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ABSTRACT

This article examines the properties of solutions obtained for the Cauchy problem associated
with ordinary differential equations that contain a higher-order singular Bessel differential
operator together with a lower-order term. As part of the research, an integral expression for
the unique solution to the Cauchy problem is derived, one that incorporates both the Gauss
hypergeometric function and the second-kind Humbert hypergeometric function. It is rigorously
proved that the obtained solution completely satisfies the prescribed initial conditions and is
unique. Furthermore, based on this integral representation, an integer-order generalized Bessel
integral operator is introduced. Several of its fundamental properties, including the existence of
an inverse operator, integration-by-parts formulas, and the semigroup property of the operator,
are established through a series of lemmas.
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1. Introduction

Within differential equation theory, problems built around the Bessel operator hold considerable significance,
since they arise naturally when modeling physical phenomena that possess radial symmetry, such as wave
motion, heat transfer, and quantum-mechanical systems. Although classical Riemann—-Liouville-type fractional
integrals have been extensively studied for ordinary differential operators, the necessity of developing a special
theory for higher-order Bessel operators of the form

2
p o, d
dx?  x dx
is still relevant.

One of the first fundamental works in this direction is due to I. G. Sprinkhuizen-Kuyper, in which a class
of integral operators related to negative powers of the operator D, and their connection with hypergeometric
functions was studied [5]. I. A. Kipriyanov and his Voronezh school also investigated equations related to the
Bessel operator extensively [3, 4, 7]. In particular, researchers from the Voronezh school—Elina Shishkina
and Sergei M. Sitnik—studied the integer- and fractional-order Bessel operator and its integral operator in
detail [7, 10, 8, 9, 15, 18].
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However, modern problems of mathematical physics demand the investigation of singular differential
equations that involve not only spectral parameters but also high-order singular Bessel differential operators
with lower-order terms. Constructing solutions for such problems in the vicinity of the zero (singular) point
poses significant complexities due to the absence of a universal method. Nevertheless, Sh. T. Karimov and
his research group developed a method to construct solutions for these types of problems by employing
a transmutation operator, which transforms the singular equations into non-singular ordinary differential
equations [26, 25, 23, 24].

In this study, the solution to the considered initial value problem is also determined using this technique.
This work sets out to accomplish two principal goals: establishing, with full mathematical rigour, that the
constructed solution to the Cauchy problem both meets the prescribed initial conditions and is the only such
solution, and carrying out a comprehensive study of the core properties exhibited by the generalized Bessel
integral operator of integer order that is proposed here.

2. Supplementary Information: Hypergeometric Functions

In this section, we collect the formulas used in the main calculations.

The Gauss hypergeometric function is defined inside the disk |z| <1 as the sum of the hypergeometric
series [10, 11, 19]
)k(b)i z*
(Or kU

and for z € (—c0, —1), it is defined by analytic continuation. In (2.1), the parameters a, b, ¢ and the variable z
may be complex, with ¢ #0,-1,-2,. ..
The Pochhammer symbol is

2Fi(a,b;c;z) = F(a,b;c;z) = Z(a 2.1)

(@)p,=a(a+1)---(a+n-1), n=12,...; (a)p=1,

and for n = 2n the following doubling formula holds:

a\ (a+1\ _,,

(@)on = (5)( . )nz . (2.2)

The integral representation of » Fy is

I'(c) /1 b-1 -b-1 -
F b;c;7) = ————— t 1-0°¢ 1-zt)"%ds. 2.3
2Fi(a, b;c;z) T T=b) Jo (1-1) (1 -z (23)
Transformation formulas:
2Fi(a,b;c;2) = (1 =2)¢ %P yF(c—a,c —b;c;z), Re(c—a-b)>0, 2.4)
2Fi(a,b;¢;2) = (1-2)72F (a,c = b 7). 5)
Fi(abya—b+1;2) = —— oy (2,95 q— b+ 1; -4 2.6
2F1(a,b,a - +’Z)_W2 1(7,7— ;a— +’_W)’ (2.6)
-2a

2Filaa-b+ b+ k() ) (2=) * 2Fia.b;26;2), @7
2F1(a,b;b;z) = (1 -2)7“. (2.8)
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The integral representation of the Humbert function = is:
Ea(a,b,c;z,1) =

_ T(o) !
" T(@T(c-a) Jo

and its power-series representation is

w1 =01 = )P T [2\&(1 - u)] du, Re(c)>Re(a)>0, (2.9)

(o) tn
Ez(a,b,c;z,t) = Z szl(a,b;c + n;Z), |Z| <1, (2~10)
n=0 nte

where Ey(a, b, c; x,y) is the Humbert second-kind hypergeometric function [17, 19].
The following differentiation formula holds for hypergeometric functions [5]:

1- 2\¢c-3
2F1(a,b}c}1_12)_( 2)

=— =7 L Fa-1,b-1;c-21-7°).
22T (c —2) 21 ¢ <)

@.11)

d_2+2(a+b—c) d\a-z2)!
dz? Z dz) 2¢T(c)

3. Initial-Value Problem

The results obtained in this section serve as the foundation for defining the integer-order generalized Bessel
integral operator introduced in Section 4.

Lemma 3.1. Let 1 € R, 0 <y <1, and m € N. Then the following identity holds:
By,/l Km(x, S) = Km—l(x, S),

where

is the generalized Bessel differential operator, and

_ 2m-1(5Y\ 5 , 1 (=92 22 )
Km(x,s) = F(Zm)(x_S) " (;) ':2(771_Y/m+§/ - dxs ’ _Z(x_s) s (31)
where 2y (y, 1-vy,m+ % ;= (2;‘2)2 , —%z(x - s)z) is the Humbert second-kind hypergeometric function.

Proof. Using (2.10), we expand the Humbert function in (3.1):

o [—2(r— 2}’
p=0

(x —s5)?
- zFl(%l—y;m+%;— |
m+§)pp!

For the Gauss hypergeometric function in the last series we apply first (2.5) and then (2.7), performing some
calculations. Using the Pochhammer doubling formula (2.2):

(m+l) _ (2m)2, _ '2m +2p)
2lp (m)p,2%  T(2m)(m),22r’
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we obtain the equivalent series representation K, , (x, s) of K, (x, s) (the p = 0 term being separated):

sy
Ko p (1, 5) = 2(_s)2m_1W2Fl(m +y - %,m; 2m; 1 - ;‘—;) +
x2)2m+2p—1

L (=2252)P (m) (1—?2
+2(_s)2m 1 p

p! 22m+2p ['(2m + 2p)
(3.2)
Applying the Bessel operator B, to the two parts and using (2.11), we eventually find
Bme,p(x, S) = Bme—l,p (x,8) — /lZKm,p(x, S),

ie.,
(By + 2%) K p(x,5) = K1, (x. 5). (3.3)

Lemma 3.1 is proved.

Theorem 3.1 (see [1]). Let Q={x e R:x >0}, and let f(x) € C(0,b), b > 0. Then the unique solution
y(x) € C?™(0, +00) N C[0, ) of the problem

2 2y d "
— _7_+/12 y(x) = f(x), x>0, 0<y<%, m €N, (3.4)
dx2  x dx
yD©0)y=0, j=01,....2m -1, (3.5)
is given by
— 1 * 2m-1(5\ = . 1. (X—S)2 /7,2 5
y0) = s [ =921 (3) ~2(%1—% m+ k-t L= f()ds. (36)

Proof. We first establish the following relations for the integral kernel in (3.6). It is well known that
Km,p(x,x) =0, and we shall show that K,, ,(x,0) = 0. For this purpose, utilizing relation (2.9) for the
Humbert function, we perform the following calculations:

1 _2m=1(5\' 2 o 1._(x_s)2 _/1_2 _ a2 =
Km(x,O)—lli%(x s) (x) _2(7,1 )/,m+2, i 4(x s)°| =

o rleed)

= £ii%(x_s)2m_1(x r(y)F(m +3 _7)

1

2 \¥!
x/ 7711 - t)“_%_y(l + (x4._x;) t) I_m_%_y [/li\/(x —5)2(1- t)} dt =

0

=<Re(m+%)>Re(y)>0>:

r (m + %)
= lim sx 77 (x — 5)2""1

50 F(V)F(m+%—7)

X
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1 P y-1
« / ﬂ-lu_z)m-%-v(ﬁ (x;) z) L1y [ﬂz\/(x—sf <1—r>]dr=o,

0
where, according to formulas (2.9) and (2.10), the following equality holds when s = 0
r (m + %) ! y-1
x2m-l-y /ﬂ‘l(l - t)m_%_y(zt) I,i, [/li\/x2 (1- t)] dt =

F(V)F("”%_V) 0
1 1

I (m + é) / 2721 - t)m—%—y(l —xt)ol_m_l_y [’Um] di =
F(y)l“(m+%‘7)0 2
r(m+d) T -Or(n+}-y)

1
2
FTOT(m+d-y)  T(m-1+v)

— me—Z—y41 -y

_ x2m—2—y41—7

1
=5 (0,2)/— 1,m - > +y;x,x2) =

C(m+ 1 _
=x2m—2—y41—y ( 2) F(Zy D J 3 (2x) < o0, m+y>1.

F()/) r (m B % +y) m=3+y

Applying the differential operator B, ; to both sides of (3.6) and using the Leibniz differentiation rule for
integrals with variable limits, we have

Byay(x) = /0 By1 Kp(x. ) £(s) ds.

By (3.3) this equals
Bray() = [ Kot £(0) ds. G37)

Applying B, , to (3.7) successively m — 1 more times, and we obtain:

X

Bﬁ/ly (x) =B, / Ky (x,5)f (s)ds + B, / Ky p>1(x,8)f (s)ds + /12/ Ki,p (x,8)f (s)ds =
0 0

0
=1(x,s)+ L(x,s) + I3(x,s).

Let us compute the first term:
X

1 9) = By [ Ko (c.s)f (9)ds =
0

X

> 2yd x? - 52 1 s2 - x?
= (@ + ?3)/ ( oy )2F1 ('y+ 5,1,2, —SZ )f(S) ds =
0
d 2y Xd 5% — x? 1 52 —x%\ s
——+—= — F =12, —| = ds =
(dx+x)/dx( §2 )2 1(7"‘2,// §2 zf(s)s
0

d 2y r X 1 ”sz—xz
_(a-f-?)/(;)zFl (’}/+§,1,1,s—2)f(S)dS.
0
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According to formula (2.8)

o= (52 2) [ (s 0P r] - [ (e 2) 0 s
0

Now, compute the second term:

h(x.s) = B, / Kipo1 (5,8)f (s) ds =

0

SZ—X P+1
/2i(__s) e ( - ) Fily s L a s pi2eop oY sf (s) ds.
e I 2 (2 42p) 2 W\ T T T e e TG S

According to formula (2.11)

X 2 2\2p+l1

G, (T o

Iz()c,s):—‘/sz_1 p 8722+2PF(2+2 ) ('y+§+p,1+p,2+2p, )sf(s)ds—
0 -
ol

o (=1)"T (p) 1 it

2 2Fily -3 2p; V2P f (s) ds.
/ Z ~DIT (1) 27T (2p) (’ A AR

1

We replace the summation index p by p + 1

o p (S2_x2)2p+1
< (-2)’r(p+1) (5
L(x,s) = 2 X
2 (x.5) / z;) pIT (1) 220%20 (2p +2)

X
2

1 42
X2 F1 )/+E+p,p+1;2p+2;¥)s1+2pf(s)ds:—AZ/Kl,p (x,8)f (s) ds.
S
0

Now we compute the terms, and we get:

By (x) = f(x),

where I3(x,s) = —I(x, s)
Theorem 3.1 is proved.
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3.1. Verification of Initial Conditions

We show that solution (3.6) satisfies initial conditions (3.5).
Condition y(0) = 0. Using representation (3.2), we rewrite solution (3.6) in the following form:

2 (x2—-52)2 p
o gyt o (Y G,
y(x)—/o ()_c) ( 2x ) I;) I'(2m + 2p) p!
) 22
XpF1\m+vy =5+ p, m+p;2m+2p; ——| f(s)ds.

Applying the substitution s = xf in the integral variable, we obtain

1-2m (_%2) (m)p 2m+2p
yx) =2 Z F(Zm +2p) p! TCm+2p) pl

1
X/ 2Y (1 - 12)2m+2r=1, py (m +y - + p,m+p;2m+2p;1 ) f(xt)d:r.
0
We now estimate this integral. Taking absolute values and applying the triangle inequality, we get

2\P

_ > |(_T) (m)p| 1 ~
Iy(x)lleqzl ZmZ“mem+2p‘/0 |t2y(1_t2)2m+2p 1|
p:

’2F1(m+y 5+p,m+p;2m+2p;1 —t)’lf(xt)ldt

The following convergence results for hypergeometric functions are known (see [28], pp. 24, 618):

2F1(m+y—%+p,m+p;2m+2p;1—t2)=C1<c>o, N-2<1, 0<r<1,

2,2 2,2
1F2(m,m+y+%;m+y+1;—?)=C2<oo, ‘ 6 eR, meN, 0<7<%.
Using these bounds and the continuity of f(x) € C[0, b], we carry out the following estimates for the last
expression:
p
2 21-2m Z (J_zxz)
()] < x™Crlf (x1)] B(2y +1, 2m + 2p)
I'(2m) (m + ;) p!
21=2m 2y + 1) — (m) 2\
2m p 2
=x""C t =
Al +1+2m) 4 ( 16x)

(y+ +m) (m+vy+1),p!
21=2m T2y + 1)
I'2y +1+2m)

2122y 1)
T2y +1+2m)

= x> Cy|f (x1)]

A%x?
. 1 .
1F2(m, m+y+z m+y+1; —?)

= x*"C1Co| f (x1)] XPC | f (xt)],

2172mr 2v+1
where C = C1C; W(;zy;))

Therefore, from the estimate above, it follows that y(0) = 0
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Condition y’(0) = 0. Differentiating (3.6) and writing it in terms of the integral representation (2.9), then
substituting s = xt and sending x — 0, all terms vanish since the integrand contains a factor x~2*2k+21+2m with
k+n+m>0,giving y'(0) = 0.

Condition y”’ (0) = 0. Differentiating equation (3.7) with respect to x and applying (3.3):

142 2 ’ * m-— 1
70+ 2y 0+ 850 = [ K p005) £5)ds =27 [ Ko (10 50 .
Applying L’Hbpital’s rule:
nr%[(l +2y)y”(x) + y(x)] =0 = y”(0) = 0.

Conditions y*) (0) = 0, k < 2m — 1. We prove these by mathematical induction. Assume y*) (0) = 0 for all
k-1

k < 2m — 1. Then applying the operator (y” + 277 y’) to both sides, using L’Hopital’s rule, and noting

dxk-1
the right-hand side tends to zero, gives (C + 2y) y**1(0) = 0, hence y**1 (0) = 0.
Thus, initial conditions (3.5) are completely satisfied by solution (3.6).

3.2. Uniqueness of Solution
Suppose y1(x) and y,(x) are two solutions of the problems (3.4)- (3.5). Then u(x) = y1(x) — y2(x) satisfies
the homogeneous equation:

(By)"u(x)=0, u(0)=0, j=0,1,2,...,2m~1.

According to Theorem 1 in [1], for the problem stated above, the following substitution is valid:
(By.2)" 1a (—% )’) v(x) = J/l(—%, 7) (Bo,o)" v(x),

where By o = dd—;, and u(x) = J, (—%, y) v(x), with J, (—%, y) being the fractional-order generalized Erdélyi—
Kober operator.
Consequently, we obtain the problem stated below.

d 2m )
(—) v(ix) =0, vD©0) =0, i=01,2,...,2m—1.
dx
By the Cauchy—Picard existence and uniqueness theorem for linear ODEs with constant coefficients (see [27,
pp. 136-140]), the only solution to this homogeneous problem with zero initial conditions at the origin is the
trivial solution v(x) = 0.

Hence u(x) =0, i.e., y1(x) = y2(x), which proves the uniqueness of the solution.

4. Integer-Order Generalized Bessel Integral Operator

In this section we use the integral operator given by formula (3.6) in Theorem 3.1 to define the integer-order
generalized Bessel integral operator.

Definition 4.1. Letm € N, f(x) € L1(a, b), a = 0. The right-sided integer-order generalized Bessel operator

B;”; p and the left-sided integer-order generalized Bessel operator B;”Z’a . on the finite interval are defined,
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respectively, by

2 2

By f() = F(z ]G e (7,1 yime b1 EE )f<s>ds,
2 2

Bytard ) = £ )/ <x—s>2’" 15, (7,1 y,m+2,1—%, —%(X—S)Z)f(S)ds,

or, equivalently, in series form:

2 (s2-x2)
b o o2l (_%—52 ) (m),
Bt 0= [ (5]

J 2s Py I' 2m +2p) p!

1 52— x2
X2 F1 (m+y—§ +p,m+p;2m+2p;—2)f(s)ds,

22 (x2—52)2 P
- s\2r (12 — 2\ P& (_T X ) )y
By Aarf (0) = /(x) ( 2x ) ,;) F@m+2p)pl

1 x? — 52
X2 F1 (m+y—§+p,m+p,‘2m+2p;—2)f(s)ds.
x

Definition 4.2. Let m € N, f(x) € L1(0, 00). The right-sided and left-sided integer-order generalized Bessel
operators on [0, o0) are defined, respectively, by

o0

2 2
B;g,—f(X) (S— x)?m1Ey (7,1 y,m+% —(SLij) ,—%(s—x)z)f(s) ds (4.1
fx) = — 218y |y 1 = yim i _G=9® —iz( 92| f(s)ds (4.2
7/lO+ =217, Y 5’ dxs .

0

or equivalently, in series form (equations (4.1)—(4.2)):

B _f (%) :/( ) Z X

J 2s = I' 2m +2p) p!

2.2

= ) £ (s)ds, (4.3)

1
X2 Fq (m+y—§+p,m+p;2m+2p;s

/12 (xz—sz)z P
x 2y (g2 2\l e (_I 2 ) (m),
7/10+f(x)_/(x) ( 2x ) pz_;] I'(2m +2p) p! 8
) -

1 x2— 52
X Fq m+3f—§+p,m+p;2m+2p;—2 f(s)ds “4.4)

ujmces.tstu.uz
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We may write (4.2) as

B oS (X) = / xKy,m(x,S) f(s)ds, (4.5)
where
Ky m(x,5) = F(;m) (x - s)z’"‘l(;)y Ez(% 1—y;m+L; —(x4;;)2, —%z(x ~9?|, 0<s<x<o.
Lemma 4.1. If f € C([0, o)), and £(0) = 0, then
lim B 0, f(x) = £(x). (4.6)

Proof. Employing the representation (4.4) for the generalized Bessel integral operator of integer order and
using the convergence of the series, we interchange summation and integration, yielding

AZ)P(m)pzl—Zp—Zm

(
By oy (%) = ;) T (2m +2p) p!

SZ— 2\ 2m+2p-1 ’)/—1 SZ—XZ
x/ ( 2 ) 2F1 (m TPt —mt p;2m+2p; = (—5)2™+2P=1 £ () ds.

Applying (2.5) and integrating by parts, and sending m — 0, only the p = 0 term survives (since (0), = 0 for
p = 1), giving

X d x
hm By’f‘l o f(x) = x_z'/O a[szf(s)] ds :x_z[szf(s)]o = f(x).

Lemmad4.2. Letm € N, f € C([0, o)), be sufficiently smooth. Then B™ v s the inverse operator of B_™ 04"

-1
B B0 f() = £, (BU,) =By 4.7)
Proof. The proof follows directly from Theorem 3.1 and Lemma 3.1.

Lemma 4.3. Let f € C([0, ]), and m1, my € N. Then the operator B_™
to m:

S0+ forms a semigroup with respect

B;le}(ﬂ y/lo+f(x) By(;n(l):mZ)f(X). 4.8)

Proof. We use the series representation (4.4) and, since the integral and inner series are convergent, bring
the series outside the integral:

x
),/10+y(x) — 21 -2m Z A 1—2y—2m—2p—21/ (x2 _ 82)2m+2p+l—ls2'yf(s) ds,
0
p,1=0

where ,
(<4)" ey (m+ o+ 252) Gm+ p)
I'2m +2p) p! 2m + 2p); 1!

Am,p,i =

ComputlngB ,10+ 7,10+f(x)

my 2-2(my+my) 1-2y-2m1-2p-21
ByxlO+ y/10+f(x) 2 Amlpl Amzk X X
p,1=0 k,n=0

ujmces.tstu.uz
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X X

2mi+2p+1-1 2my+2k+n-1
/ Y f (1) dt/ (x —sz) (s2 —tz) slm2ma=2k=2n g —

0 t

X

o0 (o]

2-2 1-2y-2m1-2p-21 2

=22 N At D A I [ 2 (1) g ),
p,l=0 k,n=0 0

X
where g (x,1) = / (xz _ S2)2m1+2p+l—1 (sz B tZ)2m2+2k+n_1sl‘sz‘Zk—Z"ds,

t
First, we compute the integral g (x, 7) and use, get:

)2m2+2k+n_1+2m1+2p+lt—2m2—2k—2n F (2m2 + 2k + I’l) F (Zml + 2p + l)

g(x, 1) 21()(2—1‘2
2 I'2my +2my +2k+2p+n+1)

242
X2 Fy (m2+k+n,2m2+2k+n;2m2+2m1 +2k+2p+n+l;t—2x).
Substituting g (x, f) into its place and performing the calculations, we obtain the following

m
By /110+ v,4, 0+f (.X)

2 2 n
( (=5 )) Z(mo (2

21 2(m1+my)
ZF(Zm?_+2ml + 2n) n! p!(n—p)!

2my+2mq -1

; _p2 2y -1 21
X/_(x ) 2k (m1+m2+n,m1+m2_ )/2 +n;2m2+2m1+2n;x 2 f (@) dr
X

X X

We reduce the multiple series in the last expression to a finite series. For this, we use the following formulas
[19, 22, p. 44]

n n!
> LBy Z( )<ﬁ1>p<ﬂz>n p = B+ B2

I(n — |
= pln-p)! =

and we have

o (—ﬁz(#)z)n(ml +m3),

B —m —
7,40+ 7/10+f (x) = nZ:O I' (2my + 2mq + 2n) n!
) 2mp+2mq -1 ) )
t\2r —t 2y -1 —t
X (—) X 2F1 (mp +mo + Y +n,m +m2+n;2m2+2m1+2n;x— f (1) de.
X 2x 2 x2

Lemma 4.3 is proved.
Lemmad4.4. Letm € N, f € C?"([0, ®)), and fV(0) = 0fori = 0,1,...,2m — 1. Then the following equality
hold:
By o B () = F(3). (4.9)
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Proof. We prove this lemma using the generalized Bessel integral operator (4.2) and its equivalent series
representation (4.4).

B 0 Bl f () = / Ko (x, 5) (B% f) (s) ds, (4.10)
0

— —_ 2 2
where Ky (1,5) = by (6 = 271G (6,5), G (1,9) = ()82 (1.1 - 7, 3-S5 -4 (e = 912).

Using integration by parts on the right-hand side of (4.10), together with the equality proved within Theorem
3.1, we get:

Kni(x,x) =Ky, 1(x,0) =0,
and we rewrite right site of (4.10) for the case m = 1:
X X dz
[ K16 (Bran) s = [(0=56 ) 45+ 24 2] £ 91
’ ds? s ds
0 0
X X
d? 1 d
= x=5)G(x,5)—f(s)ds+2y | (x—=5)sG(x,5)—f (s)ds
ds? ds
0 0

X
+/l2/ (x=85)G(x,8)f (s)ds =1 + I + I.
0
We integrate the first term by parts:

- 2
I 2/(x—s)G(x,s)%f(s)ds
0

= (=96 (5,5) S F ()

_/%(X—S)G(X,S)%f(s)ds

0
2

d [ d
=G @) fO ¢ [ 5 =96 s () ds
0

X dz
:/E(X—S)G(x,s)f(s)ds.

0
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Now integrate the second term by parts:

I = 2)// (x—$)s7'G (x, s)%f (s) ds
0

X

=2y (x-5)s ' G (x, $) () —27/ % (x=5)s"'G (x,5) f (s)ds

0

X
d 2y

:_/—— x—5)G(x,s)f (s)ds.
ds s

0

Summing the contributions we obtain

X

2
/(x—s)G(x,s)(% Z_yd Az)f(s)ds:

s ds
0
V)
:/(%—%2%+/12)(x—s)G(x,s)f(s)ds=
0
F(d® dy
=/(ds2 A +/12)K1 (x,5)f (s)ds. 4.11)
0

2 . .
Denote B*7 1= (i ;S 237 + /12) and we calculate the following equation:

X

B0 Byaf ) = [ B Koy () £ (9) .

0
Separate the term with p = O:
X X X
B 0By 0f (0= [ ByKn 0S5+ [ B} Ko o9)f (5)ds + 2 [ Ko (505) £ (5)ds =
0 0 0
=L{+ L+ Ls. 4.12)
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First compute Lq:

(& d 2y 5\ (x* = 2l 1 x2 — 2
Ll_/( )(x) ( 2% ) 2F1(m+y—§,m,2m, 2 )f(s)ds

ds2 ds s
0

x g 2m-1
2 (d* 2yd ( ) 1 242

/x (x 02 Ty @) 2y 2T\ Y T = | S () ds
0

X (xz—s )Zm 3 2
_ om-3(8\? &2 3
_Z/X (x) 22m=21" (2m — 2 )2F1 (m+y 2’ ym—1;2m -2, —— f(s)ds
0

2)/ x
“TC (m ) / (—Zx

X

=/Km—1,0 (x,5) f (s) ds.

0

2 2

- )f(s)ds

2(m-1)-1 1 .
) zFl(m—1+y—§,m—1;2(m—1);

Now compute L:

(xz—sz )2m+2p—1

x2

x%) 2 (2 2y d
Lzzzz(—(m)/ 2m1 )7( 2+7 )22
p=1 X ds s ds) 22m+2pT(2m + 2p)

2

1 x% - 52
X2F1(m+y—z+p,m+p;2m+2p; —z)f(s)ds

( 2o )2m+2p -3

> i (-2%2)" <m>p /xxzm_g (5)27 2
p=1 0 x/ 22m+2p=21(2m + 2p - 2)

2 2

zs )f(s)ds

XzFl(m+7—§+p,m+p—1;2m+2p—2;x

X2y (2 2\ (_%sz (%)2)17 (m)p
:/0 (}) ( 2x ) 2, TQ2m+2p-2)p!

2 2

X2F1(m+7—§+p,m+p 1;,2m+2p-2; )f(s)ds

Using the identity

(m)p = (m - 1)p +p (m)p—l,
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we split L; into two parts:
X

e [P EETS,

0 p=1

X2—S2

><2F1(m+y—§+p,m+p—1;2m+2p—2; 5 )f(s)ds
X

2\ P
/12 2 2_2
2m-3 oo (_Ix (xx_zs (m)p—l

; S XZ—SZ
+O/(;)2y( 2 ) ZF(2m+2p—2)(p—1)!

p=1

X2

3 _ 2
><2F1(m+y—§+p,m+p—1;2m+2p—2; zs)f(s)ds.
X
The first part corresponds to replacing m by m — 1; in the second part we shift the summation index
p — p + 1. This yields

X

Ly = Km—l,pzl (xa S)f(S) ds_/lz Km—l,p (x’ S)f(S) ds.
f f

0

Substituting the obtained expressions into (4.12) we finally get

X

B 0By f (X) = / Km-1.p (x,5) f (s) ds.
0

The last formula, together with Lemmas 4.1 and 4.3, proves equality (4.9)
This completes the proof.

5. Conclusion

In this study, a unified analytical approach for higher-order ordinary differential equations involving
the generalized Bessel differential operator with a spectral parameter has been developed. By employing
the transmutation operator method together with the analytical properties of the Gauss and Humbert
hypergeometric functions, an explicit integral representation of the solution to the corresponding Cauchy
problem has been derived. The obtained integral representation has been rigorously verified to satisfy both
the differential equation and the prescribed initial conditions, and the uniqueness of the solution has been
established. These results provide a solid mathematical foundation for the analysis of singular differential
equations associated with generalized Bessel operators. Based on the derived solution, a new integer-order
generalized Bessel integral operator has been introduced. In contrast to the classical Erdélyi—-Kober and
Bessel-type integral operators, the proposed operator combines a higher-order generalized Bessel differential
structure with a spectral parameter through a kernel represented by the Humbert hypergeometric function.
Furthermore, its fundamental properties, including the inverse operator, left- and right-inverse identities,
semigroup property, limiting behavior, and integration-by-parts formulas, have been rigorously established.
The obtained results extend the existing theory of Bessel and Erdélyi—Kober integral operators and provide
a theoretical basis for further investigations of generalized transmutation operators and fractional generalized
Bessel integral operators. Future work will focus on the construction of fractional-order generalized Bessel
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integral operators, the investigation of their mapping properties in functional spaces, the derivation of

composition and factorization formulas, and their applications to boundary value problems, inverse problems,
and singular differential equations arising in mathematical physics.
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