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ABSTRACT

In this paper, we introduce a two-layer hidden Potts-observed SOS model on Cayley trees of
arbitrary order. The model is constructed through a hidden Markov structure in which the
observable SOS configuration is generated from an underlying latent Potts field by means of a
local stochastic transformation. For the proposed model, we derive the compatibility conditions
for Gibbs measures on Cayley trees of arbitrary order and investigate translation-invariant
Gibbs states. In particular, explicit forms of translation-invariant Gibbs measures are obtained
for Cayley trees of orders one and two, and conditions for their existence are established.
Moreover, for these Gibbs measures, the hidden states are reconstructed and predicted from
the observable layer. The obtained results provide a rigorous probabilistic framework for multi-
state hidden spin systems and extend hidden Markov methods to Potts-SOS interactions on
hierarchical graphs. The proposed approach may be useful in the study of spatial stochastic
systems, graphical models, and related inference problems involving latent structures.
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1. Introduction

Models on hierarchical graphs have attracted considerable attention in statistical mechanics due to their
ability to describe complex interaction mechanisms while remaining mathematically tractable. Among such
graphs, the Cayley tree occupies a special position since many questions concerning Gibbs measures, phase
transitions, extremality, and ground states can be studied rigorously. Classical foundations of the theory of
Gibbs measures and phase transitions were established in [13, 12, 23, 9], while structural properties of Cayley
trees and related graph-theoretical aspects were discussed in [11]. Comprehensive accounts of Gibbs measures
on Cayley trees and their applications can be found in the monographs [20, 21, 1].

Among multi-state lattice systems, the Potts model and its various generalizations have been extensively
investigated. Exact methods and thermodynamic properties of such models were developed in the classical
work [3]. Subsequently, Potts models on Cayley trees were studied from different viewpoints, including phase
transitions, competing interactions, periodic Gibbs measures, and ground-state structures [2, 5, 19, 4, 22].
Another important direction concerns Potts-SOS models, which combine discrete Potts interactions with
solid-on-solid (SOS) type interactions. Gibbs measures, extremality properties, limiting Gibbs measures, and
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ground states for Potts-SOS models on Cayley trees were investigated in [14, 15, 17, 18], revealing a rich
variety of equilibrium phenomena.

In parallel with these developments, hidden-variable models have become an important tool in machine
learning, probabilistic inference, and graphical modeling. Hidden Markov structures provide a natural
framework for describing situations in which the observed data arise from an underlying latent process.
Recently, Gibbsian approaches to hidden Markov models have been proposed, establishing connections between
statistical mechanics and modern inference methods [7, 1]. However, most existing studies have focused on
binary-state systems, while multi-state hidden models remain much less understood. Recently, a hidden Markov
framework for multi-state Potts systems was proposed in [16]. That work established the Gibbsian formalism
for hidden Potts models on Cayley trees and demonstrated that hidden-state interactions can be successfully
incorporated into the theory of Gibbs measures. These results motivate the study of more sophisticated hidden
multi-layer systems involving different types of interactions at the hidden and observable levels.

Motivated by these developments, in the present paper we introduce a two-layer hidden Potts-observed SOS
model on the Cayley tree. In the proposed framework, the hidden layer is represented by a three-state Potts
configuration, whereas the observable layer is described by an SOS configuration generated through a local
stochastic mechanism. This construction naturally combines ideas from hidden Markov models and Potts-SOS
systems, providing a new class of Gibbsian graphical models with latent structure.

The main objective of this work is to establish a rigorous Gibbsian description of the proposed model.
We derive compatibility conditions for Gibbs measures on Cayley trees of arbitrary order and investigate
translation-invariant Gibbs measures. In particular, explicit forms of translation-invariant Gibbs measures are
obtained for Cayley trees of orders one and two. Furthermore, we study the reconstruction and prediction
of hidden states from the observable layer and identify parameter regions in which multiple Gibbs measures
coexist.

The obtained results provide a bridge between the theory of Gibbs measures, Potts-SOS models, and hidden
Markov structures. They also open new perspectives for the study of latent-variable systems on hierarchical
graphs and their potential applications in probabilistic inference and machine learning.

1.1. The model

We now introduce the model under consideration. Let I'* = (V, L) be a Cayley tree of order k, where V
denotes the set of vertices and L denotes the set of edges. To each vertex x € V we assign a Potts-SOS spin
s(x) taking values in the finite set

o ={0,1,2}.
A configuration of hidden spins is a mapping s : V — @, and the set of all such configurations is denoted by
Q=0a".

Similarly, o € Q denotes the observable configuration.

The Hamiltonian H (s, o) of the hidden Markov model, which describes the energy associated with a pair of
configurations (s, o-)—including both the Potts-SOS interactions and the dependence between the hidden Potts
configuration s € Q and the observable SOS configuration o € Q-is defined as follows:

H(s, o) = =] Y (Ssi0sy) = lo(x) = MI) = Y. plsx), o (x)), (1)

(x,y) xeV

where J € R is the interaction parameter, ¢;; is the Kronecker delta, and p : ® x ® — R is an external field
depending on both hidden and observed states.
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Remark 1.1. A more general formulation of (1.1) can be introduced by assigning separate coupling constants
to the Potts and SOS interactions:

H(s,0) = =1 ) Ssiostn +92 )10 (0) —a)] = D ps(x), o (x), (1.2)
(x,y) (x,y) xeV

where J1, Jo € R are independent interaction parameters. Although the main results can be extended to this
more general framework, the resulting compatibility equations become considerably more complicated. For
this reason, in the present work we focus on the symmetric situation J; = J» = J, which already exhibits a rich
and nontrivial behavior.

Remark 1.2. The hidden Potts interaction considered in (1.1) may also be replaced by more general interactions.
In particular, one can study hidden models generated by Potts-SOS type Hamiltonians. Various aspects of Potts-
SOS models on Cayley trees, including Gibbs measures, extremality questions, and ground-state structures,
have been investigated in [ 14, 15, 18]. The development of hidden Markov counterparts of such models remains
an interesting direction for future research.

2. The compatibility of measures

Define a finite-dimensional distribution of a probability measure y,, in the Q,, X €, as

/Jn(sn’ O'n) = Zr:1 exp {_ﬁHn(Sn’ O-n) + Z hs(x), o-(x),x} s (21)

xeW,

where 8 = 1/T, and T > 0 is the temperature, Z, ! is the normalizing factor,

{hx = (h0,0,x 101,55 10,2, 11.0,x B11,x0 112,05 12,03 P21, x5 h22,x) € RY, x €V} (2.2)

is a collection of vectors and
Hy(sm o) == )" (0ssy) — 1o () = ()]) = D pls(x),0(x)).
(x,yYeLn X€V,
Definition 2.1. We say that the probability distributions (2.1) are compatible if for all n > 1 and s,_1 €
Qn—l, On-1€ Qn—l:
Hn (Sn—l V Wy, Op-1V wn) = ﬂn—l(sn—l, O-n—l)a (2.3)
(W, wy) €®Wn xdWn

where symbol Vv denotes the concatenation (union) of the configurations.

In this case, by Kolmogorov’s theorem [20] there exists a unique measure u on the measurable space
(QxQ,F), where F is the sigma-algebra generated by the cylinder sets of Q x Q, such that for all » and
Si’l’ o-i’l € Qi’l’

ﬂ({(s’ o) lv,= (sn, O—n)}) = fn(Sn, 0n).

Such a measure is called a splitting Gibbs measure (SGM) corresponding to the Hamiltonian (1.1) and

vector-valued functions (2.2).

Remark 2.1. In this paper, we exclusively study SGMs and thus omit the qualifier “splitting” for brevity.
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The following theorem describes conditions on /4, guaranteeing compatibility of u,, (s,, 07,).

Theorem 2.1. The probability distributions u, (s,,on), n € N, defined by (2.1) are compatible if and only if,
for any x € V \ {x%}, the following system of equations holds:

1+ rul,y +ugy + r_1u3,y +ugy + 1"1145’y + r‘lué,y +uyy + r_lug,y
as | |

Ulx = ) ] ) ) 2, 24
yeS(x) r+ Uiy +r Uy + usy +r Ugy +r us,y + Ug,y +r uzy +r us,y
P by Fruny Fr Uz A gy A us.y A 2uey +r uyy +u
Uy x = 02 l_l 1,y 2,y 3.y 4.y 5.y 6.y 7.y 8.y (2.5)
X T M, -1 -1 -2 -1 -2 K ’
yes(x) r+uiy +r--upytuzy t+r Uy +ruUsy ey +r U7y +1r Uy
T+rYuyy +r 2upy +rusy +ugy +r tusy +ugy +r tuzy +r2u
Uy = 10 1_[ 1,y 2,y 3,y 4,y 5,y 6,y 7,y 8,y (2.6)
3,x — d1 , .
, : -1 -1 -2 -1 )
yes(x) r+uiy +r--upytuzytrusy +rusy ey +r Uy .y +ruUgy
rlupy +r7t -1 -1
_ 1—[ 1,y ¥V U2y tusy+trugy tusy+r “Ueyt+Uuzy+r "ugy (2 7)
Hox = A11 rHury+rtupy +uzy +rtugy +r2us.y +ugy +rluyy, +r-2ug,’ ‘
yeS(x) sy sy sy >y sy sy sy sy
_ 1—[ rY2 + r_lul,y +uzy + r_1u3’y +ugy +rusy + r‘zué,y + r_luy,y +ug,y 2.8)
H5.x = 1,2 r4ury+rtupy +uzy +rtugy +r2us.y +uey +rluy, +r-2ug,’ '
yes(x) \y )y )y )y \y )y )y )y
T4+rYury +r2uny +usy+r tugy +r2usy +rugy +uyy+r-lu
Uy = 20 1_[ 1y 2,y 3,y 4y 5,y 6,y 7,y 8,y (2.9)
6,x — > .
, , -1 -1 -2 1 )
yes(x) r+ Uiy +r Uy + usy +r Uugy +r us,y + Ug,y +r uzy +r us,y
B 1—[ rl+ upy + r‘luz,y + 1’_1143’y +ugy + r_1u5,y + Ue,y + 17,y + U8y, (2.10)
“7.x = 62,1 rHury +rtupy vusy +rtugy +r2usy +uey +rluyy +r2ugy ’
yeS(x) Y -y Y Y Y >y Y Y
-2 -1 -2 -1 -1
Us = doo 1—[ r=+r “uyytupy+r U3y +r “ugy tUsy + 17 Uy + U7y +TUS @.11)
X T ML, -1 -1 -2 -1 -2 ’ )
yes(x) r+uly +r -upy+uzy +r usy +r U5y tUey T U7y HFTUS
where the quantities u; x, i = 1,...,8, are defined by
Ui,x =4p,120,1,x» U2,x=404p,220,2,x» U3,x=4041,021,0,x» U4 x =4041,121,1,x>
Us x =a1231,2,x, Usx =0aA2,022,0,x> U7 x =0421221,x» U8 x =0222722 x-
Here,
ac.e =exp(B(p(€.) = p(0,0))).  ze.ex=exp(hesx—hoox),
for e, & €{0,1,2}, and r = exp(JB). Moreover, S(x) denotes the set of direct successors of x.
Proof. Using the same approach as in the proof of Theorem 1 in [7], one obtains the result. O

From Theorem 2.1, it follows that for any u = {u; », x € V} that satisfies the system of functional
equations (2.4)—(2.11), there exists a unique SGM y, and conversely. Therefore, the core problem of describing
Gibbs measures reduces to solving the system of functional equations (2.4)—(2.11). However, solving this
system is particularly challenging due to its non-linear nature, multidimensional structure, and the fact that
the unknown functions are defined on a tree. Even the task of determining all constant functions (which are
independent of the tree’s vertices) is complex. In this paper, we present a class of such constant solutions and
explore how the corresponding Gibbs measures can be applied in machine learning.

Our Theorem 2.1 ensures that the locally defined probability kernels derived from the Hamiltonian (1.1)
correspond to a consistent global Gibbs measure. This guarantees the mathematical coherence of the model,
stabilizes probabilistic inference procedures, and validates the correctness of methods used to estimate hidden
states.
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3. Translation-invariant Gibbs measures

In this section, we study translation-invariant Gibbs measures corresponding to solutions satisfying

Ui x = U, xeV.

Substituting condition (3.1) into equations (2.4)—(2.11), we obtain

Ui =do.1 1 1 ) 1 )
r+ur+rur+uz+r ug+r“us+ug+ruy+r-ug

_ _ _ — _ k
r1+u1+ru2+r2u3+r1u4+u5+r2u6+r 1I/t7+l/t8
Uz = do, ) ] ) ) )
r+ur+rur+tuz+r ug+r“us+ug+ruy+rcug
_ _ _ _ — k
1+7r 1u1+r2u2+ru3+u4+r 1u5+u6+r1u7+r2u8
Uz =4dio ) ] ) ) 2
r+uy+r ur+tuz+r ug+r“us+ug+ruy+rcug
-1 -1 -1 -1 k
r ~d+ur+r uptuztrugtus+r ugtuy+r ug
Ug =ail 1 1 2 1 )
r+uy+r ur+tuz+r usg+r“us+ug+ruy+rcug

Us = ] ] ) ] )
r+ur+rur+tuz+r ug+r“us+ug+ruy+r-ug
_ _ - _ _ k
1+ rYuy +r2uy + us + rYug + r2us + rug + uy + rlug
Ug = az,0 1 _1 -2 -1 -2
r+ur+r"ur+uz+r ug+r“us+ug+ruy+r-ug
-1 -1 -1 -1 k
r ~d+ur+r "ur+r uztug+r us+ug+ruy+ug
uy = ap,
r+uy +r~tug +us + r-lug + r-2us + ug + r~luy + r2ug
_ _ _ _ _ k
r2 4 r Yy v+ 2us + r g 4 us + rlug + uy + rug
ug = a,
r+ur+rYuy +ug + rlug + r2us + ue + r-luy + r-2ug

_ _ _ _ k
T4rup +up +r Yus +us +r Yus +r Yug +uy +rtug )

- - - - — k
(I‘ 2+7‘ 1I/t1+l/t2+l’ 1u3+u4 +rus +r 2u6+r 1u7+u8)
a2

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

3.7

(3.8)

(3.9)
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3.1. Case:ap1 =app=ajp=a11=a1p=axp=dz1 =dazp=1

Under this assumption, the system (3.2)—(3.9) can be represented as a fixed-point equation F(¢) =, where
t = (u1,up, us, uq, Us, Ug, U7, Ug) € Rﬁ and the operator F : Ri — Rﬁ is defined by

-1 1 1 “1, \k
M’l_ 1+ru1+u2+r us+ug+r "us+r ugt+uy+r "usg
r+ur +rYus +us +rYug +r2us + ug + r~Luy + r—2ug
-1 -2 -1 -2 -1 k
u,z r “+uyt+rux+r “uz+r ‘ugt+us+r “ueg+r uy+ug
r+uy+rluy +us 4 rlug + r7%us + ue + rluy + r2ug
-1 -2 -1 k
W T4+ 7rYuy + 7 2up + rus + ug + r Yus + ug + rtuy + r2ug
r+ ul +r7Yup +uz + r-lug + r=2us + ug + rluy + r‘zug
k
u,4_ +u1+r u2+u3+ru4+u5+r u6+u7+r
r+ur +rYuy +us +rYug +r2us + ug + rluy + r‘zug (3.10)
-2 -1 -1 -2 -1 ’
I/t,5_ r “+r ‘urtux+r uzt+ug+rus+r “ug+r uy+ug
r+ur+rus +uz +rYug + r2us + ug + r~luy + r—2ug
-1 -2 -1 k
We = 147 ug + 7 2up + uz + r Yug + r2us + rug + uy + r-tug
r+u1+r‘1u2+u3+r Yug + r2us + ug + r~uy + r2ug
_ _ k
Wy = +u1+r u2+r u3+u4+r u5+u6+ru7+u8
r+ur +rYuy +us +rYug +r2us + ug + rluy + r2ug
_ _ _ _ _ k
y r 2 r g v+ 2us + r Yug + us + r Y ug + uy + rug
8_
r+ur +rYus +us +rYug + r2us + ug + r~Luy + r—2ug

Consider the following set
I:{teRizulzmzm, u2=u3=u5=u6=u8=1}.
The following statement follows directly from the definition of F.
Lemma 3.1. The set I is invariant under the operator F, that is, F(I) C I.
Next, we determine the fixed points of F restricted to the invariant set /. In this case, the fixed-point equation

reduces to .
2r + r2
u1=(&) - G.11)

r24+14rup

The case k =1
For k = 1, the system (3.11) takes the form

ru%+u1—2r=0.
. . .. . . .. . —1+V8&s2
Taking into account the condition u; > 0, we obtain the unique positive solution u; = %.

Consequently, for k£ = 1 and arbitrary r > 0, the system (3.2)—(3.13) admits the unique solution
(u1, uz, uz, us, us, ue, uz, ug) = (u1,1,1,u1,1,1,u1,1). (3.12)
Combining Lemma 3.1 with (3.12), we get

Lemma 3.2. Let k =1. Then the operator F restricted to the invariant set 1 has a unique fixed point
(u1,1,1,u1,1,1,u1, 1), for every r > 0.
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Applying Theorem 2.1, we obtain the following statement.

Theorem 3.1. Let k = 1 and assume that p(€,&) = p(0,0), Ve, & € ®@. Then the Hamiltonian (1.1) admits at
least one splitting Gibbs measure for all r > 0.

Remark 3.1. Even in the special case ap1 = ap2 =a10=ai1 =aip =azo =dz1 = azz = 1, the complete
analysis of the system (3.2)—(3.9) outside the invariant set / remains highly nontrivial.

Phase transitions in hidden Markov models correspond to qualitative changes in the behavior of the system
caused by variations in model parameters or the structure of hidden states. Such transitions may appear through
the loss of uniqueness of Gibbs measures, instability of reconstruction procedures, or the emergence of multiple
equilibrium regimes.

Understanding these phenomena is important for identifying parameter regions where the model exhibits
stable probabilistic behavior. In the next section, we investigate this issue through the non-uniqueness of Gibbs
measures and the existence of multiple translation-invariant states.

The case k =2
For k = 2, equation (3.11) reduces to the cubic equation
rzu% +(2r(r*+1) - r4)u% +((r? +1)* = 4r)u; —4r* = 0. (3.13)

Analyzing equation (3.13), one can determine all its positive solutions. Combining these solutions with the
invariance property established in Lemma 3.1, we obtain the following result.

Lemma 3.3. Let k = 2. Then there exists a critical value r. = 7.0725 such that the operator F, restricted to
the invariant set 1, exhibits the following behavior.

(i) If 0 < r < re, then F has a unique fixed point (uil)(r), 1,1, uil)(r), 1,1, uil)(r), 1).

(ii) If r=re then F has exactly two fixed points (uil)(r),1,1,u§1)(r),1,1,u§1)(r),1) and
(1w (7, L1 (1), 1,1, (), 1),

(iii) If r>r., then F has three fixed points (uil)(r),1,1,u§1)(r),1,1,u§1)(r),1),
@ (.1, 1,4 (). 1, 1,6 (1).1), and (u¥ (r), 1,16 (), 1, 1,4’ (1), 1).

Here the functions uii) (r),i=1,2,3, are defined by

(1)( ) _ M2+4r(r6_4r5+r4+8r3 +2r2+1) +2M(I"3—2r2_2)
R 6Mr )
(2.3) ~M? —4(r® =4S+t + 83 + 272 + 1) + AM (% - 217 - 2)
I/ll (r) =
12Mr
Ng(MZ —4(r° =4+t + 8 + 2r% + 1))
. 12Mr ’

where

M = (8r9 — 4818 + 60r” + 104r° — 1687° + 24r* + 204r% + 247> + 8

r

1/3
+12 2\/ 3 (r™ —12r10 + 36r° + 12r8 — 14617 + 180r> + 8r% — 71r3 — 4r2 — 4) ) /
724 )
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Remark 3.2. The formulas for uiz) (r) and uf) (r) are obtained from Cardano’s representation of the roots of
the cubic equation (3.13). Although these expressions involve complex quantities, the corresponding roots are
real for all r > r.. Furthermore, numerical and analytical verification shows that both roots are positive in their
domain of existence. Hence, all three solutions uil) (r), uﬁz) (r), and u§3) (r) correspond to admissible positive
fixed points of the operator F'.

Combining Lemmas 3.1 and 3.3 with Theorem 2.1, we arrive at the following classification of splitting
Gibbs measures.

Theorem 3.2. Let k = 2 and assume that p(€,¢) = p(0,0), V, €, & € ®. Then the Hamiltonian (1.1) admits

e at least one splitting Gibbs measure 1 corresponding to the fixed point
(uil)(r), 1,1, uil)(r), 1, 1,u§1)(r), 1), for0 <r <re;

e at least two splitting Gibbs measures w1 and up corresponding to the fixed points
(uil)(r),l, 1,u§1)(r), 1,1,u§1)(r),1) and (uiz)(r),l,l,uiz)(r),l, 1,u§2)(r), 1), respectively, when r =
res

e at least three splitting Gibbs measures Wy, M2, and u3 corresponding to the fixed
points (uil)(r), 1,1, uil) (r),1,1, uil) (r),1), (uiz) (r),1,1, uiz) (r),1,1, uiz)(r), 1), and
(uia)(r), 1,1, uf’)(r), 1,1, uf’) (r), 1), respectively, for r > re.

4. Prediction of Hidden Potts States from Observable SOS Configurations

One of the central inference problems in the proposed two-layer hidden Potts-observed SOS model is
the reconstruction of the hidden Potts configuration from the observed SOS layer. More precisely, given an
observed configuration o = (0 (x))yey, our objective is to determine the conditional distribution of the hidden
configuration s = (s(x))xecy conditioned on the observed data.

Let u,(sy, 0y) denote the finite-volume Gibbs distribution corresponding to the Hamiltonian (1.1). The
posterior distribution of the hidden Potts configuration is obtained from Bayes’ formula:

1
,U(Sn | O-n) = Z(O’ ) eXP(ﬁJ Z 6s(x)s(y) + Z ﬁp(s(x), O'(X))
n (x,y)eL, x€eV,
1
+ ) hs<x>,a<x),x) = Ziow [] rowe [ epBrs),ow)) 4.1)
xeW, " (x,y)eLn xX€Vy,
1—[ Zs(x),0(x),x»
xeW,

where Z(o0,) is the normalization factor dependent on o,.

Formula (4.1) shows that, conditioned on the observed SOS configuration, the hidden Potts variables form
an effective Gibbs field with modified local interactions determined by the observable layer. Consequently,
the observed configuration acts as additional information that influences the probability distribution of hidden
states.

Remark 4.1. For translation-invariant Gibbs measures obtained in the previous section, the boundary laws
satisfy ze & x = Ze,¢, €,& € @, and therefore do not depend on the vertex x. In this case the posterior
distribution (4.1) is completely determined by the translation-invariant solution of the corresponding
consistency equations.

Recall that z¢ ¢ = exp(he,¢), € & € ®. Assuming without loss of generality that /o = 0, we obtain
hee=logze s, €E€®. 4.2)
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Table 1. Posterior probabilities of hidden Potts states for the observed configuration o, = (0, 0)

se | 0% u(se | og)
r
(0,0) | (0,0)
r+ajp+axo+ (l+rajo+ azk?)a%ozl’o,y + (1 +ay+raxp)azozo,y
1,021,0,
(0,1) | (0,0) .
r+aig+azo+ (1+rajp+ az,ccl))a%,om,o,y + (1 + a0 +razg)arnzzo,y
2,022,0,
(0,2) | (0,0) :
r+ayo+azo+ (1+rayjp+ a2,0)gl,OZ1,0,y + (1 +ay0+raxp)azozo,y
1
(1,0) | (0,0) 2
r+aig+azy+ (1+rayg+axg)aiezo,y + (1+ai0+razp)arnzzo,y
raj 4210,y
(1,1) | (0,0) ’
r+aig+azy+ (1+rayp+azog)aiezio,y + (1+ai0+razp)anzz,o,y
a1,0a2,021,0,y
(1,2) | (0,0)
r+ayo+azo+ (1+rayjp+ az,o)§1,011,0,y + (1 +ay+raxp)azozo,y
2
(2,0) | (0,0) 2
r+aio+azo+ (1+rayg+azo)aiezio,y + (1+ai0+raxg)azoezo,y
a1,0a2,021,0,y
(2,1) | (0,0)
r+ajg+azo+ (1+rayg+azp)aiozio,y + (1 +aio+razg)ar oo,y
ra 12,0,y
(2,2) | (0,0) ’
r+aio+azo+ (1+ray+az)aiozio,y + (1 +ayo+raze)azoz.o,y

The explicit translation-invariant Gibbs measures derived in Theorems 3.1 and 3.2 therefore provide explicit
posterior distributions for the hidden Potts states. In particular, for every observed SOS configuration, the
conditional probabilities u, (s, | 03,) can be computed directly from the corresponding Gibbs measure.

From the perspective of machine learning, this procedure can be interpreted as a latent-state prediction
problem. The hidden Potts configuration represents unobserved classes or latent variables, while the SOS
configuration corresponds to observed data. The posterior distribution u,, (s, | 05) therefore provides a
probabilistic prediction of hidden states based on the available observations. Furthermore, the existence of
multiple translation-invariant Gibbs measures indicates the presence of several competing inference regimes,
which may be viewed as an analogue of phase transitions in latent-variable learning systems.

Remark 4.2. Formula (4.1) shows that the conditional distribution (s, | 0,) admits a factorized
representation in terms of edge and vertex contributions. Consequently, the posterior distribution can be
analyzed locally on an arbitrary edge of the Cayley tree.

Let Iy = {(x, y) be a fixed edge. For prescribed observable states o-(x) and o (y), the posterior probability of
the corresponding hidden Potts states is given by u((s(x), s()) | (o (x), o (3))).

Using the factorized form of (4.1), we obtain

rosso) exp(Bp(s(x), o (x)) exp(Bp(s(¥), () Zs(y), o (v).y
Ye.ec(0.1.2) 70 exp(Bp(e, 0 (x) exp(Bp(€,0(V)ze, o (v)y

/’l(sl() | O-lo) =

Therefore, the problem of hidden-state prediction can be reduced to the evaluation of posterior probabilities
on a single edge (see Table 1). Since the boundary law parameters z, ¢ are explicitly determined by the
translation-invariant Gibbs measures obtained for Cayley trees of orders one and two, the corresponding edge
posterior distributions can also be computed explicitly.
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5. Conclusion

In this paper, we introduced a two-layer hidden Potts-observed SOS model on the Cayley tree and established
its Gibbsian framework. The proposed model combines a hidden three-state Potts configuration with an
observable SOS configuration, providing a natural extension of hidden Markov structures to multi-state spin
systems with heterogeneous interactions.

For Cayley trees of arbitrary order, we derived the compatibility conditions for finite-volume Gibbs
distributions and obtained the corresponding system of consistency equations. These equations provide a
complete characterization of splitting Gibbs measures associated with the model.

Particular attention was devoted to translation-invariant Gibbs measures. For a specific class of model
parameters, the consistency equations were reduced to a finite-dimensional fixed-point problem. Explicit
translation-invariant Gibbs measures were obtained for Cayley trees of orders one and two. Assuming a
homogeneous external field,

p(€,6) = p(0,0), Ve Ee€d,

we proved that for k = 1 the model admits a unique splitting Gibbs measure. For k = 2, a critical value r,
was found such that the model has a unique translation-invariant Gibbs measure for 0 < r < r., while multiple
translation-invariant Gibbs measures appear for r > r., signaling a phase transition.

We also investigated the inference aspect of the model. By deriving the posterior distribution of hidden Potts
states conditioned on the observed SOS configuration, we showed that the hidden-state prediction problem can
be reduced to the computation of local posterior probabilities on a single edge of the Cayley tree. The explicit
forms of the translation-invariant Gibbs measures obtained in this paper allow these posterior probabilities to
be calculated explicitly for Cayley trees of orders one and two.

The results presented here establish a rigorous connection between Gibbs measures, hidden Markov
structures, and two-layer spin systems on hierarchical graphs. They provide a mathematical foundation for
studying latent-variable models with spatial dependence and may serve as a basis for future investigations of
periodic Gibbs measures, extremality properties, reconstruction problems, and more general hidden Potts-SOS
models on Cayley trees.
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