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ABSTRACT

This paper is devoted to the investigation of the periodic discrete sine-Gordon equation by means
of the inverse spectral problem method. The associated discrete Lax pair is studied, and the
spectral theory of the corresponding periodic linear difference problem is established. Explicit
representations of fundamental solutions are obtained in terms of polynomial structures, and
the spectral data are characterized via a hyperelliptic curve.

Using these results, trace formulas are derived that provide an explicit reconstruction of the
solution in terms of the spectral parameters. An algorithm for solving the inverse spectral
problem is formulated based on the evolution of the spectral data. Finally, we derive a system of
evolution equations for the spectral parameters, which may be regarded as a discrete analogue
of the Dubrovin equations.
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1. Introduction

The Sine—Gordon equation appears in various physical and dynamical processes, such as a chain of coupled
pendulums [1], Josephson tunnel junctions between superconductors [4], dislocations in crystals [2, 3], and
biological cellular structures [5]. The SG equation, as well as its discrete version (dSG), has been extensively
studied in the context of the inverse scattering transform (IST) [6, 8, 7] of which application to dSG equations
with self-consistent sources can be found in [9, 10]. Using another different approaches, interesting results
have also been obtained for the discrete integrable SG equation, for instance, solutions of the discrete SG
equation have been derived using a method based on Riccati equation expansion [11], while the variable-
coefficient Jacobi elliptic function method has been used to construct two families of exact travelling-wave
solutions [12]. The dSG equation also arises naturally in various physical models; for example, its formulation
on metric graphs provides an effective framework for describing the propagation of deformations in branched
solid structures [13].

In this paper, we focus on the investigation of the dSG equation with periodic boundary conditions and
develop the spectral theory for the associated linear spectral difference equation. Our approach follows the
methods developed in [14, 15, 16, 17] to integrate the dSG equation within the class of periodic functions.
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Inverse Spectral Problem Method

We consider the differential-difference sine-Gordon equation
Ops1(1) = 0, (1) = 25in 0,41 (1) + 25inb, (1), n€Z, t >0 (1.1)
in the class of N-periodic functions 6,y (¢) = 8,,(¢), n € Z, t > 0, with the initial data
6,(0)=6%, nez. (1.2)

where the sequence {#},,cz is assumed to be N-periodic and N is natural number.
The Lax pair representation associated with Eq. (1.1) is given as

yn+1(Z> t) = Ln(Z9 Z)yn(L [)s (13)
)"n(Z,l) = Hn(Z,t)yn(th)

where L, (z,t) and H,(z, t) are the following matrix

La(e,) = 2Py (1) + %Qn(l),

2
H,(z,t) = ZZ al 10'3 + w07,
zz2—-1
P,(1) = 111 +.COS 0,(1) sin (1) ’
2 sin 6,,(¢) 1-cos8,(1)
_1({1-cosb,(t) —sinb,(1)
On(t) = 2 ( —sin6,(t) 14cosb,(t) )’ (1.4

0 —i 1 0
==l o) =l 5)
Here z is the non-zero spectral parameter and w, (¢) satisfy the compatibility equations [9]
On (1) = —(Wn41(7) + wu (1)),
Wn1(t) — wu(t) = =25sin6,(1). (1.5)
Using (1.5) together with the periodicity of w,,(t), we obtain

N-1
> sing, (1) = 0. (1.6)
n=0

The identity (1.6) is the closure condition for the periodic chain: the total increment over one period must
vanish, and hence the forcing terms sin 6,,(z) must balance each other. Since (1.5) determines w,(¢) only up
to an additive function of #, we impose the normalization condition

wo(t) = f(1).

This condition fixes the additive freedom in w,, () and ensures uniqueness.

The solution of the inverse spectral problem is based on the trace formulae and the evolution equations for
the spectral data, which together provide an algorithm for reconstructing the periodic solution {6,,(¢)};~_., of
(1.1)-(1.2).

In Section 2, we study the discrete spectral theory for the linear difference equation associated with the
dSG equation. Section 3 is devoted to obtaining the trace formula for the shifted discrete linear system and
presenting an algorithm for solving the inverse spectral problem. In the final section, we derive a discrete
analogue of the Dubrovin system that describes the time evolution of the spectral data associated with the
underlying linear problem.
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2. Discrete spectral problem

Let us study the following discrete system, temporally omitting its dependence on time ¢
Yn+1(2) = Ln(2)yn(2), (2.1)
1
L, =zP,+ ZQn

where z is the is the non-zero spectral parameter and

P = 1 1+ cosé, sin 6,,
"2 sinf, 1-cos@,

0 _1 1-cosf, -siné,
"7 2\ —sin6, 1+cosb,

Here 64N = 60, and y, = (y,.1, yn,z)T, neZ. Letc,(z),n € Zand s,(z), n € Z, be the solutions of system
(2.1) determined by the initial conditions co(z) = (1, 0)7 and so(z) = (0, 1). Then these solutions admit the

representation
2 2
en(2) = ﬁ N EETOEEC B (22)
Su(z2)) Un(22))
Here v, is given by
-1
0 0;—06;_ 6,
y—cogozco 2]1-cos "21, n>1,
with the convention
Yo =1

The polynomial sequences {T},(z%)}, {Sn(z%)}, {Bn(z?)}, and {U, (z%)}, where each polynomial is of degree
n, satisfy the following recurrence relations:

anl : Hn anl
cos 2L [A(1 + cos8,,) + (1 —cos O, A—1)sin =
T = 22 W — ) (6 N 42D 22 5,(), (2.3)
2 cos "=t cos 5 cos 1=t
A(1—=cosb,) + 1+cos€n A—1)sin % cos &=t
Sn1(d) = 7 e )+ ) sy + 470 T = 1,0, (2.4)
2 cos ~—"=* cos 7 cos "=t
cos 2=t A(1 +cos8,) + (1 —cosb,) (1-1)sin & On-
Bn+1(/l) ( 0 9n 1 9n ) I’l(/l) 0 —9 1 2 Ul’l(/l)7 (25)
2 cos "=t cos 3+ cos 1=
cos Y=t =L (A(1 - cos 0y) + (1 + cosby)) L 9"2‘1
Un+l(/l) Hn 9n 1 gn I’l( )+ gn_gn_l Bn(/l)’ (26)
2cos "=t cos 3+ cos 1=t
where A = z2, and the initial values are
PXL)
Ti() =+ tg > 2.7)
$1(A) = (1 - 1)tg3, (2.8)
o
B1(1) = (41— 1)l83, (2.9)
Ui(1) = /ltg > 0, 1. (2.10)
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We denote the fundamental matrix of the system (2.1) by

cn,1(2) sn1(2)
M, (z) = . .11
cn2(2) $n.2(2)
The corresponding Wronskian is defined as
Wn(2) = det My (2) = cn,1(2)sn,2(2) = €n,2(2) 50,1 (2). (2.12)

It follows that the Wronskian (2.12) is independent of both the discrete variable n and the spectral parameter
z. Moreover, the matrix (2.11) can be rewritten in the form

M,=L, 1-L,_>-.... Li- Ly (2.13)
since
Wa(2) = det(M,(2)) = T det(L;).
Since
det(L;) =1,
it follows that
Wn(z) = Wo(2) = 1.

According to the recurrence relations (2.3)—(2.10) and the following multiplication properties of the matrices
P;jand Qj,for j =1,...,n -1, we obtain

1(1+c0500 )—cos@( cos%)

Pocy = = . .
2 sin 6y 2 | sin %

b 61-0 Op1 — O 01
Pn—an—z...P1Pocozcosgocos 1= 0 cog izt —Tn=2 Z(COS 2 )

...COS
2 2 sin%
9 6, -0 0, —0 Op_1 — O Ot
Pp_1-Pu-..P1 - Qpco = —sin = sin —— cos 2L cos =L 7n=2 C9592 ,
2 2 2 2 sm”T‘]
6 . 61—0) . 62—01  05-06) On-1 — On_2 | cos &t

P,_1-P,_o-..01 Pycop = —cCos — sin sin cos ...CO§ —————1—= 2,
n-1"Pn_2-...01 - Poco > > > > 5 sin 9,,2_1

6 01— 6 6, -6 X 6. 1—-6,_ Singn_l
Qn—l'Pn—Z‘-..P]'P()CO:—COS_OCOS 1 0 oS 2 1 sin n-1 nZ( s )’

C
2 2 2 2 — cos Y=t
O
. B 61— 6g 6, — 64 0,1—0,-2 sin “2-L
Qn-1-0n-2-...01-Qoco = sin — cos cos ...COS — 1 5
2 2 2 2 —COs ~5-
similarly,
CcOS h
Poq1-Py_o-..Pq -Posozsin%cos 91590 COS@...COSM ) 921 ,
sin 251
O,
6o 61— 6y 6, — 61 0p-1—0,—2 [ cos =21
P,_1-Pu_o-..P1-Qpso = cos — sin cos .COs —————= "7 2 |
e ¢ 2 2 2 2 sin 2t
P P 01-P sin % sin 01~ 0 sin 02~ 0 cos 05— 02 cos On-1 = bn-2 ( cOS an_]
1 Lp=2-..... 100 = — —SsINn——SIN————CO0S ———...... _— . ,
nho 2 2 2 2 2 sin 221
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. 9() 91—90 92—91 . 9_1—9_2 sinh
On_1-Pu_o-....P1-Pysg = sin 5 €08 —5— 08 ——=—..... sin % ( cos % ,
_ 90 91 — 90 92 — 91 9,,_1 - 9,1_2 —sin %
0,-1:-0n2-.... 01 - Qpsgp = cos > Ccos > CcoSs o cos 5 ( cos% )
we obtain the explicit forms of the polynomials T, (1), S, (1), B, (1), U,(2)
6y 61-0 0p02—0,_35 06,.1-0,_ 0p1—0,_2 0,_
TnI/In—(l‘g—Ol‘gl 0+...+tgn2 n3tgn1 n2_tgn1 n2tgn1)/ln_1+
2 2 2 2 2 2
(2.14)
o 4104 O
7 > g >
On-1 0o 61 -6 On2=—0p3 O,1-0,2 0,1 On-1=0n-2, 1
S, =t A= ((tg—=t +...+t t t +t AT+
n =185 ((1g S 18— g 5 g 5 18— g > )
0
+...— 12—
)
(2.15)
0 61-0 0 61—-0y 6,-0 Op2—0,_3 0,.1—0,_
B, :tg—o/l"—(—tg ! 0 +tg—o(tg ! Otg 2 ! + ... +1g n-2—7n 3tg n-l n=2_
2 2 2 2 2 2 2
0 0 0 (2.16)
n—1 n-2 n-1 -1 n—1
- t AV 4+ (—t
g > 85 ) (—1g > )

6o, On-1 01—0p 6,1 0o, Op-1—0n2 0o, Op1, 61—060 02—061
U,=tg—t AT+ (¢ t —tg—tg——— = —tg—t1 t t +
n=18518— ( 5185 8518 5 gzgz(gzg2

0, 0, 0,-1—0,_
+‘+tgn2 n-3 n-1 nZ))/ln_l_'_ 41
2 2
2.17)
The discriminant of the discrete system (2.1) is defined by
A(/l) =CN,1tSN,2.

Substituting the representations given in (2.2) yields

A(z) = Z—x [Tn() +Un(D)],  A=2% (2.18)
Since W,,(z) = 1, the following relation

A7) -4 =(snp—cn1)? +4snicn 2 (2.19)

is valid. Combining the representation (2.18) with the polynomial representation of the solutions given in (2.2),
we obtain the following equivalent form of (2.19):

(Un(A) + Ty (1) - 42 iz = (Tn (1) = Un(2)* + 4By (DS (). (2.20)
N

Denoting the left-hand side of (2.20) by Ry and writing
Kn () =Tn(A) - Un (1),

equation (2.20) becomes
Ron () = (T (1) = Un(2)* +4Bn (D) S () (2.21)
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or its explicite polynomial form

2
0 On_ 0 On_ On_ 0 61-0
RZN(/I):(1+thOIg—]\;1) /IZN+2(1+thOtg Iél)l(tg Z\él—tgio)tg 12 0,

OnN-1 0o\ On-1—-0ONn-2
NI N

2
On_>—On_ On_1—6n_ 0 On—

6o On- 01 —6p 6,—6
1+tg—0th1)( L0 2yt

g
2" 2 2 2 (2.22)

2 2 2

6o 01— 69 ON-1
4N (1410220 (1 4 122 00) [ 420N
(+gz)(+g 2 T8

Let {4, }512\]1 be the set of roots of the polynomial Ry (1), and let {fk}kN: 1 be the set of roots of the polynomial
By (A). Then,

KN(é:j) = Gi"RZN(f.i)’ gj € {il}, j=1,...,N. (2.23)

The quantities o; determine the sheet of the hyperelliptic spectral curve
I': u* = Ron (1)
on which the divisor points lie. Indeed, defining

uj =Ky (&),

(Epu) €T, pj=ojyRan(E)), oy e{=l}.

Thus the spectral data of the discrete system (2.1) are given by the branch points

relation (2.23) implies

A1,..., Ao

of the hyperelliptic curve I" together with the divisor

N
D=Z(§j,ﬂj), Hj = Tjy[Ran (€)).
=

The signs o; specify on which sheet of the curve I the divisor points (&£}, ;) lie and therefore form an
essential part of the spectral data in the finite-gap description of the system.

Proposition 2.1. Let the spectral curve associated with the discrete system (2.1) be
I': 1> = Ron (2).
For each zero & of the polynomial By () define
uj = Kn(&)).
Then the point (¢}, ju;) lies on the curve I" and can be written in the form

(1)) = (€. oj\[Ran (D), oy € {£1}.

Thus the quantities o determine on which sheet of the hyperelliptic curve I the divisor point lies.
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Proof Recall the identity
Ron (1) = Kn(D)? + 4By (D)Sn (A).

Since &; is a zero of By (1), we have
By (&) =0.
Substituting A = &; into the above identity yields
Ron (&)) = Kn (€))%

By definition, u; = Kn (&), hence
15 = Ran (£)).

Therefore the point (&}, 1) belongs to the spectral curve
r: u? = Ron (R).

Now, for each fixed &, the equation
u* = Ron (&)

p = £y|Ran (€)).

Hence there exists a sign o; € {+1} such that

uj = Kn(€)) = oj[Ran (£)).

This sign specifies which of the two sheets of the hyperelliptic curve contains the point (¢}, u1;).

has two possible values

Lemma 2.1. For each zero &; of By (A) there are two possible points of the spectral curve lying over &,

namely

(&, £+ Ran (£))).
Equivalently, the sheet sign o; € {+1} is not determined by the branch points A1, ...,A>n and the zeros
&1, ..., &N alone.

Thus the divisor
N
D= (). pj=0j\Ran (&),
=1

is part of the spectral data only after an admissible choice of signs o, . .., 0N has been fixed.

Proof For each j, the relation
15 = Ran (£))

follows from Proposition 2.1. Therefore, over the point A = &; there are exactly two points on the hyperelliptic

curve:
(&, RN (£))), (&j,—Ran (£))).

Hence the sign o-; may take either value +1 or —1, and it is not fixed by the values of A1, ..., Aoy and &1, ..., En

alone.

Therefore, in order to define the divisor on the curve uniquely, one must choose for each &; one of the two
points lying above it, i.e. one must specify the corresponding sign o-;. The proof is complete.

ujmcs.tstu.uz
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The spectral data of equation (2.1) consist of the roots
/11,/12,- . -7/12N’

the spectral parameters

and the corresponding sheet signs
J1,...,0N.

These data determine the factorized forms of the polynomials Ry () and By (1),

On-1
2

0
BN (D) =185 T, (1= &),

Ron() = (1 +1g

0o
fg?)zniivl (1-2;),
(2.24)

and together with the interpolation conditions

Kn(§)) =ojyRen(&)),  j=1,....N, (2.25)

they determine the divisor on the spectral curve and therefore provide the finite-gap spectral characterization
of the system.

Using the representations (2.14)—(2.17) in (2.21), together with the polynomial identity (2.24), we derive
the following identities for &, k = 1,_N

ON-1

18
fiér. én = (FDNT = (2.26)
1g >
We now present the main result concerning the trace formula for the discrete system (2.1), which is the key
ingredient in the reconstruction of the solution

{en}nGZ-

Let

Then
k=1-ab.

By Vieta’s theorem applied to By (1),
N
b
[ & =cEpr=,
. a

Jj=1

Hence
N

ab = (_1)N+la2 ngj’

Jj=1

and therefore
1-«

0o
l‘g27 — (12 — (_1)N+l

&j

— 1=

=1

~.
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Define
_ N _ N
By =[]@-¢). By =[] -ém.
i
Since that the roots &1, ..., &N are simple and that
N
1+ (-DN [ ] #0.
j=1
Choose the branch on the curve
1* = Ron (4)
by fixing
vj = Kn(&)) = ojRan (&), o; € {£1}.
Then
By (1)

N
A JZ‘ A By &)

Evaluating at 2 = 0 and using Ky (0) = —«, we obtain

Ny oy Ran(€))
S HTADY & Tmej (€ — m)

Jj=1

1+ (DN IV, &

Substituting this into the previous formula yields
N
[ &)
=1

Jj=

Ap = (—1)N(

i ojvRan (&)) _ (1 ‘g On_1 g @) i oi\JRan (€)
Jj=1 é:j Hm#j (§] B §m) 2 2 i=1 é:j Hm#j (f] - fm)

Dy - i o Ron ()

Ej Tlmzj (€5 —&m)

J=1

Substituting this into the previous formula yields

1-1g2%
cos 0y = %, (2.27)
1 +1g >
where
0 -1-Ag+ AoD
220 _ 0+ 2ol (2.28)

t =
& 2 Ao(l + AQ + AQDQ)
ujmes.tstu.uz
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3. Trace formula

To reconstruct the solution 6, n € Z, we shift the index in (2.1) by an arbitrary integer k and consider the
translated system

Yn+k+1(2) = Lpak (2)Yn+k(2), (3.1)
where

1
Ln+k(Z) =ZPpyk + EQn+k-

Let ¢,,(z, k) and ¢, (z, k) denote the fundamental solutions of the system (3.1) satisfying the initial conditions

1 0
wo(z, k) = (0) Po(z, k) = (1)
Lemma 3.1. The fundamental solutions ¢, (z, k) and ¢,,(z, k) satisfy the relations

©0n(z, k) = 5k2(2)Cne(2) = cx,2(2)Sn+k(2), (3.2)

and
Gn(2, k) = =5k,1(2)Cnei(2) + cr1(2)Sn+k (2). (3.3)

Proof. Let
Dy (2) = (ck(2), sk(2)).
Since the potential is N-periodic, i.e.,
On+N = On,
the solutions of (3.1) satisfy the monodromy relation

DN (2) = Pr(2)Mp(2),

where the monodromy matrix is given by

_[enva(2) sna(z)
Mw(2) = (CN,z(z) SN,z(z)) '
Consequently,
cN+k(2) = en1(2)ek(2) + en 2(2)sk(2),

SN+k(2) = sn,1(2)er(2) + snv 2(2) sk (2).

As the solution @y, satisfy the system

Disn = Lp+k-1Piksn-1 = Lpsk—1Ln+k-2Ln+k-3 - - - Lk Pk
According to the definition of the monodromy matrix, we introduce the monodromy matrix associated with
the shifted system (3.1) by

9k) ¢ 1(Z’ k)

M) = (£ 0 O , 3.4
D= gack) baa(z k) G4
which admits the representation

M} (2) = Lusk-1(2) Lpsk-2(2) - - Li(2). (3.5)
Consequently,
M} (2) = Ppin ()P (2),
from which relations (3.2) and (3.3) follow immediately. O
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According to the shifted monodromy matrix, the discriminant of the shifted system is defined as
Az, k) = on,1(2, k) + dn 2(2, k). (3.6)
Lemma 3.2. The discriminant A(z, k) defined by (3.6) is independent of the shift parameter k.
Proof. By the periodicity of the coefficients, the monodromy matrices satisfy the similarity relation
MY = MMy M,

and thus
Az, k) = tr(MkMNM,gl) =tr(My) = A(2).

Hence, the roots of the equations
A(z) = £2

are independent of the shift parameter k. O

The inverse spectral problem for (2.1) consists in reconstructing the solution

{Hn}nez

from the corresponding spectral data.

Corollary 3.1. By formulas (2.27) and (2.28), the trace formula for the solution 0y, k € Z, of equation (2.1)
is given by
20k —1—Ak+Aka

tan® — = , 3.7
an 2 Ak(1+Ak+Aka) 3.7
where &k, j = 1,..., N, are the roots of the equation
ena(z, k) =0.

Lemma 3.3. The spectral problem (2.1) can be uniquely reconstructed using its spectral data.

Proof. Since the inverse spectral reconstruction relies on the spectral data at the kth step, we first derive
recurrence relations for the polynomials By (1), Ky x (1), and Sy ¢ (1).
According to the expansion (3.5) of the monodromy matrix M* and periodicity of 6,,, it holds

My, = LiaaMy 'L, (3.8)

and taking account (2.2) and (3.4) we have

N

z
_MI’; = lpllf] (3.9)
YN
where
gk ( Ink By )
N Svx Uni )’
According to the equalities (3.8) and (3.9), it follows that
Wh =L PN L, (3.10)
Lo = 5(1+cosfi_1) + 21—2(1 —cosB;_1) £- 21—2) sinfy_1q
k=1 - %) sin @1 (1 -cosby-1) + 21—2(1 +costi_1) |’
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-1 [ 31— cosbia) + 5 (1 + cos Ox_1) (£ - 2)sinbiq
k-l (i - 5)siné;_q £(1+cosf-1) + i(l —cosbr_1) |

Consequently, the equality (3.10) gives the following relations
z 1 z 1. z
Tng = ((5(1+cosbr-1) + 5-(1 = cosOx-1))Tn k-1 + Sn.k-1(5 — 57) sinbx-1) (5 (1 — cos Or_1)+
2 2z 2 2z 2
1 1
+ (14086 1) + ((5(1+cos 1) + —(1 = cos 6 _1))Bn x_1+
2z 2 2z ’

z 1. 1z .
+UN,k—1(§ - Z) Slr191<—1)(2—Z - E) sin 1

z 1. Z 1 Z
SNk = (TN k-1(5 — 57)sinOx_1 + (5 (1 —cos Ox_1) + 5= (1 + cos Ox_1))Sn,k-1) (5 (1 — cos Ox_1)+
2 2z 2 2z 2
1 1
+—(1 + COs Hk—l)) + (BN,k_l(E - —) sinfy_1 + (E(l — COS Hk_1)+
2z 2 2z 2

1 1 z, .
—(1 Or_1)UN k-1)(— — = O _
+2Z( + 08 0k-1))Un & 1)(2Z 2)Sm k-1

Z 1 z 1. 1z .
By = ((5(1 +cos 1) + Z—Z(1 —c080x-1))Tn k-1 + SN,k—l(E - Z) Sm@k—l)(z—Z - 5) sinfy_1+
1 1
(+2(1 +cos ;1) + == (1 = o8 0x 1)) By k1 + Un k-1 (= — =) sin 0x_1) (= (1 + cos 05 _1)+
2 27 ’ ’ 2 2z 2

+l(1 —cosOr_1))
2z
(3.11)

1 1 1
Un,k = (TN,k—l(g - 2_2) sinf_1 + (g(l —cosOx_1) + 2_1(1 + cos Qk—l))SN,k—l)(Z - %) sinf_1+
z 1. z 1 z
(Bnk-1(5 — =) sinb_1 + (z(1 —=cosOx_1) + =—— (1 + cos 0x_1))Un k-1)(z (1 — cos Ox_1)
2 2z 2 2z 2
1
+—(1—-cos8i_1))
2z

Employing the equality (2.21) we obtain

P Ran () = K3, o() i1
N,0(A) = 1Bno(D) . (3.12)

We have thus obtained the following algorithm for solving the inverse problem for the (2.1).
We have the system of spectral parameters {§ s a'j};.vzl and the numbers 11, Ay, ..., Aan.

1. Applying (2.27), we deduce 6.

2. Using relations (2.14)-(2.17), and (2.22), one constructs the polynomials Ry (1), Bn,0(4), and Ky o(4).
3. The polynomial Sy (A1) is then determined by the formula (3.12).

4. From equality (3.11) we obtain By x(A), whose roots &; &, j = 1,..., N, are subsequently computed.

5. Applying the trace formula (3.7), we determine the value of (6y).

ujmes.tstu.uz


http://ujmcs.tstu.uz

B.A. Babajanov, A.K. Babadjanova & B. Fayzullaev

4. Evolution of spectral parameters

Theorem 4.1. Let {0,,(¢) }nez be a solution of (1.1)—(1.2). Then the periodic and antiperiodic spectra of
the associated spectral problem (1.3) remain invariant under the time evolution. Furthermore, the spectral
parameters £;(t), j = 1,..., N, satisfy the following evolution equations:

wo(1+ (DN TN, €)1 ) oV R
18 T3y (&) — &)

&j(1) = 4.1)

Proof Using the expression (2.13) for the monodromy matrix My, he derivative of My with respect to ¢
takes
_d(Ln-1Ly-2Ly-3---Lo)
B dt '

My 4.2)

Using the Lax representation
Ln = Hyy1Ly — LyHpy.

for the derivative of L;, j = 1, N in equality (4.2) and after simplifications we have

— d(Ln—l “Lpo-..Ly- LO) — dLn—l dLn—Z

M, Ly o-..[1-Lo+ L, 1—==...L1- Lo+
n dt dt n-2 1 0 n—-1 dt 1 0
dLy

+..+L, 1L, o-...L1- W

Due to the periodicity in N, we get

My = (HyLn-1—Ly-1Hn-1) Ly—2+...L1 - Lo+ Ly_1 - (Hy-1Ln-2 — Ly—2Hn-2) - ...L1 - Lo+
+Ly_1-Ly_p...L1-(HyLy— LoHy) = HyLy_1-Ly_2-..L1-Lo—LNn_1-Ly_p-...L1-Lg- Hy.

As aresult, we have the equality
My = HyMy — MyHp (4.3)

and we find that

SnNa1=wN(SN2 = CN1)- 4.4)
Using (2.2), (2.26), (2.24) and (2.25) in the equality (4.4) we get (4.1).
Lemma 4.1. A;(¢) is independent of the parameter t for all k =1, 2N.

Proof Demonstrating that A4 () is independent of the parameter ¢, is equivalent to proving that the derivative
of A(z) with respect to 7 is zero. Since the equalities (4.3) and

Az, 1) = tr(My)
hold, the derivative of A(z) with respect to ¢ gives
A(z) =tr My = 0. (4.5)

Relation (4.5) implies that the zeros of A?(z) — 4 = 0 remain constant in ¢.
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Conclusion

In this paper, we investigated the periodic differential-difference sine—Gordon equation by means of the
inverse spectral problem method. We established the spectral theory for the associated periodic discrete
linear system and obtained explicit polynomial representations of its fundamental solutions. Based on these
representations, we derived trace formulas that reconstruct the potential from the spectral parameters.

Furthermore, by introducing the shifted monodromy matrix, we developed a constructive algorithm for
solving the inverse spectral problem and recovering the periodic solution from the spectral data. Finally, we
proved the invariance of the periodic and antiperiodic spectra under the time evolution and derived a discrete
analogue of the Dubrovin equations governing the evolution of the auxiliary spectral parameters.

The obtained results provide a complete inverse spectral characterization of the periodic differential—
difference sine—Gordon equation and establish a finite-gap integration framework for this discrete integrable
system.
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