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ABSTRACT

In this paper, we constract and integrate the fifth-order Riesz fractional KdV (fRfKdV)
equation with a self-consistent source in the class of rapidly decreasing functions via the inverse
scattering transform(IST) method. We show that fifth-order Riesz fractional KdV equation
with self-consistent sources is also an important theoretical model, since it is a completely
integrable system. For one soliton cases, explicit formulas for the solutions of the problem
under consideration are derived as examples to simulate their spatial structures and analyze
their structural properties by selecting different values of fractional orders. The results indicate
that both the source and the fractional order significantly influence the velocity of soliton
propagation, while no energy dissipation occurs through out the entire motion process. This
behavior corresponds to a super-dispersive transport mechanism, which is an experimentally
testable prediction of the present theory. Furthermore, the analysis reveals that the absolute
value of wave velocity becomes larger as ¢ increases. This study contributes valuable insights
into nonlinear dynamics and soliton behavior, improving the understanding of multifaceted
wave interactions in nonlinear fractional equations.
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1. Introduction

The fifth-order KdV equation, sometimes referred to as a Kawahara-type equation, arises as a model for
plasma waves, capillary—gravity waves, and various other dispersive phenomena [1]-[8].

Our goal is to constract and integrate the fifth-order fractional KdV equation with a self-consistent source
in the class of rapidly decreasing functions via the inverse scattering transform (IST) method.

The fractional equations often predict physically measurable quantities that follow power laws. For example,
in anomalous diffusion, the mean squared displacement is related to time by a power law t*, @ > 0[9, 10, 11, 12].
Similarly, for integrable soliton equations, fractional generalizations predict anomalous dispersion where the
speed of localized solitonic waves are related to their amplitude by a power law[13].

In 2022, Ablowitz, Been, and Carr established for the first time that the Riesz fractional KdV equation[14]
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admits an inverse scattering formulation within the class of rapidly decaying functions. Following the work
of Ablowitz, Been, and Carr, several nonlinear evolution equations involving the Riesz fractional derivative
were also integrated by means of the direct and inverse scattering problem methods of the scattering theory
[15, 17, 18, 19, 20, 21, 22].

In this paper, we study the integration of fifth-order fractional KdV equation with a self-consistent source by
the inverse scattering method. We show that fRfKdV equation with a self-consistent source is also an important
theoretical model, since it is a completely integrable system. For the one soliton case, explicit formulas for the
solutions of the problem under consideration are derived as examples to simulate their spatial structures and
analyze their structural properties by selecting different values of fractional orders.

The concept of self-consistent sources in integrable nonlinear evolution equations was first introduced by
V. K. Melnikov, who showed that such equations can retain their integrability while describing richer physical
and mathematical structures[23]. Physically, the sources appear in solitary waves with non-constant velocity
and lead to a variety of dynamics of physical models. They have important applications in plasma physics,
hydrodynamics, solid-state physics, etc.[24, 25, 26, 27, 28]. Recently, numerous studies have been devoted to
the investigation of nonlinear evolution equations with a sources, motivated by both physical and mathematical
considerations in[29]-[47].

2. Statement of the Problem

In the present paper, we consider the following fifth-order Riesz fractional Korteweg-de Vries equation with
a self-consistent source

N
0
u; + Q(LHu, =4 — ( 2) ,
t (L")ux mZ:lax |oml @2.1)
- +u(x, )om = Ampm, m=1,..,N
under initial condition
u(x,0) = ug(x), x €R. (2.2)
Here, the operator Q(L*):
* #\2 *|1& * 1 2 ]‘
Q(L") =16(L")°|4L"|%, L" = —Zéx —u+ Sl dy (2.3)
X
is constructed from the anomalous dispersion relation
Q(k?) = 16k* |2k |, (2.4)

of the linearization part of Equation (2.1)
Ur + | - a)%lguxxxxx =0,

replacing the spectral variable k2 by the operator L* in (2.4) yields precisely the definition of Q(L*) introduced
in (2.3). Here | — 92|€, € € (0, 1) is the Riesz fractional derivative [48] defined as
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(o9

ﬁ(k,t):/u(x,t)e_ikxdx.

The explicit form of the fractional power [4L*|?, € € (0,1) will be given in section 5.
In (2.1), the functions ¢,, = ¢, (x,1), m =1, ..., N, are eigenfunctions of the time-dependent operator

d2
L(t) =——=+u(x,t), xeR, t>0,
dx?

associated with the eigenvalues A,,(¢) = —v2,(¢), m = 1,..., N, which satisfy the following normalization
condition

/|¢%,,(x,r)|dx=/sm<r>, M1 .. N

where S, () are given positive continuous functions.
The real-valued initial function ug(x) is assumed to satisfy:

1.

(o)

/ (1+ [xDluo ()] dx < oo;

—00

2. The operator
2

d
L(0) := a2t up(x), x€R,
has exactly N simple negative eigenvalues 4;(0) <0, j =1,...,N.

In the problem (2.1)-(2.2), the functions u(x, t) and ¢,,(x,1), m =1, ..., N, are unknown.
The main aim of this work is to derive representations for the solutions

{ulx,1), o1(x,1), @2(x,1), ..., on (x, 1)}

of the problem (2.1)-(2.2) with the use of the inverse scattering method for the operator .£(t).
Note. In (2.3), if we set € = 0, then we obtain the classical fifth-order KdV equation with a self-consistent
source:
U + Usyxxx + 10Uty rx + 20Uty + 30u’uy = G(x,1),

N9
where G(x,1) =4 ) P (|¢m|2).
m=1

3. Preliminaries

In this section, we give the basic facts about the scattering theory of the Sturm-Liouville operator £ (¢)
[49, 50].
We consider the Sturm-Liouville scattering problem

L(t)y=-y"+u(x,t)y = kzy, x| < o0, Ve>0 3.1

where k? is the spectral parameter and u(x, 7) is real function satisfying condition

/(1 + x| u(x,t)| dx < o0, Vt > 0. (3.2)
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We denote by f = f(x,k,t) and g = g(x, k, t) the Jost solutions of (3.1) with the asymptotics
f(x, k, 1) = e* +0(1), x> o g, k,t) =e * 4+ 0(1), x> -0, (Imk =0). (3.3)
Under condition (3.2), such solutions exist and are uniquely determined by asymptotics (3.3). The solutions
f(x, k,t) and g(x, k, t) satisfy the representations
o) X

f(x,k,t) = L / K" (x, s;1)e'*s ds, glx, k,t) = eTtkx 4 / K™ (x,s; t)e_iks ds, (3.4)

X —00

where kernels K* (x, s; 1) and K~ (x, s; ) are real functions related to the potential u(x, t) by the relations
o d oy
u(x,t) = F2—K=(x,x;1).
dx

With respect to the variable k, the Jost solutions f(x, k, t) and g(x, k, ) continue analytically into the upper
half-plane Im k£ > 0.

For real k, pairs of functions {f(x,k,1), f(x,—k,t)} and {g(x,k,¢),g(x,—k,t)} are pairs of linearly
independent solutions of equation (3.1), therefore

f(x,k,t) =b(k,t)g(x, k,t) +a(k,t)g(x,—k,t),

g(x’ k7 t) = _b(_k’ t)f(x7 k’ t) + Cl(k, t)f(x’ _ka t)
The functions
b(-k,1) b(k,1)
a(k,t)’ a(k,t)
are called reflection coefficients (right and left, respectively). The coefficients a = a(k,t) and b = b(k, t) have

the following properties (see [49]).
A.Forreal k # 0

rt(k,t) =

r (k,1) =

a(=k,1) = a(k,t), b(=k,t)=b(k,1), la(k,t))*>=1+|b(k,0)|%

alk,) =~ WGk 0,8 (e k), b(kn) = 5 WGk 0,806~k D)
alk,t) =1+ 0(%) , b(k,t) = 0(%) , k — +oo;

where
W{f(-x’ k’t)’ g(-x’ k’ t)} = f(-x’ k’t)g’(-x’ k’t) - f/(x’ k’t)g(x’ k’t);

B. With respect to the variable k, the function a(k, r) extends analytically to the half-plane Im k£ > 0 and there
it has a finite number of zeros k,,(¢) = iv, (1), (v,(t) >0, YVt > 0),n =1,2,..., N, these zeros are simple, and
A,(t) = =v2(¢) is an eigenvalue of the operator £(¢). In addition, the following relation holds

g, kn(0),8) = xu(t) f(x, ky(2),1), n=12,...,N. 3.5)
The set
{I"+(k, t)’ k e Rz Vl(t)’ VZ(I)’ B VN(I); Xl(t)’XZ(t)’ DR 7XN(I)} (36)

is called the scattering data for problem (3.1). The direct scattering problem is to determine the scattering
data from the potential u(x, t), and the inverse problem is to reconstruct from the scattering data the potential
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u(x,t) of Eq.(3.1). The kernel K*(x, y) in representation (3.4) is a solution to the Gelfand-Levitan-Marchenko

(GLM) integral equation

K*(x,y;t) + F*(x + y;1) + / K*(x,z;t)F*(z+ y;t)dz = 0, (y > x),
X

where
N 1 <
+ _ + -v;(t) — + ik
F*(x,1) —Za/j(t)e Vi x+2n/r (k,t)e"™™ dk,
le —00
X (1)
+ t) =
a; ) _da(z,1) ’
l dZ |Z:iVj(l)

and a(z, t) is the analytic continuation of the function a(k, #) to the upper half-plane Im k£ > 0.
Finally, the potential is reconstructed from the GLM kernel via

0
u(x,t) = -2— K*(x,x;1).
Ox
It is worthy to remark that the functions

da(k,t)
dk

-1
) i[g(x, k;t) — xn(t) f(x,k;1)] ,n=12.,N
k=ivy, (1)

hn 9t =
(x ) ( dk k=ivy,(t)

are solutions of the equations (3.1). For Imk > 0, using (3.3), we obtain the following asymptotics

hn(x,1) = DX x — too,

—vn(t)x’ X — —00.

hn(x7 t) - _/\/I’L(t)e
From asymptotics (3.3), (3.12) and (3.13) we have

W{hn(x,1), f(x, kn(1);0)} = =2va (1),

W{hn(x,1), g(x, kn(1); 1)} = =2v () X (1).

4. The time dependence of the scattering data

Following the procedure in cf. Ref. [14] the time dependence of the scattering data is given by

drt(k,1)
dt

WD) _ (321314121 + 2840 ),
dvy(t)
o,
dt
Remark 1. Taking into account (3.9) and (4.2), it is easy to show that
dart (1)
dt

= 32ik>|4k>|€rt (k, 1),

n=1,...,N.

= (32ik514K7 1€ + 2B, (1)) ar (1).

3.7

(3.8)

3.9

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

4.1)

4.2)

4.3)
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Remark 2. The obtained results completely determine the time evolution of scattering data, which allows
solving problem (2.1)-(2.2) by the following algorithm. Assume that ug(x) is given.

1. For given functions ug(x), find the scattering data
{r*(k,0),k € R; v1(0),v2(0), ..., v~n(0); x1(0), x2(0), ..., xn(0)}
for £(0).
2. From (4.1)—(4.3), obtain the time evolution of the scattering data
{r* (k. 1), k € R; vi(), va(t), ..., vn (0); x1(8), x2(1), ..., ¥N (D)}
for L(1).
3. With this scattering data, uniquely determine the function F*(x, t) from relation (3.8).

4. Substituting F*(x,7) in Gelfand-Levitan-Marchenko integral equations (3.7) and solving this system,
obtain K*(x, y,1).

5. Further, from (3.10) find the solution u(x, ).

5. Explicit Form of the fKdV equation with a self-consistent source
As shown in [51], the eigenfunctions of L* are any of the three functions: {082, dx f2, Ox(gf)} which can
be represent generically as ¥* with eigenvalue A = k2. Here g and f are Jost solutions of (3.1). Then, we have
QL)Y = Q(k*)V.

The set of eigenfunctions W* is complete [52]. Hence, any function &(x, ) that is sufficiently regular with
respect to x admits the expansion

2
h(x,t)z/ (&, t)dk/ G(x, v, k; D) h(y, )dy,

e

where I', = limg_,o ['r With T'g the semicircular contour in the upper half plane evaluated from k = —R to
k = R. 7 is the transmission coefficient defined by the relation

flx, k;n)t(k, 1) = g(x,—k;t) +r*(k,1)g(x, k; 1),

and
G(x,y, k1) = 0 (f2(x, k; )82 (v, k; 1) = & (x, k; 1) f2 (3, k3 1)), (14)
The operator Q(L*) acting on an arbitrary function % (x, t) may be represented by the spectral expansion

T(k 1)

Q(L*)h(x,1) = / Q(k?)

|

dk/ G, v, k;t)h(y, t)dy. (5.1)

Hence, equation (5.1) provides an explicit representation of fKdV with self-consistent source, i.e. equation
(5.1) with A(x, 1) = ux(x,¢) and Q(L*) = 16(L*)?|4L*|® which may be written as

k
us + / |4k>|€ T ( ) dk/ G(x,y,k;1) (uyyyyy + 10uuyyy + 20uyuyy, + 30u uy)dy G(x,1). (5.2
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If we set € = 0 in (5.2) then we recover fifth-order KdV equation with a self-consistent source:
Up + Uyxxr + 10uttyxx + 20Uty + 30uuy = G(x,1).

The expression (5.1) can be evaluated using contour integration to give a representation of Q(L"*) in terms of
integrals along the real line and a sum over discrete values along the imaginary axis:

2 N ~
QL )uy(x,1) = //]Rz Q(kz) 7°(k,1) Ge(x,y, k;t)uy(y,t)dy dk + ZQ(—V%)/ Ga,j(x,y,)uy(y,t)dy.

4Arik
j=1
(5.3)
Here the continuous contribution G, is defined by
Ge(x,y, k;1) = 0 (f2(x. ki) (v, k1) = g2 (x k3 1) f2 (3, K3 1)
and the discrete contribution, which comes from the poles of 7(k,#) at k;(¢) = iv;(z), j = 1,2,..., N, is given
by
. 0
Ga,j(x,y,t) = lnj(t)a—x [F2(0. ki 0) f (e, ks 1) Org (x, k3 1) = f2 (3, ks 1)g (x, k; 1) Ok f (x, k; 1) ] Kk (1)~
. 0
_lnj(t)a (£ ks )8y, k; )0 f (v, k3 1) = f2(x. k; )8 (3, k; 1)k f (. k; 1) Kk (1)° (5.4
where
X (1)
n;(1) = : (5.5)
! v (1) (dra(k;(1)))?
6. Example
We consider the problem (2.1)—(2.2) for the one soliton initial condition
2
b 0 = __?
u(x.0) ch?x
with B1(f) = 5¢*. In this case, G(x,1) = 4(% (go% (x, t)) and the solution has the form
2
u(x,t) =— (6.1)

ch¥x —42+er —15)
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7. Graphical representation of soliton solution of the equation (2.1)

2
ch? (a: — 42+ep ts)

u(z,t) = —

[ The solution is a single soliton of amplitude 2 moving to the right with phase ¢ (t) = 42+¢¢ + ¢5. \

Figure 1. One soliton solution of the fRfKdV equation with a self-consistent source for ¢ = %, Bi(1) = 5r*.

Relation between fractional order and wave velocity: V(g) = 16 - 22¢

vi{l) =64

60 4

50 A

40 |

Wave velocity V(e)

30 4

20 7

T T
0.0 0.2 0.4 0.6 0.8 1.0
Fractional order &

Figure 2. Relationship between the fractional derivative order € € (0, 1) and the wave velocity
v(e, 1) = 4%*¢ + 5¢* for the one soliton case.

Figure 2 indicates that the soliton velocity consists of a fractional-order-dependent constant term and a time-
dependent contribution. The analysis shows that as the fractional derivative order € increases, the absolute
value of the wave velocity also increases. From a physical point of view, this result implies that the fractional
derivative enhances the effective propagation speed of the soliton. Moreover, the presence of the time-dependent
term 5¢* leads to a non-uniform motion of the soliton, meaning that the soliton accelerates as time evolves.
This behavior reflects the influence of memory effects and nonlocal properties introduced by the fractional
derivative, as well as the contribution of the self-consistent source to the soliton dynamics.

8. Conclusion

The ITS method has been successfully used to obtain the soliton solutions of the fifth-order Riesz fractional
KdV equation with a self-consistent source. We have determined the time evolution of the scattering data

ujmes.tstu.uz
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for the Sturm-Liouville problem associated with the solution of the fifth-order Riesz fractional KdV equation
with a self-consistent source. Then, using the solution of the inverse scattering problem with respect to the
time-dependent scattering data, we recover the desired solution of the fifth-order Riesz fractional KdV equation
with a self-consistent source. For the one soliton case, explicit formulas for the solution of the problem under
consideration are obtained. Finally, we showed that the one-soliton solutions of the fifth-order Riesz fractional
KdV equation with a self-consistent source have power law relationships between the solitons amplitude
and velocity. The self-consistent source further modifies the energy balance of the system by continuously
interacting with the wave field, thereby accelerating the soliton dynamics.

theorem
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