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ABSTRACT

The paper is devoted to the study of the dynamics of the trajectories of the inner points
of the composition of two quadratic Lotka-Volterra dynamical systems operating in a three-
dimensional simplex. Four compositional operators are investigated in this work. Fixed points
are found for them and their characters are investigated by analyzing the Jacobian spectrum.
The compositions of two discrete dynamic Lotka-Volterra systems are interesting because they
can be applied in epidemiology problems.
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1. Introduction

It is known that many applied problems today are solved using non-linear dynamics. In [1], the dynamics
of the composition of some Lotka-Volterra operators operating in a two-dimensional simplex is investigated.
Later work [2] was devoted to the classification of fixed points, according to the theory introduced in [3]
for the composition of some Lotka-Volterra operators operating in two- and three-dimensional simplexes. In
[4], the composition of two Lotka-Volterra operators corresponding to strong oppositely directed tournaments
is proposed as a discrete model of sexually transmitted viruses. In this paper, these studies continue; that
is, the dynamics of the composition of Lotka-Volterra operators operating in a three-dimensional simplex
corresponding to partially oriented graphs is investigated. Here, for the first time, according to the works
[6]-[8], the correspondence of partially oriented graphs for the operators under consideration is shown. In [9],
compositions of operators of this type were also studied using the one-dimensional dynamics apparatus of
A.N. Sharkovsky. In this paper, fixed points are found for the compositional operators considered and their
characters are investigated. Composite operators of this type are relevant for research because they act as
discrete models to study the dynamics of the spread of computer viruses in two operating systems.
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2. Preliminary information.

Let be us quadratic Lotka—Volterra operator

V1 :x'k = Xk

m m
1+ Z akixi) ,and Vo 1 x'p =xi (1 + Z bkixi) ,k=1,m 2.1
i=1 i=1

on the simplex

4
§3 = {x = (x1,X2,X3,X4) @ X; = O,in = 1} c R*
i=1

Definition 2.1. [1]. A complex operator satisfying the equalities
(V1oV2) (x) = Vi (V2 (x)) or (V2o V1) (x) = V2 (V1 (x))
is called a composition of operators V; and V>.
Confirmation. According to [1], the composition of operators and can be expressed in the form
W=VioVo:x' i =x (14 fi (X1, X2, ooy Xk1s Xkt 1s - s X)) » kK = 1,m 2.2)

Before proceeding to the main results, we recall the information from [2]-[5] related to fixed points and their
characters.

Definition 2.2. [2] A point x satisfying the equality W (x) = x is called a fixed point of the operator W and is
denoted as Fix (W) = {x es™ 1l W) = x}.

Definition 2.3. [3], [4]. Suppose xg is a fixed point for W. Then x is an attracting fixed point if |[W(xg)| < 1.
Definition 2.4. [3], [4]. The point xg is a repelling fixed point if |W(xg)| > 1.

Definition 2.5. [5]. Matrix of partial derivatives of operator Lotka — Volterra type is called Jacobi matrix and
denoted as

ax/l ax/1 ax/l
Ox Ox ox,
ax'lz é)x’zz é)xnz
J (W) —| ox; dxp Oxp (23)
(9)6’" (9)(/” ax,n
0xq Oxp, Oxp,

Undirected, partially directed graphs and tournaments in S® are shown in Figure 1. ([6] -[8]).

3. Main results.

Let us assume that the Lotka—Volterra quadratic operators corresponding to partially oriented graphs (see
Figure 1) and the compositions of their compositions
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Figure 1. Tournaments defined in three-dimensional simplex.

x'1=x1 (1 +apxo+azxs +axy); x'1 =x1 (1 = bioxo — b1axz — b1axs) ;
] x'2 =x2 (1 -apx1); ) x'2=x2 (1+b1ox1);
viid Y27 . Vil 2T . G.1)
x'3=x3(1=azx1); x'3 =x3(1+b13x1);

X'y =x4 (1 - ayxi); X'y = x4 (1 + b1ax1) .

Partially oriented graphs corresponding to these operators are imaged in Figure 2.
The composition of these operators is
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Figure 2. Partially oriented graphs corresponding to operators V; and V,

x'1 = x1 (1 = b1ox2 — b13x3 — b1axy) (1 + arpxo (1 + b1ox1) +
+a13xs (1 + b13x1) + argxg (1+ b1gx1));
VioVy: x'2 =x2 (1+ b1ox1) (1 = arox1 (1 = b1oxa — b13x3 — b1axy)) ; (3.2)
x'3=x3 (1+b13x1) (1 = aaxy (1 = bioxa — b13x3 — b1axy)) ;
x'q = x4 (14 b14x1) (1 = arax1 (1 = b1oxz — b13x3 — b1axy)) ;

Lemma 3.1. The following confirmations are satisfying for operator Vi o V:

i. Vertices of simplex I, P, H, and D i, points on the edges U'ip, Uiy, U'ip and side U'pgp are fixed points of
composition operator;

ii. All vertices of operator V1 o V; are attractor;

iii. Fixed points on the edges operator V1 o V, are saddle point.

Proof. According to the definition of a fixed point, the solutions of the equation Vx = x define the fixed
points of the operator.

x1 = x1 (1 = b12x2 — b13x3 — b1axy) (1 +arpxo (1 + byoxq) +
+a13xs (1 + b1zx1) + aaxg (1+ b1gx1));

x2 = x2 (1+ b1x1) (1 = arox1 (1 = b1oxz — b13x3 — b1axs)) ;
x3 = x3 (1+ b13x1) (1 — arzxy (1 — bioxa — b13xs — b1axs)) ;
xg4 = x4 (1 + b1gx1) (1 — argxy (1 = b1oxz — b13x3 — b1ax4)) ;
X1 +x2+x3+x4 =1.

(3.3)

The solution of the system of equations define the fixed points of the given operator. The solutions of equation
(2.3) are vertices of simplex 7 (1;0;0;0), P(0;1;0;0), H (0;0;1,0), D (0;0;0;1) and points

(b12 —2) \Jaiz + yJannb?, +4b1y (b1z +2) \Jaz — \Ja12b3, +4b1o 0:0
0 ; 0,01,
! 2b1pv/aiz 2b1py/aiz
o (b13 = 2) Va3 + Ja13bi, +4b13 . (b13 +2) a1z — yJazbi, +4b13 .
? 2biz+/aiz " 2byz+/faiz s
o (b14 = 2) \ang + \Jarsb?, + 4b1y 0:0 (b14 +2) \aig — Jarsb?, + 4b1y
’ 2b1an o 2b1an ’

04 (0;x2;x3;1 —x2 — x3),
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they represent the points belongs to edges I';p, I'rgy, I'1p and sides I'pgyp of the simplex. The elements of

the Jacobi matrix of this operator are:

8 ’

e = (1= b1oxa — b13xa — biaxs) (1 + aroxz (1 + b1ox1) + a1axs (1 + bisx1) + araxs (1 + biaxy)) +
0 (1 = b12x2 — b13x3 — b1axs) (a12b12x2 + a13b13x3 + a14b1axs) ;

o=~ brx1 (1+ax2 (1+biox1) + aiaxs (1 + b1ax1) + araxy (1+ braxy)) +

el (1 = b1axz — b1zxs — b1axa) (1 + b12x1) ;

G = b1oxa (1 — anpxy (1= bioxa — biaxs — b1axa)) — a1ox2 (1 + biox1) (1 = bioxo — bisxs — b1axa) ;
ox's
dxy
Ox'n
Ox3
vy
Oxy
a ’
G = biaxa (1 — arzxy (1 = bioxa — b1axs — b1axs)) — a1ax3 (1 + biax1) (1 — bioxz — b1axs — biaxs) ;
a ’

G = abipxixg (1+ bizx1) ;

= (1+b12x1) (1 = arox1 (1 = b1pxp — b13x3 — b1axa)) + arpb1ox1x2 (1 + b1px1) ;

= apbizxixa (1 + bipx1);
= apb1ax1xz (1 + b1ox1) ;

6 ’

ey = (L4 b13x1) (1 — arzxy (1= bioxz — biaxs — biaxa)) + arzbizxixs (1 + bizx) ;
6 ’

v = a13braxixs (L+ bizx) ;

x4

axy = b1axa (1 —aigxy (1 - bioxz — b13xs — b1axy)) — a1axg (1 + baxy) (1 — bioxz — b13x3 — b1axy) ;

6 ’

s

x4

Bxlg,

%fo = (1+ b1ax1) (1 — araxy (1 — b1pxa — b13x3 — b1axs)) + a1abraxixg (1 + b1axy) .
The elements of Jacobi matrix for simplex vertices are listed in Table 1.

Table 1.

= a14b1px1x4 (1 + b1ax1) ;

= aab13x1x4 (1 + b1ax1) ;

el €2 €3 €4

&l 1 (1= b12) (1+a12) | (1-b13) (1+a13) | (1-b1a) (1+as)

Ty | ~b1z+az (1+012) 0

T | b1z +az (1+b13) 0

—b14 +ag (1+Db1g)
0 b1a — a1 (1 - b12)

S0 | (1+b12) (1-an)

S O = O O O O

b1z — a3 (1 -b13)

o)

=

N
oS O O O

9% | (1+b13) (1 —a)

S = O O O O = O O O O

b1y —ayg (1 - byg)
0
0
1

‘Q.a
=
=
oS O © O

- O O O O = O O O O =

- O O O © = O

94 | (14 b1g) (1 - a1g)

Table 2 below lists the eigenvalues of fixed points I, P, H and D of the composition operator V7 o V.
Table 2.
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H e1 e e3 ey H
A1 1 1 1 1
/lz 1- alzblz —aip + b12 1 1 1
/13 1- a13b13 —aiz+ b13 1 1 1
Ay 1-aubiy—au+byy 1-apbip+anp—brp 1-abiz+aiz—bis 1-aubiy+ay— by

According to Table 2, the absolute value of eigenvalues of fixed points /, P, H and D of the composition
operator Vq o Vo is |4;| < 1, i = 1,4. Then, I, P, H and D points are attractor. The eigenvalues of point O are:
/11 = 1;

=1- WQ—B (b13\/a1 — vb13 (a13b13 + 4)) (—21?13 +a13b13 + 3va13b13 (aizbiz +4) — 26113)

A5 =1 = —L— ((b1s - 2) VaTa + Vbrs (ansbrs +4)
3 i Jo (D14 — 2) vJaxs 14 (a14b14 +4)
. (\/ b1y (a1abig +4)a1s (a1ab1z — a1pb1a + arobiy) + aj,b1ob1y + arparsh?, — arpaisbizbiy — 2641219121?14) ;

Ay =2+ > ! - ((b14 —2) Jais + \b1s (a14b14 + 4)) .

14V %4
The eigenvalues of point O:

/11 = 1;
A2=1- W@ (b13\/a1 — b1z (a13b13 + 4)) (—21913 +ai3b1z + 3yaizbiz (a13b13 +4) — 26113) ;

Az=1-— (b13 — 2) Va3 + b13 (a13b13 +4) | .
4% Ja, ( )

. (\/513 (a13b13 +4)va3 (a13b12 — a12b13 + a1zb1a) + a3;b1ab13 + anaizb, — apaizbiabiz - 2a12b12b13) ;

_» (blsvals—Zva13+Vb13(a13b13+4))(013b13—2b13+\1013b13(a13b13+4))‘
Ay = + . 4+faizbiz ’
The eigenvalues of point O3:
/11 = 1;

=1~ m (b14\/al — Vb4 (a14b1a + 4)) (—21714 +a14b14 + 3va1ab1g (anab1y +4) - 26114) ;
3=1-—— ((1714 = 2) Vais + \b1s (a1ab1s +4)) .

e,
. (\/ b1g (a1abig +4)ars (a1ab1z — apb1a + arobiy) + aj,b1ob1y + arparsh?, — arpaisbiobiy — 2611219121?14) ;
A =2++(b —2) vais +/b1s (ansh +4).

4 o (b14 = 2) \Jar4 14 (a14b14 +4)

. (\/b14 (a14b14 +4)vars (a14b12 — a1ob1y + a1nbiy) + a3 b1ob1y + anaibi, — apaisbiabiy - 201219121)14) :
Lemma is proved.

Since the proof of the results derived from this lemma can be applied to the dynamics of compositions
of Lotka-Volterra type quadratic operators corresponding to partially oriented graphs and fully oriented
tournaments given in Fig. 1, we present the rest of the lemmas without proof. Let us first consider the
composition of Lotka—Volterra type quadratic operators corresponding to fully oriented and unoriented graphs.
Suppose the following operators are given:

D
x'1=x1 (1 = axy — aiz3x3 — aaxa) ; X' =xy;
1) : x'2 = x2 (1 +appx) — axsxs — axxs) ; 5 : X'y =x2; (3.4)
x'3 =x3 (1 + aizx1 + axxy — azxy) ; X'z =x3;
X'y = x4 (1 + araxy + axxp + azaxs) ; X'y = x4.

ujmcs.tstu.uz
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[} ej

er €4

Figure 3. Complete oriented tournament and unoriented graph.

The form of Composition of these operators is

x'1=x1 (1 = apx2 — ai3x3 — aixs) ;

1)05): X2 =x2 (1 +apx) — apxz — axuxy); (3.5)
x'3=x3 (1 +ax; +axsxy — azxy) ;
x4 = x4 (1 + argxy + azgxo + azxz) ;
Lemma 3.2. The subsequent confirmations are pleasing to the operator 1) o 5):
i. There are no fixed points other than simplex vertices I, P, H, and D;
ii.Vertice I of operator 1) o 5) is repeller, Vertices P and H are saddle point and vertice D is attractor;
10
(7] €1
1 6)
[ €2 &4 7%
€3 €3
Figure 4. Complete oriented tournament and graph which one edge is oriented.
x'1 =x1 (1 = appxz — aizxs — ajsxy) ; x'1=x1 (1+b1x2);
1) : x'2 =x2 (1 +aipx1 — axsxs — axxy) ; 6) : x'2=x2 (1= b12x1); (3.6)
x'3 = x3 (1 +aizx; +axpxs — asxy) ; x'3 = x3;
x4 = x4 (1 + argx1 + axxo + azyxs) ; x4 = xq.
The form of Composition of these operators is
x'1=x1 (1 +b1ox2) (1 — arpxz (1 = b1ax1) — a13xs — aiaxy) ;
7
x'o=x0 (1 = b1ox1) (1 + aipxq1 (1 + b1axn) — anzxs — asaxy) ;
1)o6): 2=x2( 12x1) ( 121 ( 12X2) — A23X3 — A24X4) ; 3.7)

x'3 =x3 (1 +apxy (1 + b1oxp) + axxz (1 — biox1) — azaxa) ;
x4 = x4 (1 + ayax1 (14 b1ox2) + agaxz (1 — b1px1) + azexz) ;

Lemma 3.3. The following confirmations are satisfying for operator 1) o 6):
i.There is fixed point other than vertices simplex I, P, H va D;

ii. Vertices I, P and H of operator 1) o 6) are attractor;
iii. Fixed point of operator on the edge 't p is saddle point.

III)
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Figure 5. Complete oriented tournament and graph which two edge is oriented.

x'1=x1 (1 = aipxo — aizx3 — aiaxy) ; x'1=x1 (1 + b1oxp + b1axy) ;
roo— 1 _ _ . ro— 1- .
1) x/z x2 (14 aipx1 — axsxs — axxy) ; 7) - x,2 x2 (1= b12x1); (3.8)
x'3 = x3 (1 +aizx1 +axxy — azxsy) ; x'3 =x3;
x4 = x4 (1 + ayaxy + axxy + assxz) ; x4 =x4 (1= b1ax1).
The form of Composition of these operators is
x'1 =x1 (1 + b1oxa + b1gxg) (1 — arpxa (1 = b1ox1) — a13x3 — araxs (1 — b1ax1)) ;
Do7): x'2 =x2 (1= b1ox1) (1 + arpx1 (1 + b1oxo + biaxy) — axxz — azxxs (1 - b1ax1)); (3.9)

x'3 =x3 (1 +aizx1 (1+ b1oxo + biaxsy) + axxy (1 = biox1) — azaxs (1 — bigx1));
x4 = x4 (1 = b1ax1) (1 + arax1 (1 + b1oxo + b1axy) + agaxy (1 — bipx1) + azaxs) ;

Lemma 3.4. The subsequent confirmations are pleasing to the operator 1) o 7):

i. There are fixed point other than vertices simplex I, P, H and D on the edges I'rp and U'jp;
ii. Vertices I, P and H of operator 1) o 7) are saddle point and vertex D is attractor;

iii. Fixed points of the operator 1) o 7) on the edges I'1p and I'jp are saddle points.

4. Conclusion

In the paper, according to [6]-[8], oriented and partially oriented graphs are given for m = 4 (they turned
out to be 42, see Figure 1). All graphs are described by discrete Lotka-Volterra dynamical systems operating
in a three-dimensional simplex. In [9], [10], the dynamics of the Lotka-Volterra operators are studied, and
the works [1], [2], [4] are devoted to the study of the dynamics of the trajectories of the inner points of the
composition of Lotka-Volterra operators operating in a two-dimensional simplex. In contrast to these works,
this article examines four compositional Lotka- Volterra operators corresponding to some of the graphs in
Figure 1 (see Figures 2-5), for m = 4. Fixed points are found for all considered compositional operators and
their characters are investigated (Lemma 2.1-2.4).
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