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Abstract
This paper investigates initial and initial–boundary value problems for a class of multi-
parameter integral-differential equations. In particular, we formulate the Cauchy problem for
an ordinary differential equation involving a multi-parameter integral-differential operator.
The problem is equivalently transformed into a Volterra integral equation of the second kind.
By applying the method of successive approximations, we derive an explicit representation of
the solution. As an application of the newly established results, we study direct and inverse
source problems for a partial differential equation that incorporates the same multi-parameter
integral-differential operator in the time variable. An example is presented to illustrate the
theoretical findings.
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1. Introduction

Integral–differential operators are an essential mathematical tool for modeling complex phenomena across
a wide spectrum of applied sciences, including physics, biology, economics, nanotechnology, and continuum
mechanics. Their ability to simultaneously incorporate local dynamics and nonlocal interactions has led to
successful applications in viscoelastic processes [1], nanotechnology [2], fractional dynamics [3], continuum
mechanics [4], economic and financial modeling [5], as well as biological systems [6]. This broad applicability
has stimulated growing interest in the development and analysis of new classes of integral–differential operators.

Comprehensive theoretical foundations of integral–differential operators, together with their connections to
ordinary and partial differential equations and related applications, are presented in the monographs [7], [8].
In many modeling frameworks, integral–differential operators naturally arise in the description of complex
processes characterized by memory effects and nonlocal behavior, particularly in fractal or heterogeneous
media.

Motivated by these features, numerous generalized operator constructions have been proposed in recent
years. In particular, various types of integral–differential operators have been introduced and systematically
investigated in [8], [9], [10], [11], [12], [13], [22], [14], and [16], where their analytical properties and
applications to ordinary and partial differential equations were explored. These studies demonstrate that
integral–differential operators provide a flexible analytical framework for capturing long-range interactions
and hereditary effects in mathematical models.
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Despite these advances, many existing operator families remain limited in their capacity to represent multiple
interacting parameters that commonly appear in realistic systems. This observation motivates the development
of more general operator structures that offer greater parametric freedom while preserving analytical tractability.

In this paper, we introduce a new multi-parameter integral–differential operator that extends several
known operators as special cases. The proposed construction allows the incorporation of multiple structural
characteristics within a unified framework. We investigate its fundamental properties and derive new operational
relations, thereby establishing a foundation for future applications to generalized differential equations and
related mathematical models.

2. Useful results

Theorem 2.1.[11] If 𝛼 > 0, 𝑝 > 0, and 𝑓 (𝑥) ∈ 𝐿1(𝑎, 𝑏), then

𝐾𝐷
𝛼,𝑝
𝑎+ 𝐾 𝐼

𝛼,𝑝
𝑎+ 𝑓 (𝑥) = 𝑓 (𝑥). (2.1)

Here,

𝐾 𝐼
𝛼,𝑝
𝑎+ 𝑓 (𝑥) = 𝑝1−𝛼

Γ (𝛼)

𝑥∫
𝑎

𝑡 𝑝−1 𝑓 (𝑡)
(𝑥𝑝 − 𝑡 𝑝)1−𝛼 𝑑𝑡,

and

𝐾𝐷
𝛼,𝑝
𝑎+ 𝑓 (𝑥) = 𝑝𝛼−𝑛+1

Γ (𝑛 − 𝛼)

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛 𝑥∫
𝑎

𝑡 𝑝−1 𝑓 (𝑡)
(𝑥𝑝 − 𝑡 𝑝)𝛼−𝑛+1

𝑑𝑡.

Theorem 2.2.[11] If 𝑛 − 1 < 𝛼 < 𝑛, 𝑛 = [𝑎] + 1, 𝑛 ∈ 𝑁, 𝑝 > 0, 𝐾 𝐼
𝑛−𝛼,𝑝
𝑎+ 𝑓 (𝑥) ∈ 𝐴𝐶𝑛

𝛿𝑝
[𝑎, 𝑏] then

𝐾 𝐼
𝛼,𝑝
𝑎+ 𝐾𝐷

𝛼,𝑝
𝑎+ 𝑓 (𝑥) = 𝑓 (𝑥) −

𝑛∑︁
𝑗=1

(
𝑥𝑝−𝑎𝑝

𝑝

)𝛼− 𝑗
Γ(𝛼 − 𝑗 + 1)

[
lim
𝑥→𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛− 𝑗
𝐾 𝐼

𝑛−𝛼,𝑝
𝑎+ 𝑓 (𝑥)

]
, (2.2)

𝐾 𝐼
𝛼,𝑝

𝑏− 𝐾𝐷
𝛼,𝑝

𝑏− 𝑓 (𝑥) = 𝑓 (𝑥) −
𝑛∑︁
𝑗=1

(−1)𝑛− 𝑗
(
𝑏𝑝−𝑥𝑝
𝑝

)𝛼− 𝑗
Γ(𝛼 − 𝑗 + 1)

[
lim
𝑥→𝑏−

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛− 𝑗
𝐾 𝐼

𝑛−𝛼,𝑝
𝑏− 𝑓 (𝑥)

]
. (2.3)

Here,

𝐾 𝐼
𝛼,𝑝

𝑏− 𝑓 (𝑥) = 𝑝1−𝛼

Γ (𝛼)

𝑏∫
𝑥

𝑡 𝑝−1 𝑓 (𝑡)
(𝑡 𝑝 − 𝑥𝑝)1−𝛼 𝑑𝑡,

and

𝐾𝐷
𝛼,𝑝

𝑏− 𝑓 (𝑥) = 𝑝𝛼−𝑛+1

Γ (𝑛 − 𝛼)

(
−𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛 𝑏∫
𝑥

𝑡 𝑝−1 𝑓 (𝑡)
(𝑡 𝑝 − 𝑥𝑝)𝛼−𝑛+1

𝑑𝑡.

Theorem 2.3.[21] If 𝑓 (𝑡) ∈ 𝐶1 [0.𝑇] obtains the maximum (minimum) at the point 𝑡0 ∈ (0, 𝑇) and 𝛼 ∈ (0, 1),
then the following inequalities hold:

𝐶
𝐾𝐷

𝛼,𝑝

0+ 𝑓 (𝑡0) ≥ (⩽) 𝑝
𝛼𝑡0

−𝛼𝑝

Γ (1 − 𝛼) [ 𝑓 (𝑡0) − 𝑓 (0)] ≥ 0 (⩽ 0). (2.4)
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Here

𝐶
𝐾𝐷

𝛼,𝑝

0+ 𝑓 (𝑥) = 𝑝𝛼

Γ (1 − 𝛼)

𝑥∫
0

𝑡 𝑝−1

(𝑥𝑝 − 𝑡 𝑝)𝛼
(
𝑡1−𝑝

𝑑

𝑑𝑡

)
𝑓 (𝑡) 𝑑𝑡.

3. Analytical approach: ODE

In this section, we will use an analytical approach to obtain an explicit solution for the Cauchy problem.

3.1. New Multi-Parameter Integral-Differential operators.

Let us define the multi-parameter integral-differential operators, then study some properties of them.
Definition 3.1. Let 𝑓 (𝑥) ∈ 𝐿 1(𝑎, 𝑏), 𝐾 𝐼 (1−𝜇) (𝑛−𝛽) , 𝑝𝑎+ 𝑓 (𝑥) ∈ 𝐴𝐶𝑛

𝛿𝑝
[𝑎, 𝑏], 𝑛 − 1 < 𝛼 ≤ 𝑛 , 𝑛 − 1 < 𝛽 ≤ 𝑛 .

The operators

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (𝑛−𝛼) , 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛
𝐾 𝐼

(1−𝜇) (𝑛−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) ,

M(𝛼,𝛽)𝜇
𝑏− 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (𝑛−𝛼) , 𝑝
𝑏−

(
−𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛
𝐾 𝐼

(1−𝜇) (𝑛−𝛽) , 𝑝
𝑏− 𝑓 (𝑥)

are called the left and right-sided multi-parameter integral-differential operators. Here 𝑝 ∈ R+, 𝛼 and 𝛽 are
orders of the operators and 𝜇 (0 ≤ 𝜇 ≤ 1) is type of the operators. Also,

𝐴𝐶𝑛𝛿𝑝 [𝑎, 𝑏] =
{
𝑓 : [𝑎, 𝑏] → 𝑅 𝑎𝑛𝑑 𝛿𝑛−1

𝑝 𝑓 (𝑥) ∈ 𝐴𝐶 [𝑎, 𝑏] , 𝛿𝑝 = 𝑥1−𝑝 𝑑

𝑑𝑥

}
,

𝐴𝐶 [𝑎, 𝑏] =
{
𝑓 : [𝑎, 𝑏] → R : 𝑓 (𝑥) = 𝑐 +

𝑥∫
𝑎

𝜑(𝑡)𝑑𝑡, 𝜑(𝑡) ∈ 𝐿 1 (𝑎, 𝑏)
}
,

𝐿𝑝 (𝑎, 𝑏) =
{
∥ 𝑓 ∥ 𝑝 =

(
𝑏∫
𝑎

| 𝑓 (𝑡) |𝑝𝑑𝑡
) 1

𝑝

; ∥ 𝑓 ∥∞ = 𝑒𝑠𝑠𝑠𝑢𝑝𝑎≤𝑥≤𝑏 | 𝑓 (𝑥) | ; 1 ≤ 𝑝 ≤ +∞ ; −∞ ≤ 𝑎, 𝑏 ≤ +∞
}
,

and 𝐴𝐶 [𝑎, 𝑏] is a class of absolutely continuous functions and 𝐿𝑝 (𝑎, 𝑏) is a class of Lebesgue measurable
functions.

Let us consider properties of the proposed operators, which will be useful in the next sections.
Lemma 3.1. If 𝑝 ∈ R+, 𝑛 − 1 < 𝛼, 𝛽 ≤ 𝑛, 𝛾 = 𝛽 + 𝜇 (𝑛 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) , 0 ≤ 𝜇 ≤ 1 then

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥) ,

where 𝑛 − 1 < 𝛾 ≤ 𝑛 , 𝑛 − 1 < 𝜎 ≤ 𝑛.

Proof.
M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (𝑛−𝛼) , 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛
𝐾 𝐼

(1−𝜇) (𝑛−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) =

𝐾 𝐼
𝛽+𝜇𝑛−𝜇𝛽−𝛽−𝜇𝛼+𝜇𝛽,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛
𝐾 𝐼

𝑛−𝛽−𝜇 (𝑛−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) =

𝐾 𝐼
𝛽+𝜇 (𝑛−𝛽)−(𝛽+𝜇 (𝛼−𝛽) ) , 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛
𝐾 𝐼

𝑛−𝛾,𝑝
𝑎+ 𝑓 (𝑥) =𝐾 𝐼𝛾−𝜎,𝑝𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥).
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Lemma 3.2. If 𝑓 (𝑥) ∈ 𝐿 1(𝑎, 𝑏), 𝑝 ∈ R+, 0 < 𝛼, 𝛽 < 1, 𝛾 = 𝛽 + 𝜇 (1 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽), 0 ≤ 𝜇 ≤ 1,
then

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾𝐷

𝜎,𝑝
𝑎+

(
𝑓 (𝑥) − 𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑎)
Γ (𝛾)

(
𝑥𝑝 − 𝑡 𝑝
𝑝

)𝛾−1
)
,

where 𝐾 𝐼1−𝛾
𝑎+ 𝑓 (𝑎) = 𝐾 𝐼

1−𝛾
𝑎+ 𝑓 (𝑥)

���
𝑥=𝑎

.

Proof. Using Lemma 3.1, we make the following evaluations:

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (1−𝛼) , 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

(1−𝜇) (1−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥) =

𝐾 𝐼
𝛾−𝜎,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑥) =

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1, 𝑝
𝑎+ 𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑥) =(

𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+ 𝐾 𝐼

1, 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑥) =(

𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+

[
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑥) − 𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑎)

]
=(

𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝜎,𝑝
𝑎+ 𝑓 (𝑥) −

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+

[
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑎)

]
=(

𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝜎,𝑝
𝑎+

(
𝑓 (𝑥) − 𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑎)

Γ (1 + 𝛾 − 𝜎) 𝐾 𝐼
𝜎−1, 𝑝
𝑎+

(
𝑥𝑝 − 𝑡 𝑝
𝑝

)𝛾−𝜎)
=

𝐾𝐷
𝜎,𝑝
𝑎+

(
𝑓 (𝑥) − 𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑎)
Γ (𝛾)

(
𝑥𝑝 − 𝑡 𝑝
𝑝

)𝛾−1
)
.

Lemma 3.3. If 0 < 𝛾 ≤ 1, 0 < 𝜎 ≤ 1, 0 ≤ 𝜇 < 1, 𝛾 = 𝛽 + 𝜇 (1 − 𝛽) ,
𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) , 𝑓 (𝑥) ∈ 𝐿 1(𝑎, 𝑏), 𝐾 𝐼 (1−𝜇) (1−𝛽) , 𝑝𝑎+ 𝑓 (𝑥) ∈ 𝐴𝐶𝑛

𝛿𝑝
[𝑎, 𝑏], then

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐶

𝐾𝐷
𝜎,𝑝
𝑎+ 𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 − 𝜎)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝜎
.

Proof. According to Definition 3.1, we have

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (1−𝛼) , 𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

(1−𝜇) (1−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝜇 (1−𝛼) , 𝑝
𝑎+ 𝜑(𝑥),

where

𝜑(𝑥) =
(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

(1−𝜇) (1−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) .
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We will simplify this item using Definition 3.1:

𝜑(𝑥) =
(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

(1−𝜇) (1−𝛽) , 𝑝
𝑎+ 𝑓 (𝑥) =

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝐾 𝐼

1−𝛾,𝑝
𝑎+ 𝑓 (𝑥) =(

𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑝𝛾

Γ (1 − 𝛾)

𝑥∫
𝑎

(𝑥𝑝 − 𝑡 𝑝)−𝛾𝑡 𝑝−1 𝑓 (𝑡)𝑑𝑡 =

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
−𝑝𝛾−1

Γ (1 − 𝛾)

𝑥∫
𝑎

(𝑥𝑝 − 𝑡 𝑝)−𝛾 𝑓 (𝑡)𝑑 (𝑥𝑝 − 𝑡 𝑝) =

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
−𝑝𝛾−1

Γ (1 − 𝛾)


(𝑥𝑝 − 𝑡 𝑝)1−𝛾

1 − 𝛾 𝑓 (𝑡)
�����𝑥
𝑎

−
𝑥∫

𝑎

(𝑥𝑝 − 𝑡 𝑝)1−𝛾

1 − 𝛾 𝑓 ′(𝑡)𝑑𝑡
 =

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑝𝛾−1

Γ (1 − 𝛾)


(𝑥𝑝 − 𝑎𝑝)1−𝛾

1 − 𝛾 𝑓 (𝑎) +
𝑥∫

𝑎

(𝑥𝑝 − 𝑡 𝑝)1−𝛾

1 − 𝛾 𝑓 ′(𝑡)𝑑𝑡
 =

𝑓 (𝑎)
Γ (1 − 𝛾)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
+ 1
Γ (1 − 𝛾)

𝑥∫
𝑎

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
𝑓 ′(𝑡)𝑑𝑡 =

𝑓 (𝑎)
Γ (1 − 𝛾)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
+ 1
Γ (1 − 𝛾)

𝑥∫
𝑎

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
𝑡 𝑝−1

(
𝑡1−𝑝

𝑑

𝑑𝑡

)
𝑓 (𝑡)𝑑𝑡 =

𝐾 𝐼
1−𝛾,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 − 𝛾)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
.

Hence,

M(𝛼,𝛽)𝜇
𝑎+ 𝑓 (𝑥) =

𝐾 𝐼
𝜇 (1−𝛼) , 𝑝
𝑎+

[
𝐾 𝐼

1−𝛾,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 − 𝛾)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾]
=

𝐾 𝐼
𝜇−𝜇𝛼+1−𝛾,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 − 𝛾) 𝐾 𝐼
𝜇 (1−𝛼) , 𝑝
𝑎+

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝛾
=

𝐾 𝐼
𝜇−𝜇𝛼+1−𝛾,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 + 𝜇 − 𝜇𝛼 − 𝛾)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)𝜇−𝜇𝛼−𝛾
=

𝐾 𝐼
1−𝜎,𝑝
𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)
𝑓 (𝑥) + 𝑓 (𝑎)

Γ (1 − 𝜎)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)−𝜎
= 𝐶
𝐾𝐷

𝜎,𝑝
𝑎+ 𝑓 (𝑥) +

𝑓 (𝑎)
(
𝑥𝑝−𝑎𝑝

𝑝

)−𝜎
Γ (1 − 𝜎) .

Lemma 3.4. If 𝐾 𝐼𝑛−𝛾,𝑝𝑎+ 𝑓 (𝑥) ∈ 𝐴𝐶𝑛
𝛿𝑝
[𝑎, 𝑏], 𝑛 − 1 < 𝛼, 𝛽 < 𝑛 and 0 ≤ 𝜇 ≤ 1 then

𝐾 𝐼
𝜎,𝑝
𝑎+ M(𝛼,𝛽)𝜇

𝑎+ 𝑓 (𝑥) = 𝑓 (𝑥) −
𝑛∑︁
𝑗=1

𝐶𝑛− 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑥𝑝 − 𝑎𝑝

𝑝

)𝛾− 𝑗
,

where 𝛾 = 𝛽 + 𝜇 (𝑛 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) , 𝐶𝑛− 𝑗 = lim
𝑥→𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛− 𝑗
𝐼
𝑛−𝛾,𝑝
𝑎+ 𝑓 (𝑥).

Proof. Applying Lemma 3.1, we obtain
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𝐾 𝐼
𝜎,𝑝
𝑎+ M(𝛼,𝛽)𝜇

𝑎+ 𝑓 (𝑥) = 𝐾 𝐼
𝜎,𝑝
𝑎+ 𝐾 𝐼

𝛾−𝜎,𝑝
𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥) = 𝐾 𝐼

𝛾,𝑝
𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥). (3.1)

Since 𝐾 𝐼𝑛−𝛾,𝑝𝑎+ 𝑓 (𝑥) ∈ 𝐴𝐶𝑛
𝛿𝑝
[𝑎, 𝑏], and according to (2.2),(3.1), one can easily get

𝐾 𝐼
𝛾,𝑝
𝑎+ 𝐾𝐷

𝛾,𝑝
𝑎+ 𝑓 (𝑥) = 𝑓 (𝑥) −

𝑛∑︁
𝑗=1

1
Γ(𝛾 − 𝑗 + 1)

(
𝑥𝑝

𝑝

)𝛾− 𝑗 [
lim
𝑥→𝑎+

(
𝑥1−𝑝 𝑑

𝑑𝑥

)𝑛− 𝑗
𝐼
𝑛−𝛾,𝑝
𝑎+ 𝑓 (𝑥)

]
=

= 𝑓 (𝑥) −
𝑛∑︁
𝑗=1

𝐶𝑛− 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑥𝑝

𝑝

)𝛾− 𝑗
.

3.2. A Cauchy problem.

Let us consider the equation

M(𝛼,𝛽)𝜇
0+ 𝑢(𝑡) − 𝜆𝑢(𝑡) = 𝑓 (𝑡) , 𝑡 ∈ (0, 𝑏), (3.2)

with the following initial conditions:

lim
𝑥→0+

(
𝑡1−𝑝

𝑑

𝑑𝑡

)𝑛−𝑘
𝐾 𝐼

𝑛−𝛽−𝜇 (𝑛−𝛽) , 𝑝
0+ 𝑢(𝑡) = 𝐴𝑘 , 𝑡 ∈ [0, 𝑏], 𝑘 = 1, 𝑛 . (3.3)

Here 𝑛 − 1 < 𝛼, 𝛽 < 𝑛, 0 ≤ 𝜇 ≤ 1 , 𝑛 ∈ N, 𝑝 > 0, 𝐴 𝑗 , 𝜆, 𝑝 ∈ R and 𝑓 (𝑡) is a given function.
Lemma 3.5. The Cauchy problem (3.2)-(3.3) is equivalent to the following integral equation:

𝑢(𝑡) − 𝜆 𝐾 𝐼𝜎,𝑝0+ 𝑢(𝑡) = 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) +
𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
. (3.4)

Here 𝛾 = 𝛽 + 𝜇 (𝑛 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) .

Proof. First, we rewrite (3.2) using Lemma 3.1, then we apply the 𝐾 𝐼𝜎,𝑝0+ integral operator to both sides of
the obtained equality. In a final step, we will use Lemma 3.4. Let us show these processes.

𝐾 𝐼
𝜎,𝑝

0+ 𝐾 𝐼
𝛾−𝜎,𝑝
0+ 𝐾𝐷

𝛾,𝑝

0+ 𝑢(𝑡) − 𝜆𝐾 𝐼
𝜎,𝑝

0+ 𝑢(𝑡) = 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) →

𝐾 𝐼
𝛾,𝑝

0+ 𝐾𝐷
𝛾,𝑝

0+ 𝑢(𝑡) − 𝜆𝐾 𝐼
𝜎,𝑝

0+ 𝑢(𝑡) = 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) →

𝑢(𝑡) −
𝑛∑︁
𝑗=1

1
Γ(𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

)𝛾− 𝑗 [
lim
𝑥→0+

(
𝑡1−𝑝

𝑑

𝑑𝑡

)𝑛− 𝑗
𝐼
𝑛−𝛾,𝑝
0+ 𝑢(𝑡)

]
=

𝜆𝐾 𝐼
𝜎,𝑝

0+ 𝑢(𝑡) + 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡)
𝑜𝑟

𝑢(𝑡) − 𝜆𝐾 𝐼𝜎,𝑝0+ 𝑢(𝑡) = 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) +
𝑛∑︁
𝑗=1

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
Γ(𝛾 − 𝑗 + 1)

[
lim
𝑥→0+

(
𝑡1−𝑝

𝑑

𝑑𝑡

)𝑛− 𝑗
𝐼
𝑛−𝛾,𝑝
0+ 𝑢(𝑡)

]
.

Considering initial conditions (3.3), we obtain the integral equation (3.4).
Lemma 3.6. If 𝑝 > 0 and 𝐾 𝐼

𝜎,𝑝

0+ 𝑓 (𝑡) is summable, then the integral equation (3.4) has a unique solution.

ujmcs.tstu.uz 92

http://ujmcs.tstu.uz


I.U. Khaydarov,& Sh.M. Khasanov

Proof. Let us rewrite (3.4) as the second kind Volterra integral equation:

𝑢(𝑡) = 𝜆
𝑡∫

0

𝐾 (𝑡, 𝑠)𝑢(𝑠)𝑑𝑠 + 𝑔(𝑡), (3.5)

where

𝑔(𝑡) = 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) +
𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
, 𝐾 (𝑡, 𝑠) =

(
𝑡 𝑝−𝑠𝑝
𝑝

)𝜎−1

Γ(𝜎)𝑠1−𝑝 .

We know that 𝑛 − 1 < 𝜎 < 𝑛. If 𝑝 > 1 the kernel of (3.5) integral equation is a continuous on [0, 𝑏] and it has
the estimate

|𝐾 (𝑡, 𝑠) | =
����� 1
Γ(𝜎)

(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎−1

𝑠𝑝−1

����� ≤ 𝑀1

Γ(𝜎) , 𝑀1 = max
0⩽𝑠⩽𝑡⩽𝑏

(
𝑏𝑝 − 𝑠𝑝

𝑝

)𝜎−1

𝑠𝑝−1.

If 𝑝 > 0, the kernel of (3.5) integral equation has a weak singularity and can be estimated as follows:

|𝐾 (𝑡, 𝑠) | =

�������
(
𝑡 𝑝−𝑠𝑝
𝑝

)𝜎−1

Γ(𝜎)𝑠1−𝑝

������� ≤
(
𝑏𝑝−𝑠𝑝
𝑝

)𝜎−1

Γ(𝜎)𝑠1−𝑝 =
𝑀

𝑠1−𝑝 , 𝑀 = max
0⩽𝑠⩽𝑡⩽𝑏

1
Γ(𝜎)

(
𝑏𝑝 − 𝑠𝑝

𝑝

)𝜎−1

.

If 𝐾 𝐼𝜎,𝑝0+ 𝑓 (𝑡) is summable, then 𝑔(𝑡) will be also summable. Therefore, according to the general theory of the
Volterra integral equations [18], there exists a unique solution of (3.5).

Now we find the solution of (3.4) integral equation by using the method of successive approximation.

𝑢0(𝑡) =
𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
,

𝑢𝑘 (𝑥) = 𝑢0(𝑡) + 𝜆𝐾 𝐼𝜎,𝑝0+ 𝑢𝑘−1(𝑡) + 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) ,

𝑢1(𝑥) = 𝑢0(𝑡) + 𝜆𝐾 𝐼𝜎,𝑝0+ 𝑢0(𝑡) + 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) =
2∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+ 𝑢0(𝑡) +

1∑︁
𝑘=1

𝐾 𝐼
𝑘 𝜎,𝑝

0+ 𝑓 (𝑡),

𝑢2(𝑥) = 𝑢0(𝑡) + 𝜆𝐾 𝐼𝜎,𝑝0+ 𝑢0(𝑡) + 𝜆2
𝐾 𝐼

2𝜎,𝑝
0+ 𝑢0(𝑡) + 𝜆𝐾 𝐼2𝜎,𝑝

0+ 𝑓 (𝑡) + 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) =
3∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+ 𝑢0(𝑡) +

2∑︁
𝑘=1

𝜆𝑘−1
𝐾 𝐼

𝑘 𝜎,𝑝

0+ 𝑓 (𝑡),

𝑢3(𝑥) =
4∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+ 𝑢0(𝑡) +

3∑︁
𝑘=1

𝜆𝑘−1
𝐾 𝐼

𝑘 𝜎,𝑝

0+ 𝑓 (𝑡).

If we continue this process ℎ times, we get

𝑢ℎ (𝑥) =
ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+ 𝑢0(𝑡) +

ℎ∑︁
𝑘=1

𝜆𝑘−1
𝐾 𝐼

𝑘 𝜎,𝑝

0+ 𝑓 (𝑡) . (3.6)

We calculate each term on the right side of the (3.6) equation. At first, we calculate the first term of the equation
as follows:
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ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+ 𝑢0(𝑡) =

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+

©­«
𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

)𝛾− 𝑗ª®¬ =

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)
𝐾 𝐼

(𝑘−1)𝜎,𝑝
0+

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
=

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1) 𝑝1−(𝑘−1)𝜎

Γ ((𝑘 − 1) 𝜎)

𝑡∫
0

𝑠𝑝−1

(𝑡 𝑝 − 𝑠𝑝)1−(𝑘−1)𝜎

(
𝑠𝑝

𝑝

)𝛾− 𝑗
𝑑𝑠 =

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1) 𝑝1−(𝑘−1)𝜎 𝑝 𝑗−𝛾

Γ ((𝑘 − 1) 𝜎)

𝑡∫
0

𝑠𝑝−1𝑠𝑝 (𝛾− 𝑗 )𝑑𝑠

(𝑡 𝑝 − 𝑠𝑝)1−(𝑘−1)𝜎 .

We continue the calculation by changing the variable of the last integral, by the following remarks��𝑦 = 𝑠𝑝

𝑡 𝑝
, 𝑠𝑝−1𝑑𝑠 = 𝑝−1𝑡 𝑝𝑑𝑦, 𝑠𝑝 = 𝑡 𝑝𝑦

�� and obtain

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1) 𝑝1−(𝑘−1)𝜎 𝑝 𝑗−𝛾

Γ ((𝑘 − 1) 𝜎)

1∫
0

(𝑡 𝑝𝑦) (𝛾− 𝑗 ) 𝑝−1𝑡 𝑝𝑑𝑦

(𝑡 𝑝 − 𝑡 𝑝𝑦)1−(𝑘−1)𝜎 =

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)

Γ ((𝑘 − 1) 𝜎)

(
𝑡 𝑝

𝑝

) (𝑘−1)𝜎+𝛾− 𝑗 1∫
0

𝑦𝛾− 𝑗+1−1(1 − 𝑦) (𝑘−1)𝜎−1𝑑𝑦 =

𝑛∑︁
𝑗=1

𝐴 𝑗

Γ(𝛾 − 𝑗 + 1)

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)

Γ ((𝑘 − 1) 𝜎)
Γ (𝛾 − 𝑗 + 1) Γ ((𝑘 − 1) 𝜎)
Γ ((𝑘 − 1) 𝜎 + 𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

) (𝑘−1)𝜎+𝛾− 𝑗
=

𝑛∑︁
𝑗=1

𝐴 𝑗

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)

Γ ((𝑘 − 1) 𝜎 + 𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

) (𝑘−1)𝜎+𝛾− 𝑗
.

Now we compute the second term of the equation (3.6).

ℎ∑︁
𝑘=1

𝜆𝑘−1
𝐾 𝐼

𝑘𝜎,𝑝

0+ 𝑓 (𝑡) =
ℎ∑︁
𝑘=1

𝜆𝑘−1𝑝1−𝑘𝜎

Γ (𝑘𝜎)

𝑡∫
0

𝑠𝑝−1 𝑓 (𝑠)
(𝑡 𝑝 − 𝑠𝑝)1−𝑘𝜎 𝑑𝑠 =

𝑡∫
0

ℎ∑︁
𝑘=1

𝜆𝑘−1

Γ (𝑘𝜎)

(
𝑡 𝑝 − 𝑠𝑝
𝑝

) 𝑘𝜎−1

𝑠𝑝−1 𝑓 (𝑠)𝑑𝑠.

If we rewrite each term on the right side of equation (3.6) with the appropriate form, we have

𝑢ℎ (𝑥) =
𝑛∑︁
𝑗=1

𝐴 𝑗

ℎ+1∑︁
𝑘=1

𝜆 (𝑘−1)

Γ ((𝑘 − 1) 𝜎 + 𝛾 − 𝑗 + 1)

(
𝑡 𝑝

𝑝

) (𝑘−1)𝜎+𝛾− 𝑗
+

𝑡∫
0

ℎ∑︁
𝑘=1

𝜆𝑘−1

Γ (𝑘𝜎)

(
𝑡 𝑝 − 𝑠𝑝
𝑝

) 𝑘𝜎−1

𝑠𝑝−1 𝑓 (𝑠)𝑑𝑠. (3.7)
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If we compute lim
ℎ→+∞

𝑢ℎ (𝑡) by using (3.7) and after that we simplify the obtained function, then we get 𝑢(𝑡)
which is the solution of the integral equation (3.4):

𝑢(𝑡) =
𝑛∑︁
𝑗=1

𝐴 𝑗

(
𝑡 𝑝

𝑝

)𝛽+𝜇 (𝑛−𝛽)− 𝑗
𝐸𝛽+𝜇 (𝛼−𝛽) ,𝛽+𝜇 (𝑛−𝛽)+1− 𝑗

[
𝜆

(
𝑡 𝑝

𝑝

)𝛽+𝜇 (𝛼−𝛽) ]
+

𝑡∫
0

𝑠𝑝−1
(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝛽+𝜇 (𝛼−𝛽)−1

𝐸𝛽+𝜇 (𝛼−𝛽) ,𝛽+𝜇 (𝛼−𝛽)

[
𝜆

(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝛽+𝜇 (𝛼−𝛽) ]
𝑓 (𝑠)𝑑𝑠. (3.8)

Theorem 3.1 Let 𝑛 − 1 < 𝛼, 𝛽 < 𝑛, 0 ≤ 𝜇 ≤ 1, 𝑛 ∈ N, 𝑝 > 0. If 𝑓 (𝑡) ∈ 𝐶1 [0, 𝑏] and 𝐾 𝐼
𝜎,𝑝

0+ 𝑓 (𝑡) is a
summable function, then there exists a unique solution for (3.2)-(3.3).

Proof. According to Lemma 3.5, the problem (3.2) - (3.3) is equivalent to the integral equation (3.4). Then,
based on Lemma 3.6, one can state that (3.8) is a unique solution to the problem (3.2) - (3.3).

3.3. Solvability of the Cauchy problem in different classes of functions.

In this subsection, we provide a statement on the solvability of the Cauchy problem (3.2)-(3.3) in different
classes of functions. Namely, the following statement holds:

Theorem 3.3 If 𝑓 (𝑠) ∈ 𝐶 [0, 𝑏], 𝑛 − 1 < 𝛾, 𝜎 < 𝑛, then a unique solution of the problem (3.2)-(3.3) exists
and

(
𝑡 𝑝

𝑝

)𝑛−𝛾
𝑢(𝑡) ∈ 𝐶 [0, 𝑏] .

Proof. The proof of this statement can be deduced easily if one considers the continuity of the Mittag-Leffler
function.

Let us investigate problem (3.2)-(3.3) in other class of functions.
Definition 3.2[22] 𝐿 𝑝1 (0, 𝑏) class of functions is defined as

𝐿
𝑝

1 (0, 𝑏) =
{
𝑢 : (0, 𝑏) → 𝑅, 𝑢(𝑡)𝑡 𝑝−1 ∈ 𝐿1(0, 𝑏), 𝑢(𝑡)𝑡 𝑝−1 = 𝑔′(𝑡), 𝑔(𝑡) ∈ 𝐴𝐶1

𝛿𝑝
(0, 𝑏]

}
,

∥ 𝑓 (𝑡)∥𝐿𝑝

1 (0,𝑏) =

𝑏∫
0

��𝑡 𝑝−1 𝑓 (𝑡)
�� 𝑑𝑡 , (0 < 𝑝 < +∞) .

If 𝑝 = 1 then 𝐿 𝑝1 (0, 𝑏) = 𝐿1(0, 𝑏).
We know from [11], if 𝑓 (𝑡) ∈ 𝐴𝐶𝑛

𝛿𝑝
(𝑎, 𝑏], then the following equalities are valid:

𝑓 (𝑡) =
𝑛−1∑︁
𝑘=0

𝐶𝑘

(
𝑡 𝑝

𝑝

) 𝑘
+ 1
Γ (𝑛)

𝑡∫
0

(
𝑡 𝑝 − 𝜏𝑝
𝑝

)𝑛−1

𝜑(𝜏)𝑑𝜏,

𝐶𝑘 = lim
𝑡→0+

1
𝑘!

(
𝑡1−𝑝

𝑑

𝑑𝑡

) 𝑘
𝑓 (𝑡) , 𝜑(𝜏) ∈ 𝐿 𝑝1 (0, 𝑏).

Theorem 3.4 If 𝑛 − 1 < 𝛼, 𝛽 < 𝑛 and 𝑓 (𝑡) ∈ 𝐿 𝑝1 (0, 𝑏) , then 𝑢(𝑡) ∈ 𝐿 𝑝1 (0, 𝑏).

Proof. The proof of this theorem can be easily obtained in an analytical way based on the definition of the
function and function (3.8), which is the solution of the Cauchy problem (3.2)-(3.3).

Theorem 3.5 If 𝑛 − 1 < 𝛼, 𝛽 < 𝑛 and 𝑓 (𝑡) ∈ 𝐶1 [0, 𝑏], then for 𝑢(𝑡) which the solution of Cauchy problem,
the following 𝐾 𝐼

(1−𝜇) (𝑛−𝛽) ,
0+ 𝑢(𝑡) ∈ 𝐴𝐶𝑛

𝛿𝑝
(0, 𝑏] and 𝑢(𝑡) ∈ 𝐿 𝑝1 (0, 𝑏) holds true.

Proof. The proof of this theorem can be easily obtained analytically based on the definitions of the functions.
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3.4. A priori estimates.

In this subsection, we present a priori estimates.
Lemma 3.7. If 0 < 𝛼, 𝛽 < 1, 𝑔(𝑎) = 0, 0 ≤ 𝜇 ≤ 1 and 𝑔(𝑡) is an absolutely continuous function, then we

have this inequality

𝑔(𝑡)M(𝛼,𝛽)𝜇,𝑝
𝑎+ 𝑔(𝑡) ≥ 1

2
M(𝛼,𝛽)𝜇,𝑝
𝑎+ 𝑔2(𝑡) .

Proof. If we apply 𝑔(𝑎) = 0 (condition of Lemma 3.7), from Lemma 3.3 we get

M(𝛼,𝛽)𝜇,𝑝
𝑎+ 𝑔(𝑡) = 𝐶

𝐾𝐷
𝜎,𝑝
𝑎+ 𝑔(𝑡) . (3.9)

If we show that
𝑔(𝑡)M(𝛼,𝛽)𝜇,𝑝

𝑎+ 𝑔(𝑡) − 1
2
M(𝛼,𝛽)𝜇,𝑝
𝑎+ 𝑔2(𝑡) ≥ 0 , (3.10)

is true, then it is enough to prove Lemma 3.7.
Let us show that (3.10) is true, by using (3.9):

𝑔(𝑡)𝐶𝐾𝐷
𝜎,𝑝
𝑎+ 𝑔(𝑡) − 1

2
𝐶
𝐾𝐷

𝜎,𝑝
𝑎+ 𝑔2(𝑡) = 𝑔(𝑡) 𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑠𝑝−1

(𝑡 𝑝 − 𝑠𝑝)𝜎
(
𝑠1−𝑝 𝑑

𝑑𝑠

)
𝑔(𝑠)𝑑𝑠 −

1
2

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑠𝑝−1

(𝑡 𝑝 − 𝑠𝑝)𝜎
(
𝑠1−𝑝 𝑑

𝑑𝑠

)
𝑔2(𝑠)𝑑𝑠 =

𝑔(𝑡) 𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠 −

1
2

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

2𝑔(𝑠)𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠 =

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑔′(𝑠) [𝑔(𝑡) − 𝑔(𝑠)]
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠 =

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠

𝑡∫
𝑠

𝑔′ (𝜂) 𝑑𝜂 =

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

𝑔′ (𝜂) 𝑑𝜂
𝜂∫

0

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠 =

𝑝𝜎

Γ (1 − 𝜎)

𝑡∫
𝑎

(𝑡 𝑝 − 𝜂𝑝)𝜎 𝑔′ (𝜂)
(𝑡 𝑝 − 𝜂𝑝)𝜎 𝑑𝜂

𝜂∫
𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠 =

𝑝𝜎

2Γ (1 − 𝜎)

𝑡∫
𝑎

(𝑡 𝑝 − 𝜂𝑝)𝜎 𝑑

𝑑𝜂

©­«
𝜂∫

𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠

ª®¬
2

𝑑𝜂 =

𝑝𝜎

2Γ (1 − 𝜎)

 (𝑡
𝑝 − 𝜂𝑝)𝜎©­«

𝜂∫
𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠

ª®¬
2
�������
𝜂=𝑡

𝜂=𝑎

−

𝑡∫
𝑎

(−𝑝) 𝜂𝑝−1𝜎(𝑡 𝑝 − 𝜂𝑝)𝜎−1©­«
𝜂∫

𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠

ª®¬
2

𝑑𝜂

 =
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𝑝𝜎+1𝜎

2Γ (1 − 𝜎)

𝑡∫
𝑎

𝜂𝑝−1

(𝑡 𝑝 − 𝜂𝑝)1−𝜎
©­«

𝜂∫
𝑎

𝑔′(𝑠)
(𝑡 𝑝 − 𝑠𝑝)𝜎 𝑑𝑠

ª®¬
2

𝑑𝜂 ⩾ 0.

Theorem 3.6. If 𝑓 (𝑡) ∈ 𝐶1 [0.𝑇] , 𝛼 ∈ (0, 1) , 𝛽 ∈ (0, 1) , and function 𝑓 (𝑡) gets its maximum (minimum)
value at the point 𝑡0 ∈ (0, 𝑇), then following inequalities are hold:

M(𝛼,𝛽)𝜇
0+ 𝑓 (𝑡0) ≥ (⩽) 𝑝

𝜎𝑡0
−𝜎𝑝

Γ (1 − 𝜎) 𝑓 (𝑡0) . (3.11)

Furthermore, if 𝑓 (𝑡0) ≥ 0(⩽ 0), then we obtain M(𝛼,𝛽)𝜇
0+ 𝑓 (𝑡0) ≥ 0(⩽ 0) .

Here 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) and 0 < 𝜎 < 1, 0 ≤ 𝜇 < 1 .

Proof. Using the result of Lemma 3.3 and Theorem 2.3, if the 𝑓 (𝑡) function gets its maximum value at the
point 𝑡0 ∈ (0, 𝑇), then we can obtain

M(𝛼,𝛽)𝜇
0+ 𝑓 (𝑡0) = 𝐶

𝐾𝐷
𝜎,𝑝

0+ 𝑓 (𝑡0) +
𝑝𝜎𝑡0

−𝜎𝑝

Γ (1 − 𝜎) 𝑓 (0) ≥
𝑝𝜎𝑡0

−𝜎𝑝

Γ (1 − 𝜎) [ 𝑓 (𝑡0) − 𝑓 (0)] + 𝑝𝜎𝑡0
−𝜎𝑝

Γ (1 − 𝜎) 𝑓 (0) =

𝑝𝜎𝑡0
−𝜎𝑝

Γ (1 − 𝜎) 𝑓 (𝑡0).

As a result, we can write the following inequality:

M(𝛼,𝛽)𝜇
0+ 𝑓 (𝑡0) ≥

𝑝𝜎𝑡0
−𝜎𝑝

Γ (1 − 𝜎) 𝑓 (𝑡0). (3.12)

Based on (3.12), it is easy to know that if 𝑓 (𝑡0) ≥ 0, then M(𝛼,𝛽)𝜇
0+ 𝑓 (𝑡0) ≥ 0 is true.

The second part of Theorem 3.6 can be proved similarly.

4. Analytical approach: PDE

4.1. A direct problem.

Let us consider the following PDE

M(𝛼,𝛽)𝜇
0+ 𝑢(𝑡, 𝑥) − 𝑢𝑥𝑥 (𝑡, 𝑥) = 𝑓 (𝑡, 𝑥) (4.1)

in a domain Ω = {(𝑡, 𝑥) : 0 < 𝑡 < 𝑇 , 0 < 𝑥 < 1}. Here 𝑛 − 1 < 𝛼, 𝛽 < 𝑛, and 𝑓 (𝑡, 𝑥) is given a real function.
We are interested in finding 𝑢(𝑡, 𝑥) that a regular solution of the Eq. (4.1) in Ω, satisfying

• regularity conditions: 𝑢𝑥𝑥 ∈ 𝐶 (Ω),M(𝛼,𝛽)𝜇
0+ 𝑢(𝑡, 𝑥) ∈ 𝐶 (Ω),

(
𝑡 𝑝

𝑝

)𝑛−𝛾
𝑢(𝑡, 𝑥) ∈ 𝐶 (Ω̄);

• initial conditions:

lim
𝑡→0+

(
𝑡1−𝑝

𝑑

𝑑𝑡

)𝑛−𝑘
𝐾 𝐼

(1−𝜇) (𝑛−𝛽) , 𝑝
0𝑡 𝑢(𝑡, 𝑥) = 𝐴𝑘 (𝑥), 0 ≤ 𝑥 ≤ 1, 𝑘 = 1, 𝑛; (4.2)

• boundary conditions:
𝑢(𝑡, 0) = 𝑢(𝑡, 1) = 0 , 0 < 𝑡 ≤ 𝑇. (4.3)
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Here 𝐴𝑘 (𝑥) are given functions.
We search a solution of the problem (4.1),(4.2)-(4.3) as follows:

𝑢(𝑡, 𝑥) =
+∞∑︁
𝑚=1

𝑣𝑚(𝑡) sin𝑚𝜋𝑥 . (4.4)

Substituting (4.4) into (4.1) and (4.2) we will obtain the following Cauchy problem for 𝑢𝑚(𝑡) :
M(𝛼,𝛽)𝜇

0+ 𝑣𝑚(𝑡) + (𝑚𝜋)2𝑣𝑚(𝑡) = 𝑓𝑚(𝑡),

lim
𝑡→0+

(
𝑡1−𝑝

𝑑

𝑑𝑡

)𝑛−𝑘
𝐾 𝐼

(1−𝜇) (𝑛−𝛽) , 𝑝
0+ 𝑣𝑚(𝑡) = 𝐴𝑘,𝑚,

(4.5)

where 𝐴𝑘,𝑚 = 2
1∫

0
𝐴𝑘 (𝑥) sin𝑚𝜋𝑥𝑑𝑥 , 𝑓𝑚(𝑡) = 2

1∫
0
𝑓 (𝑡, 𝑥) sin𝑚𝜋𝑥𝑑𝑥 .

The solution of (4.5) can be represented as follows:

𝑣𝑚(𝑡) =
𝑛∑︁
𝑗=1

𝐴 𝑗 ,𝑚

(
𝑡 𝑝

𝑝

)𝛾− 𝑗
𝐸𝜎,𝛾+1− 𝑗

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎]
+

+
𝑡∫

0

𝑠𝑝−1
(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎−1

𝐸𝜎,𝜎

[
−(𝑚𝜋)2

(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎]
𝑓𝑚(𝑠)𝑑𝑠 ,

(4.6)

where 𝛾 = 𝛽 + 𝜇 (𝑛 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) .
In the following subsection, we consider the inverse source problem for sub-diffusion (0 < 𝛼, 𝛽 < 1)

equations.

4.2. Inverse source problem.

Let us assume that 0 < 𝛼, 𝛽 < 1 and 𝑓 (𝑡, 𝑥) = ℎ(𝑥) . We are interested to find a pair of functions
{𝑢(𝑡, 𝑥), ℎ(𝑥)} , satisfying Eq. (4.1) in Ω together with conditions (4.2),(4.3) and the following over-
determination condition

𝑢(𝜉, 𝑥) = 𝜑(𝑥) , 0 ≤ 𝑥 ≤ 1 (4.7)
for a fixed 𝜉 ∈ (0, 𝑇] , where 𝜑(𝑥) is a given function . Based on (4.4),(4.6), considering that 𝑛 = 1 one can get

𝑢(𝑡, 𝑥) =
+∞∑︁
𝑚=1

sin𝑚𝜋𝑥

[
𝐴1,𝑚

(
𝑡 𝑝

𝑝

)𝛾−1

𝐸𝜎,𝛾

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎]
+

+ℎ𝑚
𝑡∫

0

𝑠𝑝−1
(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎−1

𝐸𝜎,𝜎

[
−(𝑚𝜋)2

(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎]
𝑑𝑠

 .
(4.8)

Considering that
𝑡∫

0

𝑠𝑝−1
(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎−1

𝐸𝜎,𝜎

[
−(𝑚𝜋)2

(
𝑡 𝑝 − 𝑠𝑝
𝑝

)𝜎]
𝑑𝑠 =

(
𝑡 𝑝

𝑝

)𝜎
𝐸𝜎,𝜎+1

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎]
,

we deduce

𝑢(𝑡, 𝑥) =
+∞∑︁
𝑚=1

sin𝑚𝜋𝑥

[
𝐴1,𝑚

(
𝑡 𝑝

𝑝

)𝛾−1

𝐸𝜎,𝛾

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎]
+

+ℎ𝑚
(
𝑡 𝑝

𝑝

)𝜎
𝐸𝜎,𝜎+1

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎] ]
.

(4.9)
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Using over-determination condition (4.7), we find ℎ𝑚 as follows:

ℎ𝑚 =

(
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1 𝜑𝑚

(
𝜉 𝑝

𝑝

)1−𝛾
− 𝐴1,𝑚𝐸𝜎,𝜎

[
−(𝑚𝜋)2

(
𝜉 𝑝

𝑝

)𝜎]
𝐸𝜎,𝜎+1

[
−(𝑚𝜋)2

(
𝜉 𝑝

𝑝

)𝜎] . (4.10)

It is known that if 0 < 𝜎 < 1 , then 𝐸𝜎,𝜎+1 (...) has no zeros . If 0 < 𝛼, 𝛽 < 1, then definitely 0 < 𝜎 < 1 .
If we substitute (4.10) into (4.9), we get

𝑢(𝑡, 𝑥) =
+∞∑︁
𝑚=1

sin𝑚𝜋𝑥

[
𝐴1,𝑚

(
𝑡 𝑝

𝑝

)𝛾−1

𝐸𝜎,𝛾

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎]
+

(
𝑡 𝑝

𝑝

)𝜎 (
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1

×

𝜑𝑚

(
𝜉 𝑝

𝑝

)1−𝛾
− 𝐴1,𝑚𝐸𝜎,𝜎

[
−(𝑚𝜋)2

(
𝜉 𝑝

𝑝

)𝜎]
𝐸𝜎,𝜎+1

[
−(𝑚𝜋)2

(
𝜉 𝑝

𝑝

)𝜎] 𝐸𝜎,𝜎+1

[
−(𝑚𝜋)2

(
𝑡 𝑝

𝑝

)𝜎] .

(4.11)

To prove the uniform convergence of infinite series corresponding to ℎ(𝑥), 𝑢(𝑡, 𝑥), 𝑢𝑥𝑥 (𝑡, 𝑥) andM(𝛼,𝛽)𝜇
0𝑡 𝑢(𝑡, 𝑥),

we will use the following estimates: ��𝐸𝛼,𝛽 (−𝑧)�� ≤ 𝐶

1 + |𝑧 | ≤
𝐶

|𝑧 | ,
+∞∑︁
𝑚=1

��𝐴1,𝑚
�� < +∞∑︁

𝑚=1

1
𝑚𝜋

���𝐴(1)
1,𝑚

��� < +∞∑︁
𝑚=1

1

(𝑚𝜋)2 + ∥𝐴1
′(𝑥)∥2

𝐿 2
,

+∞∑︁
𝑚=1

|𝜑𝑚 | <
+∞∑︁
𝑚=1

1
𝑚𝜋

���𝜑 (1)
𝑚

��� < +∞∑︁
𝑚=1

1

(𝑚𝜋)2 + ∥𝜑′(𝑥)∥2
𝐿 2
.

(4.12)

Based on (4.10), considering (4.12) we get

|ℎ(𝑥) | ≤
+∞∑︁
𝑚=1

|ℎ𝑚 | <
(
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1 (
𝐶1 + ∥𝜑′(𝑥)∥2

𝐿 2
+ ∥𝐴1

′(𝑥)∥2
𝐿 2

)
.

Similarly, based on (4.11), considering (4.12) one can get

|𝑢(𝑡, 𝑥) | ≤
+∞∑︁
𝑚=1

|𝑣𝑚(𝑡) | ≤
(
𝑡 𝑝

𝑝

)𝛾−1

∥𝐴1(𝑥)∥𝐶 +(
𝑡 𝑝

𝑝

)𝜎 ((
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1

∥𝐴1(𝑥)∥𝐶 +
(
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−𝛾
∥𝜑(𝑥)∥𝐶

)
,

|𝑢𝑥𝑥 (𝑡, 𝑥) | ≤
+∞∑︁
𝑚=1

(𝑚𝜋)2 |𝑣𝑚(𝑡) | <
(
𝑡 𝑝

𝑝

)𝛾−1 (
𝐶2 + ∥𝐴1

′(𝑥)∥2
𝐿 2

)
+(

𝑡 𝑝

𝑝

)𝜎 [(
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1 (
𝐶3 + ∥𝐴1

′(𝑥)∥2
𝐿 2

)
+

(
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−𝛾 (
𝐶4 + ∥𝜑′(𝑥)∥2

𝐿 2

)]
.

The convergence of an infinite series corresponding to M(𝛼,𝛽)𝜇
0+ 𝑢(𝑡, 𝑥) can be obtained for Eq.(4.1).

Also, we must note that the uniqueness of the solution to the direct problem can be proved using the maximum
principle that was proposed in [21]. The inverse source problem can be proved based on the completeness of
the Fourier-sinus series in 𝐿 2 (0, 1).
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Example. Let 𝐴1(𝑥) = 𝜑(𝑥) = sin 𝜋𝑥. Then the solution of the inverse source problem will have the form

𝑢(𝑡, 𝑥) = sin 𝜋𝑥
[ (
𝑡 𝑝

𝑝

)
𝐸𝜎,𝛾

[
−𝜋2

(
𝑡 𝑝

𝑝

)𝜎]
+

+
(
𝑡 𝑝

𝑝

)𝜎 (
𝜉 𝑝

𝑝

)𝜇 (1−𝛼)−1
(
𝜉 𝑝

𝑝

)1−𝛾
− 𝐸𝜎,𝜎

[
−𝜋2

(
𝜉 𝑝

𝑝

)𝜎]
𝐸𝜎,𝜎+1

[
−𝜋2

(
𝜉 𝑝

𝑝

)𝜎] 𝐸𝜎,𝜎+1

[
−𝜋2

(
𝑡 𝑝

𝑝

)𝜎] ,

where 𝛾 = 𝛽 + (1 − 𝛽) , 𝜎 = 𝛽 + 𝜇 (𝛼 − 𝛽) , 0 ≤ 𝜇 ≤ 1 , 𝑝 ∈ R+ , 𝜉 ∈ (0, 𝑇] .
1) 𝛼 = 0, 7 ; 𝛽 = 0, 7 ; 𝑝 = 2; 𝜇 = 0, 5 ; 𝜉 = 1
2) 𝛼 = 0, 9 ; 𝛽 = 0, 8 ; 𝑝 = 2; 𝜇 = 0, 5 ; 𝜉 = 1
With these values, we will present numerical results in the corresponding graphs. Figures 1 illustrate the
numerical results calculated for 𝑢(𝑡, 𝑥) with the 2 settings.

Figure 1. The numerical solutions of 𝑢(𝑥, 𝑡 ) when 𝑇 = 1.
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