UzBEKISTAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE
VoLUME-2, Issuge-3-speciaL, PAGe 87-101 (2026)
DOI: urrps://Do1.0orG/10.56143/usmcs. v213s.8

RESEARCH ARTICLE U ZJ M C S

Initial and Initial-Boundary Value Problems for
Multi-Parameter Integral-Differential Equations

I.U. Khaydarov * Sh.M. Khasanov

ABSTRACT

This paper investigates initial and initial-boundary value problems for a class of multi-
parameter integral-differential equations. In particular, we formulate the Cauchy problem for
an ordinary differential equation involving a multi-parameter integral-differential operator.
The problem is equivalently transformed into a Volterra integral equation of the second kind.
By applying the method of successive approximations, we derive an explicit representation of
the solution. As an application of the newly established results, we study direct and inverse
source problems for a partial differential equation that incorporates the same multi-parameter
integral-differential operator in the time variable. An example is presented to illustrate the
theoretical findings.
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1. Introduction

Integral—differential operators are an essential mathematical tool for modeling complex phenomena across
a wide spectrum of applied sciences, including physics, biology, economics, nanotechnology, and continuum
mechanics. Their ability to simultaneously incorporate local dynamics and nonlocal interactions has led to
successful applications in viscoelastic processes [1], nanotechnology [2], fractional dynamics [3], continuum
mechanics [4], economic and financial modeling [5], as well as biological systems [6]. This broad applicability
has stimulated growing interest in the development and analysis of new classes of integral—differential operators.

Comprehensive theoretical foundations of integral-differential operators, together with their connections to
ordinary and partial differential equations and related applications, are presented in the monographs [7], [8].
In many modeling frameworks, integral-differential operators naturally arise in the description of complex
processes characterized by memory effects and nonlocal behavior, particularly in fractal or heterogeneous
media.

Motivated by these features, numerous generalized operator constructions have been proposed in recent
years. In particular, various types of integral—differential operators have been introduced and systematically
investigated in [8], [9], [10], [11], [12], [13], [22], [14], and [16], where their analytical properties and
applications to ordinary and partial differential equations were explored. These studies demonstrate that
integral—differential operators provide a flexible analytical framework for capturing long-range interactions
and hereditary effects in mathematical models.
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Despite these advances, many existing operator families remain limited in their capacity to represent multiple
interacting parameters that commonly appear in realistic systems. This observation motivates the development
of more general operator structures that offer greater parametric freedom while preserving analytical tractability.

In this paper, we introduce a new multi-parameter integral-differential operator that extends several
known operators as special cases. The proposed construction allows the incorporation of multiple structural
characteristics within a unified framework. We investigate its fundamental properties and derive new operational
relations, thereby establishing a foundation for future applications to generalized differential equations and
related mathematical models.

2. Useful results

Theorem 2.1.[11] Ifa > 0, p > 0, and f(x) € Li(a, b), then

kD kISP f(x) = f(x). 2.1
Here,
l-a [ p-1
a.p D P f (1)
RIS ) = Fs / o
and

I'(n dx (xP — ¢p)@—n+l
Theorem 2.2.[11] [fn-1<a <nn=[al+1,n e N,p >0, kI, """ f(x) € ACgp [a, b] then

(5)"”

-j+1)

a-n+l n o -1
D 0 = Lol [ L

KIS kD&Y F(x) = f(x) - Z

n—j
e IRt

KIPRDYP () = f(x) - )

(- () [

lim (xl_pi)n_J I~ apf(X)] (2.3)

= IMNa-j+1) x—b- dx
Here,
ple ol
@ v t
LoPf(x =L
K r (a) (tP — xP)1=@
and

b
KDZ’_Pf<x>=Lf;)(_x1—pi) / P7f (1)

I'(n dx W
Theorem 2.3.[21]If f (1) € C'[0.T] obtains the maximum (minimum) at the point to € (0,T) and a € (0, 1),
then the following inequalities hold:
ap
(1 @)
ujmes.tstu.uz

kDo, f(10) = (<)F [f (10) = f(0)] 2 0(< 0). (2.4)
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Here

N A T
KD0+pf(x)_F(1—a)/(xP—tp)"(t pdt)f(t)dt'
0

3. Analytical approach: ODE
In this section, we will use an analytical approach to obtain an explicit solution for the Cauchy problem.

3.1. New Multi-Parameter Integral-Differential operators.

Let us define the multi-parameter integral-differential operators, then study some properties of them.
Definition 3.1. Let f(x) € L1(a, b), ch(,lfﬂ)(n_’g)’pf (x) € ACgP [a,p],n—-1<a<n,n-1<pB<n.
The operators

- d\ e
MG F () = k1" “>’p(x1 Pa) ke P (),

) I A
MO () = a>,p(_x1 pa) 1B ()

are called the left and right-sided multi-parameter integral-differential operators. Here p € R*, @ and S are
orders of the operators and ¢ (0 < u < 1) is type of the operators. Also,

ACgp [a,b] = {f: [a,b] — R and 62_1f(x) € ACla,b] , 6, =x1_pdii},

ACla,b] = {f: [a,b] = R: f(x) = c+/g0(t)dt, (1) € L1(a,b)},

a

b P
Ly(a.b) = {nfn,, = ( / If(t)lpdt) i 1Sl = esssupaeey |f(X)];1< p < +00; —c0 <a,b < +oo},

and AC[a, b] is a class of absolutely continuous functions and L, (a, b) is a class of Lebesgue measurable
functions.
Let us consider properties of the proposed operators, which will be useful in the next sections.
Lemma3.l.lfpeRY, n-1<a,B<n y=B+un-p), co=B+u(a-p),0<u<1then

M TP f(x) = 12,7 P DYP f(x),

wheren—-1<y<n,n-1<o<n.

Proof.

_ o d\" 1- _
Mg(rﬁ)#f(x) - Klgin (Y),P(xl pa) KIc(z+ 1) (n ﬁ),Pf (x) =

— —B— - d " P -
Klgj:/'m up-p ,ua+/.l,8,p(x1 pa) KIZ+'B u(n ,3)st (x) =

—B)- - d\" -
gl e ’”“’(x1 Pa) Kl f ) =kl T kDY ().
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Lemma 3.2. If f(x) € L1(a,b),p e R*",0<a,8<1, y=B+u(1-p), c=+u(a-p),0<u<l,
then

1-v.p !
Mé‘rﬁ)“f(x) _ KDa'p fx) - k1, f(d)( - I’)y ) s

I (y)

where Klélyf(a) = Klfll:,yf(x)L:

Proof. Using Lemma 3.1, we make the following evaluations:

d 1—u)(1- —
p_) kLT () = kLT RDLL () =

) 1-a), -
MG f () = kIt ““’(x1 e

_ _d d _d
KIZJro—,P (xl pdx) 1 Ypf(x) ( E) K1a+ KIZJ,UP( 1 pdx) 1 Ypf(x)

kL 7P f(x )—( —) 7 ‘”’[ 11;”’f(a)] =

1 )/pf(a) Io-—l,p xP —1P [
r<1+y o) e ( p )

1 ypf(a)(xp—tp) -1
I (y) p '

Lemma33./f0<y<1, 0<0oc<1,0<u<l,y=8+u(l-p),
o =B+p(a=p).f(x)€Li(ab), kle P f (x) € ACY [a,b], then

MM f(x) = SDTP £ (x) +

fla) (xP—aP\™7
F(l—G)( p )

Proof. According to Definition 3.1, we have

; 1-a), ,d 1-0)(1-B), 1-a),
M f(x) = kL4 "“’(xl Pa)ﬂ; WU f (x) = k1),
where
_,d 1-p)(1-
o(x) = (x1 Pa) ko PP ().

ujmes.tstu.uz m
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We will simplify this item using Definition 3.1:

¢(x) = (xl-%) kg P () = (xl-P%) 17P f () =

X F(1 /(xp—tp) VPl f(1)dt =

d —py 1

d\ -pr! (xP — Pyl

il / (7 =177 f()d (P = 17) =
Xl f(t) -

(xp_tp)1_7 ’ _
&)Ta-y | 1=y / Ty /0=

R i [ P N L I
T T(1-7v) -y f(a)""/?f(t)dt -

f(a) (xP —aP\” 1 ; xP —aP\7" 3
F(l—y)( P ) +F(1—7)/( P ) e =

f(a) (xP —aP\” xP —aP 1
r(l—y)( » ) T(- y)/( ) " ( )f(t)d“

e s ) s SO(2 =)
a+ _y)

I'(1 p
Hence,
MCPHf (x) =
(1-a), 1 1- f(a) xP —gP\7? ~
It P[ 7P(x p = )f() r(1_)/)( > ) }_
a+l- f(a) (=a),p[XP —aP "7 _
e R T el B
g IEHat1- w( d) f(a) (xp —ap)ﬂ-”“‘y _
“ F(1+/1—,ua/—y) p -
1-o, fla) [(xP —aP\ _cpo f(a)(#)
lar p( )f() r(1- )( P ) kDS )+ —F Ao

Lemma 3.4. If g1, ypf(x)eACgp[a,b],n—1<a,,B<n and 0 < p <1 then

xP — ap)’}’—j
9

Klgj;p Méi,ﬁ)'uf(x) f(X) Z 1—‘(,), _] + 1)( p

wherey =B+u(n—-p), co=p+u(a-p), Ch—j= lim (xl‘P%) I.7P f(x).

x—a+

Proof. Applying Lemma 3.1, we obtain

ujmes.tstu.uz
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kI MG f () = kI k1T kDLL () = k0 kDL £ (0). 3.1

Since xI".7"P f(x) € ACgp [a, b], and according to (2.2),(3.1), one can easily get

KL RDLE () = £ - Y ;(’;—p)ﬁ l lim (xl—pd%)"_]zsﬁ*’fu)‘ -

HIly-j+1 x—a+
n C._: xP Y=Jj
= f(x) - Z %(—) .
HIy-j+Dip
3.2. A Cauchy problem.
Let us consider the equation
M u(t) — Au(r) = f(1), 1 € (0,b), (3.2)
with the following initial conditions:
d n—k .
lim (zl—PE) k3PP Y (1) = A, 1€ [0,b], k= T,n. (3.3)

Heren—-1<a,f<n, 0<u<l,neN,p>0,A;,4,p € Rand f(z) is a given function.
Lemma 3.5. The Cauchy problem (3.2)-(3.3) is equivalent to the following integral equation:

u(t) — LI Pule) = kISP £(1) + Zn: L(ﬁ)w (3.4)
Ko — Ko HTy-j+Dip) '

Herey=B+u(n-p),c=B+u(a-p).

Proof. First, we rewrite (3.2) using Lemma 3.1, then we apply the g/, """ integral operator to both sides of
the obtained equality. In a final step, we will use Lemma 3.4. Let us show these processes.

k1 kI TP kDY u(t) = Akl Pu(t) = k157 f(1) —

kI kDY u(t) — Akl u(t) = k17 (1) —

(t)‘zn:; i ™ lim (74 n_jl"‘y”’ (]| =
T aTG =D\ ) e\ a) e YT

Akly, u(t) + k15,7 (1)

or

) 1 d n—j ne
XIEBL (t _pa) Iy "Pu() |

Considering initial conditions (3.3), we obtain the integral equation (3.4).
Lemma 3.6. If p > 0 and Kloa_;’p f(¢) is summable, then the integral equation (3.4) has a unique solution.

wp\Y I
- Akl Pu(t) = k107 \ —(7)
u(r) - A5 u(t) = kI, f(t)+j22;r(y_j+1)

ujmes.tstu.uz
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Proof. Let us rewrite (3.4) as the second kind Volterra integral equation:

1

u(t) = /l/ K(t,s)u(s)ds + g(1), (3.5

0

where

P _gp o-1
tP p

e n L(_)V—j _\r )
80 = b, 0+ ; Ly-j+1\p) ~ K5 = [(o)st=p

We know that n — 1 < o < n. If p > 1 the kernel of (3.5) integral equation is a continuous on [0, ] and it has
the estimate

<

M pP — sP\7 1
! , M1 = max ( il ) sP1,
) p

|K(2,5)] = )

L@\ »p

0<s<t<b

P _ P o-1
1 ([ S ) Sp_l

If p > 0, the kernel of (3.5) integral equation has a weak singularity and can be estimated as follows:

K (2, 5)| =

(%)H <(¥)H_ M 1 (bp—sp)‘f‘l‘

< = , M= max ——
['(o)si-p ['(o)sl-P sl=p o<s<t<b ['(0) p

If KIS:’p f(¢) is summable, then g(¢) will be also summable. Therefore, according to the general theory of the
Volterra integral equations [18], there exists a unique solution of (3.5).
Now we find the solution of (3.4) integral equation by using the method of successive approximation.

N Aj tP\"7
0= )

j=1
ur(x) = uo(r) + Al ur—1(t) + g 15,7 f (1),
2 1
- k-1 s
w1 (x) = ug(r) + Ak gy Puo(r) + I, P £ (1) = DT ARV 1TV Pug ) + 3 1507 F (),
k=1 k=1
uz(x) = uo(t) + Ax Iy uo(r) + AR Pug () + ﬁﬂéf”’f(t) + 1y, P f(1) =

0+

3 2
- k-1)o, — ,
SACD g EDE Py 1)+ AT KT £ @),
k=1 k=1

4 3
— -1 — B
us(x) = D AR I ug () + Y AR I} (o).
k=1 k=1

If we continue this process i times, we get

h+1 h
up(x) = Z AR D OP Y0 () 43 R IR (1) (3.6)
k=1 k=1

We calculate each term on the right side of the (3.6) equation. At first, we calculate the first term of the equation
as follows:

93 ujmes.tstu.uz
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hi‘j (k-1) _5(k=1) hi‘j (k=1) y(k=1) Zn: Aj P\
A= kI~ U’puo(l‘) = AR e TP —(—) =
0+ 0+ —
k=1 k=1 = Fly=j+D\p
h+1 -
Z”: Aj Z/l(k_l)KI(kq)g,p w y-i _
HTy-j+) & o p

AT =i+ Dg Tk=Da) -0
X A; ) pl-GeDo iy o =10 g
]Z:;F(V—J'+1) IZ{ C((k-1)0) 0/ (7 — sp)l- (k"D

We continue the calculation by changing the variable of the last integral, by the following remarks
y= ;_5 sP~lds = p~ltPdy, sP = tpy| and obtain

. 1 .
Zn: Aj hi}‘ AR=D pl=(k=Dyo pj=y (1P y)Y=D) p=1zp gy _
HTo-j+b g TW-Do) ] @r-wy-tbe
o1
1 4 h+l k-1 (k=1)o+y—j
Z A] Z /l( ) ﬁ / y)/—j+1—1(1 _ y)(k—l)(r—ldy —
HSTy-j+D LT ((k=Do)\p )

i A; S A=Y F(V—j+1)F((k—1)0)(£)(k_1)"”_"
k=1

HUly-j+DHI(k-Do) T((k=-Do+y-j+1 \p
n h+1 A(k=1) P (k=) o+y-j

Aj _
]Z:; JkZ:;F((k—l)a'+y—j+l)(p)

Now we compute the second term of the equation (3.6).

h h

k=1 ko, o Aplthe : sP71f(s) _
ST g0 = Y i [

k=1 k=1 0

v k-1 . op\ko-l
/Zrd(ko-)(t ps ) P71 f(s)ds.
o k=1

If we rewrite each term on the right side of equation (3.6) with the appropriate form, we have

n h+1 - (k=1)o+y-j
/l(k 1) tP
=Y A; =
) ; ];F((k—l)0'+y—j+l)(p) "
L p _ ko-1
/lk 1 P _ <P
/ > r-s sP=Lf(s)ds. (3.7)
= I' (ko) p

ujmes.tstu.uz
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If we compute hlim up(t) by using (3.7) and after that we simplify the obtained function, then we get u(7)
—+00

which is the solution of the integral equation (3.4):

n P B+u(n—-B)—j P B+u(a-p)
u(r) = ZAJ(_) Egip(a-p).prun-p)+1-j /l(_) +
= WP P
: i P — P Bru(a—p)-1 P _ P B+u(a-B)
/ sP” ( > ) Eg+u(a-p).Bru(a-p) /l( - ) f(s)ds. (3.8)

Theorem 3.1 Let n—1<a,B<n, 0<u<1, neN, p>0. If f(t) € C'[0,b] and Kléi’pf(t) is a
summable function, then there exists a unique solution for (3.2)-(3.3).

Proof. According to Lemma 3.5, the problem (3.2) - (3.3) is equivalent to the integral equation (3.4). Then,
based on Lemma 3.6, one can state that (3.8) is a unique solution to the problem (3.2) - (3.3).

3.3. Solvability of the Cauchy problem in different classes of functions.

In this subsection, we provide a statement on the solvability of the Cauchy problem (3.2)-(3.3) in different
classes of functions. Namely, the following statement holds:

Theorem 3.3 If f(s) € C[0,b], n—1 <vy,0 <n, then a unique solution of the problem (3.2)-(3.3) exists
and (%)" u(r) € C[0,b] .

Proof. The proof of this statement can be deduced easily if one considers the continuity of the Mittag-Leffler
function.

Let us investigate problem (3.2)-(3.3) in other class of functions.

Definition 3.2[22] Lf (0, b) class of functions is defined as

Lf(O, b) = {u :(0,b) = R, u()tP™' € L1(0,b), u()tP™' =g'(r), g(1) € AC}sp (0, b] },

b

1 Ollpom = [ 17 rwlar, ©<p <o),
0
If p = 1 then LY (0,b) = L1(0,b).
We know from [11], if f(¢) € ACgp (a, b], then the following equalities are valid:

n-1 P k 1 ! P _ P n-1
f(r>=kzzock(;) +F(n)0/( > ) p(1)dr,

r—0+ k! dt

Theorem 3.4 [fn —1 < a,B <nand f(t) € L} (0,b), then u(r) € L7 (0, b).

o 1(,_,d “ p
Cr = lim —(t p )f(t), ¢(7) € L} (0,D).

Proof. The proof of this theorem can be easily obtained in an analytical way based on the definition of the
function and function (3.8), which is the solution of the Cauchy problem (3.2)-(3.3).

Theorem 3.5 Ifn —1 < o, 8 < nand f(t) € C'[0, b, then for u(t) which the solution of Cauchy problem,
the following Kléi_”)(n_’g)’ u(t) € AC;p(O, b] and u(t) € Lf(O, b) holds true.

Proof. The proof of this theorem can be easily obtained analytically based on the definitions of the functions.

ujmes.tstu.uz
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3.4. A priori estimates.

In this subsection, we present a priori estimates.
Lemma 3.7. IfO<a,8<1, g(a)=0,0< u <1 and g(t) is an absolutely continuous function, then we
have this inequality

¢ 1
sOMIP (1) 2 S MEPHP ().

Proof. If we apply g(a) = 0 (condition of Lemma 3.7), from Lemma 3.3 we get

M((l(rﬁ)#,l?g(t) — CDO' pg(t) (3.9)

If we show that
g(t)M(Q B, Pg(t) (Q B, p 2(1‘) > 0 (310)

is true, then it is enough to prove Lemma 3.7.
Let us show that (3.10) is true, by using (3.9):

o : s -1
§OEDE () - 35050 =g [ (i Jetsras -

1 p7 sp1 1-p 4
- ds =
2T(-0) (tp—sp)“( 75 )8 ()ds =

P& 1 pT [ 208
rl-o)J) @ —-sr)? 2T (1-0) ) (P —sP)”

a

g'(s) [g(0) —g(s)] e ) . )
raa- o’)/ (tP - sP)7 ds = F(l—o-) (tp_sp)ods/g (m)dn =

N

n
g'(s) B
F(1 )/g (n)dn/(tp Sp)(rdS—

t 1
2 o8 () g'(s) _
rl-o) / (t” = n") (;p_;]p)"dn (tp —sp)"ds_

a

7 2
g() _

2|77t

g(1)

o

n
p - g'(s)
) (" —n") ( mds) -~

t n 2
/(—p)n"‘lff(t"—n")“‘l( %ds) dn| =

ujmes.tstu.uz m
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2
g'(s)
2F(l O')/(tp_np)l o’(/ (P — s0)7 )d;] > 0.

Theorem 3.6. If f (1) € C'[0.T], @ € (0,1),8 € (0,1), and function f(t) gets its maximum (minimum)
value at the point tg € (0,T), then following inequalities are hold:

M{TPH £ (19) > (<)r(1 ) (3.11)

o)

Furthermore, if f (t9) > 0(< 0), then we obtain Méf’ﬁ)”f(to) >0(<0).
Here o =B+ u(a-pB) and 0<o<1,0<u<1.

Proof. Using the result of Lemma 3.3 and Theorem 2.3, if the f(¢) function gets its maximum value at the
point tg € (0,T), then we can obtain

(@.B)u _Cpop P"fo“”’ p"to“”’ p"to _
M to) = gD to) + =————f(0 o) — f(0
p7to”
- )f (10).
As aresult, we can write the following inequality:
(@.B)u p7to”
M t _— A2
04 f(o)_r(1 )f(o) (3.12)
Based on (3.12), it is easy to know that if f (z9) > 0, then Méf’ﬁ)”f(to) > 0 is true.
The second part of Theorem 3.6 can be proved similarly.
4. Analytical approach: PDE
4.1. A direct problem.
Let us consider the following PDE
MY u(t %) = (1,%) = £(1,%) (“.1)

in a domain Q = {(¢,x) : 0<t<T,0<x<1}.Heren—1<a,B <n, and f(z,x) is given a real function.
We are interested in finding u(¢, x) that a regular solution of the Eq. (4.1) in Q, satisfying

. (aﬁ)u tl’ ey Y-
regularity conditions: uyy € C(Q), M, u(t,x) € C(Q), u(t,x) € C(Q);
e initial conditions:

d n—k ~ B N
e, (tl_pa) kI P x) = Ax), 0<x<1, k=T (42)
t—0+

* boundary conditions:
u(t,0)=u(t,1) =0, 0<t<T. 4.3)

ujmes.tstu.uz
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Here A (x) are given functions.
We search a solution of the problem (4.1),(4.2)-(4.3) as follows:

+00

u(t,x) = Z v (t) sinmmx . 4.4)

m=1

Substituting (4.4) into (4.1) and (4.2) we will obtain the following Cauchy problem for u,,(t) :
Mo P (1) + (mm) v (1) = fin (1),

. AN e (4.5)
A5 (” ”z) kle " () = Ak,
1 1
where Ay, = 2/Ak(x) sinmnaxdx , f,(t) = fo(t,x) sin mnxdx .
0 0
The solution of (4.5) can be represented as follows:
" .
P\ P\
Vm(t) = Z Aj,m (_) Eo-,y+1—j [_(mﬂ)z(_) +
= P P
(4.6)

t o—-1 o
+ / Sp_l(tp _ Sp) E(r,o’ [_(mﬂ')z(tp — Sp) ] fM(S)dS ’
0 g g

wherey =+umn-p) , c=B+u(a-p).
In the following subsection, we consider the inverse source problem for sub-diffusion (0 < a,8 < 1)
equations.

4.2. Inverse source problem.

Let us assume that 0 < a,B8 <1 and f(t,x) = h(x) . We are interested to find a pair of functions
{u(t,x), h(x)}, satisfying Eq. (4.1) in Q together with conditions (4.2),(4.3) and the following over-
determination condition

u(é,x) =¢(x), 0<x<1 4.7

for a fixed & € (0,7T], where ¢(x) is a given function . Based on (4.4),(4.6), considering that n = 1 one can get

+00 P y-1 ) P o
u(t,x) = Zsinmnx Al,m(_) Es [—(mn) (—) +
m=1 p p
4.8
: [P = sP\T! S (1P = sP\7 e
+hm/sp_ ( ) Es o [—(mﬂ) (—) ]ds .
4 4
0
Considering that
t
(P — P o-1 P — P o P o P o
Forle2) s {52 e 3 s |
4 P P 4 P
we deduce )
+00 - g
P\ tP
u(t,x) = Z sin mmx Al,m(—) Esy l—(m71’)2(—) +
m=1 P P 4.9)

P o
+hm(_) E(r,(r+l
p

gl
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Using over-determination condition (4.7), we find A,, as follows:

»\1-v o
&p u(1-a)-1 ‘Pm(.fpl ) - A mEs. o [_(mﬂ)z(fp_p) ]
hy = (—) = . (4.10)
p Eo-,0'+1 [_(mﬂ)z(%) ]

It is known that if 0 < o < 1, then E 541 (...) has no zeros . If 0 < @, 8 < 1, then definitely 0 < o0 < 1 .
If we substitute (4.10) into (4.9), we get

+00 -1 o o (1-a)-1

P\ P tP P\H
u(t,x) = Z sinmnx [A1,, (—) Es [—(mn)z(—) } + (—) (f—) X
— p p pl \p

) oo L], e
o e 2 e B

4.11)

To prove the uniform convergence of infinite series corresponding to & (x), u(z, x), u (¢, x) and M(();”'B My (t,x),
we will use the following estimates:

C C
E —7)| < <=,
| v IS Ty < g
(1) +00 1 5
A1 <Y |a®) < AT @IE,
+o00 1
o |< ‘90(1) +le' @I,
Z " * 2 Gt 1M

Based on (4.10), considering (4.12) we get

p(l-a)-1
(x| < Z|hm|< (i’ ) (€1 + 1o @IE, + 147 (I,) -

Similarly, based on (4.11), considering (4.12) one can get

+00 y-1
(.01 < > (o) s(%) A1)l +
m=1

o u(l-a)-1 u(l-a)-y
(ﬁ) ((ﬁ) A1)l + (g) ||go(x>||c),
P P D

y-1
i, x>|<Z<mn>2|vm<r>|<( | (s har i)«

p p\u(l-a)-1 (-a)—y
(‘;) (f_) (C3+||A1'(x)||2L2)+(%) (ce+ I I2,)

p
The convergence of an infinite series corresponding to M(" Bu u(t, x) can be obtained for Eq.(4.1).
Also, we must note that the uniqueness of the solution to the dlrect problem can be proved using the maximum
principle that was proposed in [21]. The inverse source problem can be proved based on the completeness of
the Fourier-sinus series in L (0, 1).
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Example. Let A1(x) = ¢(x) = sin wx. Then the solution of the inverse source problem will have the form

u(t,x) = sinmx [ (ﬁ) Ey, [_HZ(K)U
p P

é—‘P

ot e e ()

p
wherey =8+ (1-8), o=B+u(a-p) ,0<u<l, peRt, £€(0,T] .
Da=0,7;, =07, p=2;, u=0,5; ¢£€=1
2)a=09; =0,8;, p=2;, u=0,5; ¢£=1
With these values, we will present numerical results in the corresponding graphs. Figures 1 illustrate the
numerical results calculated for u (¢, x) with the 2 settings.

+

Case 1: a=0.7, p=0.7 Case 2: a=0.9, B=0.7

ut,x)
u(t,x)

Figure 1. The numerical solutions of u(x,7) when T = 1.
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