1 : 𝑥′𝑘 = 𝑥𝑘

(
1 +

𝑚∑︁
𝑖=1

𝑎𝑘𝑖𝑥𝑖

)
, 𝑎𝑛𝑑 𝑉2 : 𝑥′𝑘 = 𝑥𝑘

(
1 +

𝑚∑︁
𝑖=1

𝑏𝑘𝑖𝑥𝑖

)
, 𝑘 = 1, 𝑚 (2.1)

on the simplex

𝑆3 =

{
𝑥 = (𝑥1, 𝑥2, 𝑥3, 𝑥4) : 𝑥𝑖 ≥ 0,

4∑︁
𝑖=1

𝑥𝑖 = 1

}
⊂ 𝑅4

Definition 2.1. [1]. A complex operator satisfying the equalities

(𝑉1 ◦𝑉2) (𝑥) = 𝑉1 (𝑉2 (𝑥)) 𝑜𝑟 (𝑉2 ◦𝑉1) (𝑥) = 𝑉2 (𝑉1 (𝑥))

is called a composition of operators 𝑉1 and 𝑉2.

Confirmation. According to [1], the composition of operators and can be expressed in the form

𝑊 = 𝑉1 ◦𝑉2 : 𝑥′𝑘 = 𝑥𝑘 (1 + 𝑓𝑘 (𝑥1, 𝑥2, ..., 𝑥𝑘−1, 𝑥𝑘+1, ..., 𝑥𝑚)) , 𝑘 = 1, 𝑚 (2.2)

Before proceeding to the main results, we recall the information from [2]-[5] related to fixed points and their
characters.

Definition 2.2. [2] A point 𝑥 satisfying the equality 𝑊 (𝑥) = 𝑥 is called a fixed point of the operator 𝑊 and is
denoted as 𝐹𝑖𝑥 (𝑊) =

{
𝑥 ∈ 𝑆𝑚−1 : 𝑊 (𝑥) = 𝑥

}
.

Definition 2.3. [3], [4]. Suppose 𝑥0 is a fixed point for 𝑊 . Then 𝑥0 is an attracting fixed point if |𝑊 (𝑥0) | < 1.

Definition 2.4. [3], [4]. The point 𝑥0 is a repelling fixed point if |𝑊 (𝑥0) | > 1.

Definition 2.5. [5]. Matrix of partial derivatives of operator Lotka – Volterra type is called Jacobi matrix and
denoted as

𝐽 (𝑊) =
©­­­­«
𝜕𝑥′1
𝜕𝑥1

𝜕𝑥′1
𝜕𝑥2

...
𝜕𝑥′1
𝜕𝑥𝑛

𝜕𝑥′2
𝜕𝑥1

𝜕𝑥′2
𝜕𝑥2

...
𝜕𝑥′2
𝜕𝑥𝑛

..... ..... ..... ......
𝜕𝑥′𝑛
𝜕𝑥1

𝜕𝑥′𝑛
𝜕𝑥𝑛

...
𝜕𝑥′𝑛
𝜕𝑥𝑛

ª®®®®¬
(2.3)

Undirected, partially directed graphs and tournaments in 𝑆3 are shown in Figure 1. ([6] -[8]).

3. Main results.

Let us assume that the Lotka–Volterra quadratic operators corresponding to partially oriented graphs (see
Figure 1) and the compositions of their compositions
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Figure 1. Tournaments defined in three-dimensional simplex.

𝑉1 :


𝑥′1 = 𝑥1 (1 + 𝑎12𝑥2 + 𝑎13𝑥3 + 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 − 𝑎12𝑥1) ;
𝑥′3 = 𝑥3 (1 − 𝑎13𝑥1) ;
𝑥′4 = 𝑥4 (1 − 𝑎14𝑥1) ;

𝑉2 :


𝑥′1 = 𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) ;
𝑥′2 = 𝑥2 (1 + 𝑏12𝑥1) ;
𝑥′3 = 𝑥3 (1 + 𝑏13𝑥1) ;
𝑥′4 = 𝑥4 (1 + 𝑏14𝑥1) .

(3.1)

Partially oriented graphs corresponding to these operators are imaged in Figure 2.
The composition of these operators is

ujmcs.tstu.uz 98
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Figure 2. Partially oriented graphs corresponding to operators 𝑉1 and 𝑉2

𝑉1 ◦𝑉2 :


𝑥′1 = 𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) (1 + 𝑎12𝑥2 (1 + 𝑏12𝑥1) +
+𝑎13𝑥3 (1 + 𝑏13𝑥1) + 𝑎14𝑥4 (1 + 𝑏14𝑥1)) ;
𝑥′2 = 𝑥2 (1 + 𝑏12𝑥1) (1 − 𝑎12𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;
𝑥′3 = 𝑥3 (1 + 𝑏13𝑥1) (1 − 𝑎13𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;
𝑥′4 = 𝑥4 (1 + 𝑏14𝑥1) (1 − 𝑎14𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;

(3.2)

Lemma 3.1. The following confirmations are satisfying for operator 𝑉1 ◦𝑉2:
i. Vertices of simplex I, P, H, and D i, points on the edges Γ𝐼𝑃, Γ𝐼𝐻 , Γ𝐼𝐷 and side Γ𝑃𝐻𝐷 are fixed points of
composition operator;
ii. All vertices of operator 𝑉1 ◦𝑉2 are attractor;
iii. Fixed points on the edges operator 𝑉1 ◦𝑉2 are saddle point.

Proof. According to the definition of a fixed point, the solutions of the equation 𝑉𝑥 = 𝑥 define the fixed
points of the operator.

𝑥1 = 𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) (1 + 𝑎12𝑥2 (1 + 𝑏12𝑥1) +
+𝑎13𝑥3 (1 + 𝑏13𝑥1) + 𝑎14𝑥4 (1 + 𝑏14𝑥1)) ;
𝑥2 = 𝑥2 (1 + 𝑏12𝑥1) (1 − 𝑎12𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;
𝑥3 = 𝑥3 (1 + 𝑏13𝑥1) (1 − 𝑎13𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;
𝑥4 = 𝑥4 (1 + 𝑏14𝑥1) (1 − 𝑎14𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) ;
𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 1.

(3.3)

The solution of the system of equations define the fixed points of the given operator. The solutions of equation
(2.3) are vertices of simplex 𝐼 (1; 0; 0; 0) , 𝑃 (0; 1; 0; 0) , 𝐻 (0; 0; 1; 0) , 𝐷 (0; 0; 0; 1) and points

𝑂1
©­­«
(𝑏12 − 2) √𝑎12 +

√︃
𝑎12𝑏

2
12 + 4𝑏12

2𝑏12
√
𝑎12

;
(𝑏12 + 2) √𝑎12 −

√︃
𝑎12𝑏

2
12 + 4𝑏12

2𝑏12
√
𝑎12

; 0; 0
ª®®¬ ,

𝑂2
©­­«
(𝑏13 − 2) √𝑎13 +

√︃
𝑎13𝑏

2
13 + 4𝑏13

2𝑏13
√
𝑎13

; 0;
(𝑏13 + 2) √𝑎13 −

√︃
𝑎13𝑏

2
13 + 4𝑏13

2𝑏13
√
𝑎13

; 0
ª®®¬ ,

𝑂3
©­­«
(𝑏14 − 2) √𝑎14 +

√︃
𝑎14𝑏

2
14 + 4𝑏14

2𝑏14
√
𝑎14

; 0; 0;
(𝑏14 + 2) √𝑎14 −

√︃
𝑎14𝑏

2
14 + 4𝑏14

2𝑏14
√
𝑎14

ª®®¬ ,
𝑂4 (0; 𝑥2; 𝑥3; 1 − 𝑥2 − 𝑥3) ,
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they represent the points belongs to edges Γ𝐼𝑃 , Γ𝐼𝐻 , Γ𝐼𝐷 and sides Γ𝑃𝐻𝐷 of the simplex. The elements of
the Jacobi matrix of this operator are:
𝜕𝑥′1
𝜕𝑥1

= (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) (1 + 𝑎12𝑥2 (1 + 𝑏12𝑥1) + 𝑎13𝑥3 (1 + 𝑏13𝑥1) + 𝑎14𝑥4 (1 + 𝑏14𝑥1)) +
+𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) (𝑎12𝑏12𝑥2 + 𝑎13𝑏13𝑥3 + 𝑎14𝑏14𝑥4) ;
𝜕𝑥′1
𝜕𝑥2

= − b12𝑥1 (1 + 𝑎12𝑥2 (1 + 𝑏12𝑥1) + 𝑎13𝑥3 (1 + 𝑏13𝑥1) + 𝑎14𝑥4 (1 + 𝑏14𝑥1)) +
+𝑎12𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) (1 + 𝑏12𝑥1) ;
𝜕𝑥′2
𝜕𝑥1

= 𝑏12𝑥2 (1 − 𝑎12𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) − 𝑎12𝑥2 (1 + 𝑏12𝑥1) (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) ;
𝜕𝑥′2
𝜕𝑥2

= (1 + 𝑏12𝑥1) (1 − 𝑎12𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) + 𝑎12𝑏12𝑥1𝑥2 (1 + 𝑏12𝑥1) ;
𝜕𝑥′2
𝜕𝑥3

= 𝑎12𝑏13𝑥1𝑥2 (1 + 𝑏12𝑥1) ;
𝜕𝑥′2
𝜕𝑥4

= 𝑎12𝑏14𝑥1𝑥2 (1 + 𝑏12𝑥1) ;
𝜕𝑥′3
𝜕𝑥1

= 𝑏13𝑥3 (1 − 𝑎13𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) − 𝑎13𝑥3 (1 + 𝑏13𝑥1) (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) ;
𝜕𝑥′3
𝜕𝑥2

= 𝑎13𝑏12𝑥1𝑥3 (1 + 𝑏13𝑥1) ;
𝜕𝑥′3
𝜕𝑥3

= (1 + 𝑏13𝑥1) (1 − 𝑎13𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) + 𝑎13𝑏13𝑥1𝑥3 (1 + 𝑏13𝑥1) ;
𝜕𝑥′3
𝜕𝑥4

= 𝑎13𝑏14𝑥1𝑥3 (1 + 𝑏13𝑥1) ;
𝜕𝑥′4
𝜕𝑥1

= 𝑏14𝑥4 (1 − 𝑎14𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) − 𝑎14𝑥4 (1 + 𝑏14𝑥1) (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4) ;
𝜕𝑥′4
𝜕𝑥2

= 𝑎14𝑏12𝑥1𝑥4 (1 + 𝑏14𝑥1) ;
𝜕𝑥′4
𝜕𝑥3

= 𝑎14𝑏13𝑥1𝑥4 (1 + 𝑏14𝑥1) ;
𝜕𝑥′4
𝜕𝑥4

= (1 + 𝑏14𝑥1) (1 − 𝑎14𝑥1 (1 − 𝑏12𝑥2 − 𝑏13𝑥3 − 𝑏14𝑥4)) + 𝑎14𝑏14𝑥1𝑥4 (1 + 𝑏14𝑥1) .
The elements of Jacobi matrix for simplex vertices are listed in Table 1.
Table 1.

𝑒1 𝑒2 𝑒3 𝑒4
𝜕𝑥′1
𝜕𝑥1

1 (1 − 𝑏12) (1 + 𝑎12) (1 − 𝑏13) (1 + 𝑎13) (1 − 𝑏14) (1 + 𝑎14)
𝜕𝑥′1
𝜕𝑥2

−𝑏12 + 𝑎12 (1 + 𝑏12) 0 0 0
𝜕𝑥′1
𝜕𝑥3

−𝑏13 + 𝑎13 (1 + 𝑏13) 0 0 0
𝜕𝑥′1
𝜕𝑥4

−𝑏14 + 𝑎14 (1 + 𝑏14) 0 0 0
𝜕𝑥′2
𝜕𝑥1

0 𝑏12 − 𝑎12 (1 − 𝑏12) 0 0
𝜕𝑥′2
𝜕𝑥2

(1 + 𝑏12) (1 − 𝑎12) 1 1 1
𝜕𝑥′2
𝜕𝑥3

0 0 0 0
𝜕𝑥′2
𝜕𝑥4

0 0 0 0
𝜕𝑥′3
𝜕𝑥1

0 0 𝑏13 − 𝑎13 (1 − 𝑏13) 0
𝜕𝑥′3
𝜕𝑥2

0 0 0 0
𝜕𝑥′3
𝜕𝑥3

(1 + 𝑏13) (1 − 𝑎13) 1 1 1
𝜕𝑥′3
𝜕𝑥4

0 0 0 0
𝜕𝑥′4
𝜕𝑥1

0 0 0 𝑏14 − 𝑎14 (1 − 𝑏14)
𝜕𝑥′4
𝜕𝑥2

0 0 0 0
𝜕𝑥′4
𝜕𝑥3

0 0 0 0
𝜕𝑥′4
𝜕𝑥4

(1 + 𝑏14) (1 − 𝑎14) 1 1 1

Table 2 below lists the eigenvalues of fixed points I, P, H and D of the composition operator 𝑉1 ◦𝑉2.
Table 2.
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𝑒1 𝑒2 𝑒3 𝑒4

𝜆1 1 1 1 1
𝜆2 1 − 𝑎12𝑏12 − 𝑎12 + 𝑏12 1 1 1
𝜆3 1 − 𝑎13𝑏13 − 𝑎13 + 𝑏13 1 1 1
𝜆4 1 − 𝑎14𝑏14 − 𝑎14 + 𝑏14 1 − 𝑎12𝑏12 + 𝑎12 − 𝑏12 1 − 𝑎13𝑏13 + 𝑎13 − 𝑏13 1 − 𝑎14𝑏14 + 𝑎14 − 𝑏14

According to Table 2, the absolute value of eigenvalues of fixed points 𝐼, 𝑃, 𝐻 and 𝐷 of the composition
operator 𝑉1 ◦𝑉2 is |𝜆𝑖 | < 1, 𝑖 = 1, 4. Then, 𝐼, 𝑃, 𝐻 and 𝐷 points are attractor. The eigenvalues of point 𝑂1 are:
𝜆1 = 1;
𝜆2 = 1 − 1

4𝑏13
√
𝑎13

(
𝑏13

√
𝑎13 −

√︁
𝑏13 (𝑎13𝑏13 + 4)

) (
−2𝑏13 + 𝑎13𝑏13 + 3

√︁
𝑎13𝑏13 (𝑎13𝑏13 + 4) − 2𝑎13

)
𝜆3 = 1 − 1

4𝑏2
14

√︃
𝑎3

14

(
(𝑏14 − 2) √𝑎14 +

√︁
𝑏14 (𝑎14𝑏14 + 4)

)
�

�
(√︁

𝑏14 (𝑎14𝑏14 + 4)√𝑎14 (𝑎14𝑏12 − 𝑎12𝑏14 + 𝑎12𝑏14) + 𝑎2
14𝑏12𝑏14 + 𝑎12𝑎14𝑏

2
14 − 𝑎12𝑎14𝑏12𝑏14 − 2𝑎12𝑏12𝑏14

)
;

𝜆4 = 2 + 1

4𝑏2
14

√︃
𝑎3

14

(
(𝑏14 − 2) √𝑎14 +

√︁
𝑏14 (𝑎14𝑏14 + 4)

)
.

The eigenvalues of point 𝑂2:
𝜆1 = 1;
𝜆2 = 1 − 1

4𝑏13
√
𝑎13

(
𝑏13

√
𝑎13 −

√︁
𝑏13 (𝑎13𝑏13 + 4)

) (
−2𝑏13 + 𝑎13𝑏13 + 3

√︁
𝑎13𝑏13 (𝑎13𝑏13 + 4) − 2𝑎13

)
;

𝜆3 = 1 − 1

4𝑏2
13

√︃
𝑎3

13

(
(𝑏13 − 2) √𝑎13 +

√︁
𝑏13 (𝑎13𝑏13 + 4)

)
�

�
(√︁

𝑏13 (𝑎13𝑏13 + 4)√𝑎13 (𝑎13𝑏12 − 𝑎12𝑏13 + 𝑎12𝑏12) + 𝑎2
13𝑏12𝑏13 + 𝑎12𝑎13𝑏

2
13 − 𝑎12𝑎13𝑏12𝑏13 − 2𝑎12𝑏12𝑏13

)
;

𝜆4 = 2 +
(
𝑏13

√
𝑎13−2

√
𝑎13+

√
𝑏13 (𝑎13𝑏13+4)

) (
𝑎13𝑏13−2𝑏13+

√
𝑎13𝑏13 (𝑎13𝑏13+4)

)
4
√
𝑎13𝑏13

;
The eigenvalues of point 𝑂3:

𝜆1 = 1;
𝜆2 = 1 − 1

4𝑏14
√
𝑎14

(
𝑏14

√
𝑎14 −

√︁
𝑏14 (𝑎14𝑏14 + 4)

) (
−2𝑏14 + 𝑎14𝑏14 + 3

√︁
𝑎14𝑏14 (𝑎14𝑏14 + 4) − 2𝑎14

)
;

𝜆3 = 1 − 1

4𝑏2
14

√︃
𝑎3

14

(
(𝑏14 − 2) √𝑎14 +

√︁
𝑏14 (𝑎14𝑏14 + 4)

)
�

�
(√︁

𝑏14 (𝑎14𝑏14 + 4)√𝑎14 (𝑎14𝑏12 − 𝑎12𝑏14 + 𝑎12𝑏14) + 𝑎2
14𝑏12𝑏14 + 𝑎12𝑎14𝑏

2
14 − 𝑎12𝑎14𝑏12𝑏14 − 2𝑎12𝑏12𝑏14

)
;

𝜆4 = 2 + 1

4𝑏2
14

√︃
𝑎3

14

(
(𝑏14 − 2) √𝑎14 +

√︁
𝑏14 (𝑎14𝑏14 + 4)

)
�

�
(√︁

𝑏14 (𝑎14𝑏14 + 4)√𝑎14 (𝑎14𝑏12 − 𝑎12𝑏14 + 𝑎12𝑏14) + 𝑎2
14𝑏12𝑏14 + 𝑎12𝑎14𝑏

2
14 − 𝑎12𝑎14𝑏12𝑏14 − 2𝑎12𝑏12𝑏14

)
.

Lemma is proved.
Since the proof of the results derived from this lemma can be applied to the dynamics of compositions

of Lotka-Volterra type quadratic operators corresponding to partially oriented graphs and fully oriented
tournaments given in Fig. 1, we present the rest of the lemmas without proof. Let us first consider the
composition of Lotka–Volterra type quadratic operators corresponding to fully oriented and unoriented graphs.
Suppose the following operators are given:

I)

1) :


𝑥′1 = 𝑥1 (1 − 𝑎12𝑥2 − 𝑎13𝑥3 − 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 + 𝑎12𝑥1 − 𝑎23𝑥3 − 𝑎24𝑥4) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 + 𝑎23𝑥2 − 𝑎34𝑥4) ;
𝑥′4 = 𝑥4 (1 + 𝑎14𝑥1 + 𝑎24𝑥2 + 𝑎34𝑥3) ;

5) :


𝑥′1 = 𝑥1;
𝑥′2 = 𝑥2;
𝑥′3 = 𝑥3;
𝑥′4 = 𝑥4.

(3.4)
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Figure 3. Complete oriented tournament and unoriented graph.

The form of Composition of these operators is

1) ◦ 5) :


𝑥′1 = 𝑥1 (1 − 𝑎12𝑥2 − 𝑎13𝑥3 − 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 + 𝑎12𝑥1 − 𝑎23𝑥3 − 𝑎24𝑥4) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 + 𝑎23𝑥2 − 𝑎34𝑥4) ;
𝑥′4 = 𝑥4 (1 + 𝑎14𝑥1 + 𝑎24𝑥2 + 𝑎34𝑥3) ;

(3.5)

Lemma 3.2. The subsequent confirmations are pleasing to the operator 1) ◦ 5):
i. There are no fixed points other than simplex vertices 𝐼, 𝑃, 𝐻, and 𝐷;
ii.Vertice 𝐼 of operator 1) ◦ 5) is repeller, Vertices 𝑃 and 𝐻 are saddle point and vertice 𝐷 is attractor;

II)

Figure 4. Complete oriented tournament and graph which one edge is oriented.

1) :


𝑥′1 = 𝑥1 (1 − 𝑎12𝑥2 − 𝑎13𝑥3 − 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 + 𝑎12𝑥1 − 𝑎23𝑥3 − 𝑎24𝑥4) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 + 𝑎23𝑥2 − 𝑎34𝑥4) ;
𝑥′4 = 𝑥4 (1 + 𝑎14𝑥1 + 𝑎24𝑥2 + 𝑎34𝑥3) ;

6) :


𝑥′1 = 𝑥1 (1 + 𝑏12𝑥2) ;
𝑥′2 = 𝑥2 (1 − 𝑏12𝑥1) ;
𝑥′3 = 𝑥3;
𝑥′4 = 𝑥4.

(3.6)

The form of Composition of these operators is

1) ◦ 6) :


𝑥′1 = 𝑥1 (1 + 𝑏12𝑥2) (1 − 𝑎12𝑥2 (1 − 𝑏12𝑥1) − 𝑎13𝑥3 − 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 − 𝑏12𝑥1) (1 + 𝑎12𝑥1 (1 + 𝑏12𝑥2) − 𝑎23𝑥3 − 𝑎24𝑥4) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 (1 + 𝑏12𝑥2) + 𝑎23𝑥2 (1 − 𝑏12𝑥1) − 𝑎34𝑥4) ;
𝑥′4 = 𝑥4 (1 + 𝑎14𝑥1 (1 + 𝑏12𝑥2) + 𝑎24𝑥2 (1 − 𝑏12𝑥1) + 𝑎34𝑥3) ;

(3.7)

Lemma 3.3. The following confirmations are satisfying for operator 1) ◦ 6):
i.There is fixed point other than vertices simplex 𝐼, 𝑃, 𝐻 va 𝐷;
ii. Vertices 𝐼, 𝑃 and 𝐻 of operator 1) ◦ 6) are attractor;
iii. Fixed point of operator on the edge Γ𝐼𝑃 is saddle point.

III)
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Figure 5. Complete oriented tournament and graph which two edge is oriented.

1) :


𝑥′1 = 𝑥1 (1 − 𝑎12𝑥2 − 𝑎13𝑥3 − 𝑎14𝑥4) ;
𝑥′2 = 𝑥2 (1 + 𝑎12𝑥1 − 𝑎23𝑥3 − 𝑎24𝑥4) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 + 𝑎23𝑥2 − 𝑎34𝑥4) ;
𝑥′4 = 𝑥4 (1 + 𝑎14𝑥1 + 𝑎24𝑥2 + 𝑎34𝑥3) ;

7) :


𝑥′1 = 𝑥1 (1 + 𝑏12𝑥2 + 𝑏14𝑥4) ;
𝑥′2 = 𝑥2 (1 − 𝑏12𝑥1) ;
𝑥′3 = 𝑥3;
𝑥′4 = 𝑥4 (1 − 𝑏14𝑥1) .

(3.8)

The form of Composition of these operators is

1) ◦ 7) :


𝑥′1 = 𝑥1 (1 + 𝑏12𝑥2 + 𝑏14𝑥4) (1 − 𝑎12𝑥2 (1 − 𝑏12𝑥1) − 𝑎13𝑥3 − 𝑎14𝑥4 (1 − 𝑏14𝑥1)) ;
𝑥′2 = 𝑥2 (1 − 𝑏12𝑥1) (1 + 𝑎12𝑥1 (1 + 𝑏12𝑥2 + 𝑏14𝑥4) − 𝑎23𝑥3 − 𝑎24𝑥4 (1 − 𝑏14𝑥1)) ;
𝑥′3 = 𝑥3 (1 + 𝑎13𝑥1 (1 + 𝑏12𝑥2 + 𝑏14𝑥4) + 𝑎23𝑥2 (1 − 𝑏12𝑥1) − 𝑎34𝑥4 (1 − 𝑏14𝑥1)) ;
𝑥′4 = 𝑥4 (1 − 𝑏14𝑥1) (1 + 𝑎14𝑥1 (1 + 𝑏12𝑥2 + 𝑏14𝑥4) + 𝑎24𝑥2 (1 − 𝑏12𝑥1) + 𝑎34𝑥3) ;

(3.9)

Lemma 3.4. The subsequent confirmations are pleasing to the operator 1) ◦ 7):
i. There are fixed point other than vertices simplex 𝐼, 𝑃, 𝐻 and 𝐷 on the edges Γ𝐼𝑃 and Γ𝐼𝐷;
ii. Vertices 𝐼, 𝑃 and 𝐻 of operator 1) ◦ 7) are saddle point and vertex 𝐷 is attractor;
iii. Fixed points of the operator 1) ◦ 7) on the edges Γ𝐼𝑃 and Γ𝐼𝐷 are saddle points.

4. Conclusion

In the paper, according to [6]-[8], oriented and partially oriented graphs are given for 𝑚 = 4 (they turned
out to be 42, see Figure 1). All graphs are described by discrete Lotka-Volterra dynamical systems operating
in a three-dimensional simplex. In [9], [10], the dynamics of the Lotka-Volterra operators are studied, and
the works [1], [2], [4] are devoted to the study of the dynamics of the trajectories of the inner points of the
composition of Lotka-Volterra operators operating in a two-dimensional simplex. In contrast to these works,
this article examines four compositional Lotka- Volterra operators corresponding to some of the graphs in
Figure 1 (see Figures 2-5), for 𝑚 = 4. Fixed points are found for all considered compositional operators and
their characters are investigated (Lemma 2.1-2.4).
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